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Abstract

A concept of a dislocated quasi-normed space is introduced in this paper which is a spatial case of the
concept of a quasi-normed space and related to the notion of a dislocated quasi-metric space. Its relationship
with other concepts is given by illustrative examples. The completeness of it defines a dislocated quasi-
Banach space that is important to our results with respect to a fixed-point theorem. Also, a quasi-contraction
mapping is introduced, in which, Lipchitz constant depends on a constant of dislocated quasi-normed space,
and then a Banach contraction principle theorem in a dislocated quasi-Banach space is studied with some

important results.

Keywords: Dislocated quasi-Banach space, Dislocated quasi-metric space, Dislocated quasi-normed
space, Fixed point theorem ,Quasi-contraction mapping.

Introduction

Quasi-metric space (T, d) is a nonempty set 7and a
quasi-metric d: T X T = [0, ) which differs from
a metric function by the inequality: for all u,v,w €
Tand B € [1,0),d(u,v) < B(d(u,w) +
d(w,v)). A function d is a metricif g =1 .Also,
Quasi-normed space (T, 4*|l) is a real vector space
with a quasi-norm ,||-||: T — [0, +0), which is a
positive definite, absolutely homogeneous functional
such that there is a constant > 1, ,llv+wl| <
BCqllvll + gllwllfor allv,w € T . When g =1,
gll-1l be a norm function, and it is a semi-norm if it
does not need to be positive or definite. A quasi-
normed space is metrizable, thus the concept of
completeness is correct, and it is called a quasi-
Banach space 13,

Many authors have studied the concepts of
dislocated metric space and dislocated quasi-metric

Results and Discussion

space with different definitions. Conditions of non-
degeneracy and the symmetry of a metric function
and a quasi-metric function are important to define
these concepts *.

Fixed point theorems have been applied in many
scientific fields such as physics, computer science,
and others and have been studied in the above
concepts. One of the most important theorems in
mathematics which is Banach contraction principle
theorem is found in many references 1.

This Paper introduces the notion of dislocated quasi-
normed space and its completeness as new
definitions with many illustrative examples. A
Banach contraction principle theorem is studied and
is proved with some results in dislocated quasi-
Banach spaces.
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Dislocated Quasi-Banach Spaces

Definition 17: Let T is a nonempty set and a function
dg: T X T — [0, +0) does satisfy the conditions:
1) . dg(u,v) = dq(v,u) = 0 impliesu = v

2) dy(u,v) = dg(v,u)
d(wv) <p ( dgo(u,w) +
dg(w, v)) Jforallu,v,w € T,
constant 8 > 1

where a

Then d, it is called a dislocated metric and it is
called a dislocated quasi-metric if satisfies only (1)
and (3). (T, dg) is said to be a dislocated quasi-
metric space. For simplicity, a dislocated quasi-
metric space and other concepts are denoted by T,
and the examples show the relationship between
these concepts.

Example 1% Consider T =[0,+») , define a
function: d,: T X T — [0,+) by d,(u,v) =
max{u, v} then T is dislocated metric space, but is
not metric since it is possible d,(u,v) = 0 when
u+v

Example 2%: Let T = R™, and define the function dg:
TXT~- [0,+) as: dg(w,v) = Xty |v; - wy| +
|v|, forallu,v € T, where u = (uy,u, us, ... u)
and v = (vy, v, vs,... vp). Cleary, Tisadislocated
guasi-metric space. Since condition (2) is failed then
it is not dislocated metric

Now , new definitions with new examples and results
about them are given

Definition 2: A dislocated quasi-normed space is a
vector space T over R withafunction 4, [|||: T —
[0, +00) which satisfies the properties: V u,v € T,

(1) gqllOll =0
(2) gqllau ||= @ 4q4llull, for any real number a > 0.
(3) There is a constant g =1, g4llu+v| <

Bagllull + aqllvID.

