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Abstract

The purpose of this paper is to define fuzzy subspaces for fuzzy space of orderings
and we prove some results about this definition in which it leads to a lot of new results on
fuzzy space of orderings. Also we define the sum and product over such spaces such that:
If f =<ay,...,.an>and g = < by,...by>, their sum and product are f+g=<a;...,a,, by, ...,
bm>and f x g =<ajby,...,a10m,..., aWbs,..., anbm>. for all ay,...,an,01,....bm € G

Introduction

Let X = (X,A) denoted a space of
fuzzy orderings. That is A is a fuzzy
subgroup of ablian group G of exponent
2 (ile.xX*=1,V x e G)and x is a non
empty fuzzy sub set of the character
group x(A) = Hom( A, {1-1} )
satisfying :

1- X'is a fuzzy closed subset of y(A)

2- 3 an element e € A such that

oe)=-1,VoeX

3-X+={acAlc(@=1VoeX}=1

4- If f and g are forms over A and if X

eD(f@g)then3y eD(f) and z eD(g)
suchthatx eD <y, z>.[1]

Fuzzy Subspaces

We assume that (X,G) is a finite
fuzzy space of orderings.

for ai,..., am € X we can consider
all linear combinations

1 em

1) a= a° 1..@m  ,€1.....em€{0,1}

in x(G). we are more interested in
linear combinations which are in X
Since a(-1) =1 holds for all aeX. a
necessary condition for a linear
combination (1) to be in X is

e +...+ep=1(mod 2).

Let aj,....am be an arbitrary
elements of X, and define Y,Z by:

Y ={fa € X [/ a is a linear
combination of ay,..., an },

Z={b e G\a (b)=1foralli=
1,2,...,m}

Then Y, Z satisfy the duality
condition.

)Z=Y,Y=ZNnX

The system (Y, G\Z) is referred to
as the fuzzy subspace of (X,G) generated
by ai,..., an. More generally, a subspace
of (X, G) is any system (Y,G\Z) where
Yc X, Z < G satisfy the duality
condition (2).

Conversely suppose we begin with
b1,..., bm €G , let T denote the Pfister
form <1,b;>x ...x<1,bn>[2], and let
X(by,...,bm) denote {a € X\ a(b;) =1 for
all1=1,2,...,m}.

Lemma 1l

Let Y=X(by,...,b) and Z= Dy .
Then Z satisfy the duality condition(2).

Proof

Letb € Df, a € X (by,...,.bn) .
Then af =2 =dim f, so a(b) =1.

Thus Df < X (by,...,bm)" and,
X(by,....om) < Df N X. Since
D1yeene... ,bme Dy, it is clear that Df N
X = X(by,...,bm) . Now let be G
satisfy a(b) =1 for all a € X
(b1,...,bm). consider the forms af and
f.f represents 1, so af represents b.
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comparing signatures at a € X, we
see that

2™ifa e X (by,...,om)
abf) =a(f) =) 0 ifae X (by...,bm)

thus f = af , so f represents b , thus X
(by,...,bm) < Ds.

Note

A form f represents y € G if
there exist Xz, ...., X, € G such that f=
<X, X2,..., Xnp>. Dt denotes the set of all
elements of G represented by f. [3]

Lemma 2

A form g over G represents y € G
modulo X (by,...,bm) if and only if f x g
represents x modulo X.

Proof

Suppose g = h mod X(by,...,bm)
where h has y appearing in its diagonal
representation. Since f has 1 appearing in
its diagonal representation, it follows
that y appears in the diagonal
representation of f x h.

Now ag = ah holds for all a €
X(by,...,bm). also af = 0 holds, for at
ag X(by,...,by). It follows that

A(f x g) = afag =afah =a(f x h)
holds for all a € X.

Thus fx g=fx h (mod X). thus
f x g represents y (mod X).

Conversely, suppose f x ¢
represents x (mod X).

Write g = <yi,...,Yx>. Thus f x ¢
= yf+.. +ydf(mod X), there exist
S1,..., Sk € Ds such that <y;si,...,YkSk >
represents x (mod X).

but <vy; S1,..., Yk Sk > =< V1,..., Yk
> (mod X(by,...,bm)).

It follows that g represents ¥ mod
X(by,...,bm).
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Theorem 1

Let (Y,G\Z) be any fuzzy subspace
of (X,G). then (Y,G\Z) is also a fuzzy
space of orderings.

Proof

There exist by,...,bm €G such that
Y=X(by,...,bn) , and by lemma 1, Z=Ds
where f is the Pfister form associated to
bi1,...,bm . By lemma 2, suppose g, h are
forms over G such that g+h represents x
€G modulo Y. thus, by lemma 2 the
form fx (g + h) = (f x g) +(f x h)
represents x modulo X.

