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Abstract:

The main objective of this paper is to discuss and solve delay integral

equations using the subject of calculus of variation in which the delay term appears in

the integral equation is not a constant, but a function of the independent variable.

Also, in this paper we considered Volterra delay integral equation of the second kind,

as atest problem.

1. Introduction:

Many real life problems
could not be solved using obvious
methods in differential equations or
integral equations. But reformulating

these functional

problems as a
differentiation or integral equations is
type of

used in solving such

‘ problems,[Thekra,2001]

The importance of such type

of delay or functional

integral
equations is of its ability to give
information about the solution not only
at the present time, but also for an
interval of time step, which has many
applications in real life problems, such

as  population growth  model,
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[ Myer,1990],[Ali, 20001, [Gorecki,1959].

Many numerical and approximate
methods could be applied to solve such
type of delay integral equations, and
among these methods is the variational
methods which is of minimizing
certain functional.

2. Preliminaries [El'sgolts, 1977]:

Variable Delay Veclterra
equations has the form:
t

f(9) =g + [K(LS)f(s - d(h(s))ds

a
where a is aconstant, g(t) is acontinous
function called the derived term, k(t,s)
called the kernel and f(t) are given

and h{s) is

integral’

function, acontinous

function,



Um — Salama Science Journal

Vol. 3 (3) 2006

is solved by using the method of
variational technique.

The main aim is to find a
functional F(f) defined on the domain
of the linear operator L, whose critical
points are the solutions of the given
equation
Lf = g. The variational formulation of
variable delay Volterra integral
equation, when will be found in which
its Euler-Lagrange equation is given by
Lf = g, which is the desired delay

Volterra integral equation.

The first step is to define an
operator L related to the delay integral
equation which is linear and non-

degenerate (u, v) = <u, v>,

The next theorem given by
Magri in 1974 [Magri, 1974] gives the
equivalence between the variational
formulation and the integral equation,
i.e., between the critical po.ints of the
variational the

formulation and

solution of the integral equation.
Theorem (1) [Magri, 1974]:

The given linear operator L is
symmetric with respect to the chosen
non-degenerate bilinear form <u v>,
then u is the solution of the equation
Lu = f if and only if u is the critical
points of the functional:

1
F(D) = 7 <L, =<t >

The bilinear
formulating the integral equation in the

form considered in

variational formulation is given by,

[Burden, 1985}, [Swoud, 1966],
[Bunday, 1984} )

T
<u, v>= J'u(t)v(t)dt, T>0

0

3.The Muin Results:

3.1 Variable Delay Volterra Integral
Equations :

The variational formulation
related to the variable delay Volterra
integral equation, is as follows:

Consider the following variable delay
Volterra integral equation:

ft) =

s+ [KE9fs—dhe))s...)

and define the linear operator L by:
e

L, s jK(t,s.)D ds
a

where I stands for the identity operator
and D is defined by:

Df(t) = f{t — d(t, h(t)))

L is the linear operator related to
equation (1), since it is satisfv Lf= g,
ie.,

t
I- _[K(ts)Dds ) = g(®)

or equivalently:

";' ' ! .‘:‘\:,..'
od-”
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1)~ [Rix9)fls-dishiE))ds = g9

which is the same considered variable

delay Volterra integral equation.
3.2 Linearity :

It easily shown that L is a
linear operator, since for all u(t), uz(t)

e U, oy, o2 € R, we have: -

L(CX.] Uy + (8.5 u:) =
t
I- Jk(t,S) Dds (cy by + g uz)
a
=0 U t+oglu—
t
. jK(t,S) D (ot uy + ot uy) ds

a

=0 topu -

t

o J'K(t,,s) Du,(s)ds -
L

ay IK(t,s)Duz(s)ds

t
=0y [ul(t)— ﬁ<(t,5) y(s—dshs))ds

N
/
t 3\
oz [Uz(t)‘ Ji<(ns) Wfs-ds )b
a J

) t
=a1(u1(t) ~ JK(t,s) Dul(s)dsl +

1
o (uz(t) - [K(t, 8) Duz(s)ds}

t
= m(l - IK(t,s)D ds}ul(t) o

t |
ozz(lm jK(t,s)Dds]uz(t)

= oy L{u) + oz Liup)
3.3 Symmeitry:

the linear operator L is symmetric with
respect to the choosen bilinear form (u,

v) = <u, Lv>, since:

(Luy, ug) = <Ly, Luy> =

T
| jLu,(t)Luz(t)dt
0

T t
" [HI— J‘K(t,s)Dds}ul(t)}
0 - a
t
HI = J’K(t,s)DdsJuz(t)}dt

T t
= ﬂiul(t)— j K(t,5)u;(s -d(s,h(s)))ds}[

0 a

t
U, () - jK(t, s)uy(s— d(s,h(s)))dsi! dt

T

t
= Jtuz(t)— fK(tux(s-ds, h(s)))dsJ

0
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) t
uy(t) - jK(t,s)ttl(s ~d(s, h(s)))ds} dt

T

t
= {uz(t) - IK(t,s)uz(s)dsJ

0

t
{ul(t)— IK(t,s)ul(s)dsJ Jdt

[ ¢ .

jﬂl—- IK(t,s)DdsJuz(t)}:

0 a |
t

Hu J.K(t,s)Dds]ul(t)}dt

T
- ILuz(t)Lul(t) dt
0

= <Lug, Lu;> = (Luy, Luy)

3.4 Variationql Formulation

of
variable Delay Volterra Integral
Equations:

the L
symmetric with respect to the choosen

Since linear operator is
bilinear form (u, v) = <u, Lv> and
using theorem (1), the solution of
equation (1) is the critical points of the

functional:

() = %(u, Lf)- (g Lf)

1 T §
] j{l- jK(t,s)Ddst(t)

t
ll—— jK(t,s)D dst(t)dt

T t
—-jg(t)[l - [ke s)DdsJ £(t) dt
0

a

: 2

T 1 t 12
]{ l:f(t)- IK(t,s)Df(s)ds] -

a

[g(t){f - [K(t5)D f(s)ds] dt

T 1 t
- [5/10- [ketehens| -
0 2, a |
t
g £(0) - [K(t,9)f (s~
N a

d(s, h(s)) dsJ t ..

The functional F(f) is the variational
formulation of the variable delay
Volterra integral equation of the

second kind.

Also, there exists an equivalence
between the solution of delay ordinary
differential ~equations and delay
integral equations.{Corduneanu, 1991],

[ Bushra,2005]

This is explained in the following
theorem:

. "“0\\%“';"'&',‘\\3"_‘-\1.\-'-«':‘,'l."‘;- -
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Theorem (2) [Earl, 1961]:

A function ¢ is a solution to the initial

value problem:

Y = f{t, y¢t, h(t), y(t) = Yo, on the

interval 1

if and only if it is a solution to the
delay integral equation '

t
y=yo+ [f(5,y(s~h(s))ds
0

The illustration of the above criteria
will be given in the next example:

4, Ilustrative Example:

Consider the following delay Volterry
integral equation:
. t 1L
yh=t- [lyle s
0

ds

which is a non-homogeneous variable
delay Volterra integral equation of the
second kind with non-constant delay.

The this
problem is given by y(t) = In(t). Now,
the linear operator is taken to be:

analytical solution for

t
L=1- IK(t,s)D ds

to
Where 1 is the identity operator and D
is defined by: Dy(t) = y(t — d(t, h(t))
Then equation (2) leads to:
Fiy}=

T

% $0)- [Kits)y(s~dishis)pds | -
i

0

485

20| Y- [Kt.9)yGs-
to

d(s,h(s)))ds dt

1 t
- [/ 50- [y6-dshons| -
2 0

0

t
1 90~ [s—dsh)s| | [t...o)
0

hence, letting:

YO =a0+at+ast?) oo, (4)
Therefore:
1—-1- 1-.‘.
yie Yi=a+tale t |+
2
fed
B € % i e ..(3)

and substituting equations (4), (5) back
into the functional (3), yields:

F(y)=
t 1t 2
J‘y(e 5 ]ds} -
%

0

t I-l
t[ao +at+ayt? - Iy(e S]dsJ dt
0

1

i
Eliao + alt +a2t2 —
[H
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1 1 t
= ‘5 aq +alt+a2t2 -
0 ¢

2

et 1
8| ¢ds

r0+a1 e S |+aje

t
t| ag+a,t+2a,t” — _[ ag+
0
el Lty

aje S.|+ayle S| pds||idt..(6)

and hence the problen*i is reduced now

M.sc.Thesis , College of science,

_ Al- Nahren University.

to minimize the functional (6), [Bundy, -

1984]. The results obtained using
computer programs are given by:

ap = 0.015, a; = 0.33, a; = 0.403.

and hence the solution is given Hy:
y(t) = 0.015 + 0,33t + 0.403¢

Remark:

The
integration is the Gaussian quadratur
integration method of degree 7,
[Stroud, 1966], [Burden, 1885].

numerical method used in
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