Example 3: Consider T is a vector space consisting
of the set of all bounded sequences of complex

numbers over R Let a function g.llull =
sup|Re uy|, for all u = {u } €T, then T is a
k

dislocated quasi-normed space , indeed,

condition (1) is  clear. Fora = 0,
agllaull=sup |Re a uy| = a sup |Re ;| =

K K
@ gqllull. Vuve T, and aqllu +v|l =

sup |[Re(uy, +v)| < B(sup|Reuy |+
k k

Supkl Re v [) == B(gqllull + 44llvll), B 21

It is clear that, a dislocated quasi-normed space is
dislocated quasi-metric and a semi-normed space is
dislocated metric.

Example 4: Let T = R", define a function dg: T
X T = [0,+0) asd,(u,v) = =, |u;| + v;? for
all u,v e T, then it is a quasi-dislocated metric
space, since conations (2) and (4) are satisfied in
Definition 1, T is not dislocated quasi-normed,
because if there is a dislocated quasi-norm
agqll*ll such that d, (u,v) = g44llu — v|| then d; («
U a V) =ggllau—avll = a gllu-vil= «
d,(u,v), a=>0, must be satisfied, but this relation
is not valid as: d, (@ u, a V) = a(Xi; |ul| +
av;?) and adg,(u,v) = a(Ti, lul + vi?).

Example 5: Let T be set of real numbers, and
dq(u,v) = max{|ul,|v|?}, then obviously, Tisa
dislocated metric space. Similar to Example 4 with a
function o[-l such thatd,(w,v) = 4llu— vl
then d, (au, av) = 4llau — av|| = |a|dq (u,v),
while: dg(au, av) = max {|aul, |av|?},and

laldg (u,v) = |a|max {|ul, |v|?}, so T is not semi-
normed.

Definition 3: A sequence {u,}
quasi-normed space T is called:

in a dislocated

1. Convergent sequence if thereexist u € T and
a positive integer p such that
Ty_l};lodq”un —ull=0 =n_1)iorondq”u — Uy ||, for all
n>p.

2. Cauchy sequence if there exist a positive
integer p suchthat _lim g, lluy — umll = 0,V
n,m—co

mmnz p..

Proposition 1: A limit point of a convergent

sequence in a dislocated quasi-normed space is

unique.

Proof: Let {u,} is a convergent sequence in T such

that w and v are limit points of it then

lim g40llu, —ul[ =0 and
n—-oo
Since,

711_r)1;1odq”un —v|| =0.
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u—1u, aqlle — unll
ale=vl = |4 ) < 8 (

dq + dq”un - U”
, Where > 1. By taking limit both sided as n — oo,
lim 4.llu —v|| = 0, which implies that u = v.
n—oo

Proposition 2: Every convergent sequence in a
dislocated quasi-normed space is Cauchy,
conversely is not true in general.

Proof: Let {u,} is a convergent sequence to u in T
then  lim 4 [|u, — ull =0=limyg|lu — uy|l. For
n—-oo n—oo

nmz= p, dq”un - um” =

U, —u
iy, ull = 8 Gl =l + gl =)
q

,where 8> 1.S0 4llu, — upll > 0asn,m - o,
Hence {u,,} isa Cauchy sequence .

Example 6 explains converse Proposition 2.

Definition 4: A dislocated quasi-normed space, in
every Cauchy sequence is convergent, called a
dislocated quasi-Banach space

Example 6: Let T is a vector space consisting of
the set of all continues complex-valued functions

definedon [0,1] with 4 |If |l = sup |Re f(w)]
u€l0,1]

, then, similarly to Example 3, T is a dislocated
guasi-normed space, but it is not complete, indeed,

let a sequence  {f (w)} € T such that f (w)
. 1
n, if 0 <u<-
- n
S0f -<u<i1
u n
Toprove {f (w)}a Cauchy sequence, let n >

m , then
aqllfn (W) = fn (Il = Sup |Re (fu(W) = fu(W|
= max{ su'p

|[Re (n
uefo, 7]

1
-m)|, sup |Re(=-m)|,0}

1 1 u

uelz,
. .11 1
Since in [;, ;],|Re(n—m)| < |Re(;—m)|
then

e - p, @]
1 1 1
= max{—|Re (n — m)|,—|Re (—
n m u

- m)|}
As n,m = 0, g0l fn (W) = frn (W]l = 0.
then{f,, (w) } is a Cauchy sequence.
But it is not convergent to f(0), since, there is no
continuous functionatu = 0, thatis f & T.
Lemma 1: A subspace 1] of a dislocated quasi-
Banach space itself a dislocated quasi-Banach space
if and only if it is closed in T.
Proof: The proof of lemma is very technical and can
be found in 2with minor different.