Since there exist y,z represented by
f x g and f x h respectively (mod X)
such that < y,z> represents x (mod X).
Thus, by the lemma, y and z are
represented by g and h respectively (mod
Y), and clearly <y,z> represents y (mod
Y).

Definition
An fuzzy ordering a € X will be

called fuzzy Archimedian (in X) if {a} is
a component of X.

Definition
We will say two fuzzy orders a, &
e X are fuzzy connected in X denoted

by a ~ & if there exist fuzzy orders c, ¢ €
X {a, a}+ {c, ¢} such that aa = c¢.

Notes:

1-1f Y is a fuzzy subspace of X and
a,a € Y, then it is conceivable that a, &
could be fuzzy connected in X without
being fuzzy connected in Y.

2-Let X = X3 U...U X denote the
decomposition of X deter mined by the
equivalence relation ~. The classes X , i
=1,....k will be referred to as the fuzzy
connected components of X.

Theorem 2

Suppose Xj,...,.Xk are the fuzzy
connected components of X. Then each
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X is a fuzzy subspace of X dimension X
= Z:dim ensionXi

Proof

Let Z; =X; Then clearly X;
generates Z; N X. To show X; is a fuzzy
subspace we must show that X; =Z; N
X. This is clear by lemma 2. Let a;, j=
1,..., nj be a basis for each X, i=1,...,k;
we wish to show that the complete set
{aj \i=1,...k; j=1,...,n; } is a basis for
X. It is clear this set spans X. If these
elements were independent we could

find a relation. [ija; " = 1, e;e{0,1}

With not all e; = 0. Of all such
relations pick the one with the minimal
number of non-zero e;j. By lemma 2 each
ajj appearing with a non-zero exponent is
equivalent to every other such aj. thus
all such a; lie in the same fuzzy
component. Thus, there exists i such that
ej = 0 for r#1.

Thus our assumed relation has the

form [Tja;0 =1

This would contradict the
independence of a; ,....,aini.
Remark. Let G; = G/Z; where Z;

=X, i= 1,....,k. by the above theorem,
the fuzzy injection of G into Gy x G %
.. X Gy. is an fuzzy isomorphism. If we
identify G with G; x G, x ... X Gk Via
this fuzzy isomorphism, we see that Z; is
identified with []; G,—k for i= 1,....k.
Also X identified with U" Y; where Y; is
obtained from X; by extending each
element by the identity character on ITi;
Gj Thus, the structure of (X,G) is
completely determined by the structure
of the fuzzy subspace (Xi ,Gi ), i =
1,.....k. we will express this by writing

k
(X,G) = Z( Xi,Gi).
i=1

And will refer to (X,G) as the
direct sum of the spaces (X;,Gj), 1 <i <
k.
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Theorem 3

Let X be a fuzzy connected space,
dimension X # 1. Then there exist

« € % (G), o #1 such that «cX = X.
Proof

Since dimension X#1 and X is
fuzzy connected there exists aj, as, € X,

a# a2 . a1~ a2 take o :alaz. Then XOC

has dimension > 3 .of all «« € y (G)
satisfying oc #1, dimension XOC > X, then

There exist (since X is fuzzy
connected) elements a;a; € X, a; € X, az

& XOC 2=, Letp = a, 8, Then a, €

Xocﬂ X B so by [ 4, Lemma 4.6 ], there
exists 9 #1, & € X(G) such that Xocg

XS"XB c XS’
follows that X 5

This is a Contradiction and X 5 =

Since a» eXB c X 5 it
Contains X o« Properly.

X.

Now let T denote the set of allece
X (G) such that oo X=X. T is clearly a
fuzzy subgroup of X(G) , and will be
referred to as the translation group of X.
Since we are assuming X is fuzzy
Connected, we have , by the above
theorem, that T#1 . if dimension X#1. let
G= T and let X denote the set of all
restriction o\G , ceX.

Theorem 4

Let X be a fuzzy connected space
and define X,G as above , then (X,G) is
a fuzzy space of orderings.

Proof

It is clear that -1eG" X and that is
a fuzzy subset of x( G?) satisfying by
definition of fuzzy space of orderings,
and by Lemma 4.9 , in [5] , let f,g be
forms over G* such that f + g represents
XeG! (mod X ') . We may assume
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neither f nor g is isotropic ( mod X) .
There exist y,z €G represented by f,g
respectively (mod X) such that <y,z>
represents x (mod X) . By the lemma 2,
2 ,in [6], it follows that y, z eG' and
that f, g, in fact , represent y, z
respectively mod X*. Also it is clear that
<y,z> represents x(mod X*) .
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