Some Results of Fixed-Point Theorem in
Dislocated Quasi-Banach Space

Definition 5: Let T is a dislocated quasi-normed
space, J: T— T is called a quasi-contraction
mapping if for some > 1 there exists a Lipchitz
constant u(B) € [0,1), such that

agl/u = Jvll < p(Bggllu —vl,Vu,v e
T 1

Remark 1: In order to Eq. 1 satisfies, chose u(B) a

suitable belongs to interval [0,1) such as u(B) =
B B_rl oru(p) = %, r is any positive integer, etc.
Lemma 2: Suppose T is a dislocated quasi-normed
space, a quasi-contraction mapping J: T—T is
continuous.

Proof: Let € > 0 begiven.InEq. 1,if u(8) =0,

the proof is trivial, since 44|l/u—Jv||=0< €. If

w(p) € (0,1),thenforall u, v € Twith 44llu — v|| <

5 =% agu—Jvll SpBgqllu—vi < e

Therefore, J is continuous.

Lemma 3: Suppose T is a dislocated quasi-Banach

space and J: T — T is a quasi-contraction mapping.

If {w,} be a sequence in 7 defined by w, =

Jw,_1 ,then {w,} is a Cauchy sequence and is

convergent to some w € T asn — oo.

Proof: For any integer m > 0 , condition (3)

implies that

dq”wn — Wpymll =B (dq”wn — wpyqll +

dq”wn+1 - wn+2” + -+ dq”wn+m—1 - a)n+m”)
= ﬁdq”wn - (‘)n+1” + ﬁz [dq”wn+1 - wn+2” +

dq”(‘)n+2 - (‘)n+3” + -+ dq”(‘)n+m—1 - (‘)n+m”]

= ﬁdq”(‘)n - (‘)n+1” + ﬁz dq”(‘)n+1 - (‘)n+2” +
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:33[ dq”(‘)n+2 - (‘)n+3” +-t
dq”wn+m—1 - wn+m” ]

Also, since J is a quasi-contraction mapping, then
using Eq. 1,

dq”wn — wpyqll =

KB agllwn-1 — wnll < 1B ggllwn—2 — wnll
S H(B)" ggllwo — wll.

Hence,

dq”wn - wn+m” < ,Bu(,g)ndq”wn - wn+1” +
Bt dqllOns1 = wniall + £2R(B)™*2
aqll®nsz — wnysll + -
+(BH(B))n+m_1dq”wn+m—1 = Wnymll

Bu(B) + (Bu(B))” + - +
(BuB)™™ 1) (Bu(B)) " gqllwo — @il =

n+m

n 1=(Bu(B))
Then,

<(1+

) dq”wo — wq]l.
dq”wn - wn+m” <
n+m

BRI CTEEEL—) qqllars — oyl

As nn+m - o, dq”wn_wn+m” = 0,
(because, Su(B) < 1). Then {w,} is a Cauchy
sequence in T. Since T is complete, {w,} converges
tosomew € Tasn — oo.

Definition 6: Let J be a continuous mapping from a
dislocated quasi-Banach space T into itself then an
element u* in J is said to be a fixed point of J if
Ju* = u”.

Theorem 1 (Dislocated Quasi-Banach Fixed Point
Theorem): Let J: T — T be a quasi-contraction
mapping, where T is a dislocated quasi-Banach space
and{u,} is any sequence defined by u, =
J(u,—1),n €N, then J has a unique fixed point
which is a limit point of {u,,}.

Proof: Let u, be arbitrary point in T. From the
definition of a sequence {u,}, u, =J" (uy),n €N.

If p=123.., dq||un+p —un” =

aqll/™ P (ug) = J™ (o)l <
W(B) aqll/™ P~ (uo) — /" (uo)ll, because J is a
guasi-contraction mapping continuing this process
n — 1 times,
dq||un+p — Un|| < (BB agll/? (w0) — uo)ll -2
But,
dq”]p(uo) —up)ll =

JP (o) — JPH(uo) + /P~ (up) —
JP~2 (u) +/P 2 (ug) + ++Jug — g

dq
<

7P (uo) = /P~ (uo)

AU FaallP2t0) = 172 o)l + + gl o) — ol

since  JP(up) = /P~ (uy),

JP72 (), .y Jug = uy,
aqll/P (uo) — uoll <

B( 7P~ () = JP~Huo)ll
dq+dq”]P_2(u1) —JP7 2 (uo)ll + -+ gqlluy — uoll

By Eq. 2,

dq||un+p —Up| <

(BuB))" [(BuB))" ™ aqlley — uoll +

(BB aqliey — ol + ++ + gqlius — ull] <
(Bu(B))" aqlles — uoll |1+ pu(p) +

(Bu(B))” + -+ (Bu®))""" '] =

n -(Bue)™™”
(.BIJ(.B)) dq”ul = Uo| %,
Bu(B) < 1. Then,

JPH () =

where 0 <

dq”unﬂo — U <
n+p

. 1-(Bu(B))
(Bu(p)) dq”ul — ol 1—(;u(ﬁ)) ’

Asn,n +p - o in Eq. 3, dqllun+p_un|| -0,

then { u,} is a Cauchy sequence in T, hence, by
Lemma 3, {u,,} must be convergent, say limu, =
n—oo

*

u*. Since J is a continues mapping then J u* =
J(imu,) =limu,,;, because u,,; =Ju,, SO
n—oo

]r;:*ooz u*, thus u* is afixed point of J .

Now, let v* is another fixed point, then J v* = v*,
thus gqll w* —J v*ll < W(B)agll u* = v*Il . but
agll] W' =Jv*ll = gqll v = v,

S04qll u* = VIl < (B agll w” — "I, where 0 <
u(p) < 1, this implies that,,|| w* — v*|| = 0, that
is u* = v*. Therefore, u* is unique.

Corollary 1: Let J be a quasi-contraction mapping
defined on a dislocated quasi-Banach space T into
itself, and u™ is a unique fixed point of J then for any
a sequence {u,},such that u, = J(u,,—1),n € N,

dq”un - u*” =<
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(BuB))" agllus = voll =gy » 0= BuB) <

1.
Proof: From Theorem 1, u* is a limit point of a
sequence {u,}, and

dq”un+p —u| <

BB agllis = woll =gy + 0 < BR(BY <1,
wherep = 1,2,3,.... Asp — oo in a above relation
with the equality Tlli_{gou""p = Tllilﬁlou” = u" , then
the proof is completed.

Corollary 2: Let T is a dislocated quasi-Banach
space and I be a nonempty closed subset of T and
J:11 — Il be a quasi-contraction mapping, and
{u,} is any sequence in I defined by u, =
J(u,—1),n €N, then J has a unique fixed point.
Proof: Since I] is closed subset of T, then it is a
dislocated quasi-Banach space by Lemma 1. Since J
is a continues mapping then any a sequence { u,}
be a Cauchy sequence and then converges to a limit
point u* according to Theorem 1, hence Ju* =
J(imu,) =u*, sou™*is aunique fixed point .

n—oo

Example 7: Let T = R™ is a vector space over R
with a complete dislocated quasi-norm function
agllull = luq,Yu = (uy,u;) €T and define a

continuous self-mapping J by (u) = %u VueT

3

Conclusion

This paper has presented the notion of dislocated
guasi-normed space, its completeness and the
relationship with other concepts. It studies a Banach
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