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Abstract:

A new class of generalized open sets in a topological space, called G-open sets, is
introduced and studied. This class contains all semi-open, preopen, b-open and semi-
preopen sets. It is proved that the topology generated by G-open sets contains the
topology generated by preopen,b-open and semi-preopen sets respectively.

1. Introduction

In recent years a number of
generalizations of open sets have been
considered. Seven of these notions were
defined similarly using closure operator
(cl) and the interior (int) in the following
way.

DEFINITION 1. A subset S of a space
(X,T) is called:

(Da-set if S Sint(cl(intS)),

(2)Semi-open ifS “cl(intS),

(3)Preopen if S “int(clS),

(4)Regular open if S=int(clS),
(5)Semi-regular if and only if there
exists a regular open set u with
u<S <clu,

(6)b-open if S Ccl(intS) Yint(clS),
(7)Semi-preopen if S <cl(int(clS).

The first three notions are due to
Njastad [10], Levine [1] and Mashhour
[11], respectively. The concept of a
preopen set was introduced by Corson
and Michael [2] who used the term
“locally dense”. D. Andrijevic was
introduce the concept of b-open and
semi-preopen in [9], [3] respectively.
We denote the classes of o-set semi-
open, preopen, b-open and semi-preopen
sets in a space (X,T) by Ta, SO(X),
PO(X), BO(X) and SPO(X) respectively.
All of them are larger than T and closed
under forming arbitrary unions. Njastad
[10] showed that Ta is a topology on X.
In general, SO(X) need not be a
topology on X, but the intersection of a
semi-open set and an open set is semi-
open. The same holds for PO(X), BO(X)

and  SPO(X)  respectively.  The
complement of a semi-open set is called
semi-closed. Thus S is semi-closed if
and only if int(clS)<S. Preclosed set is
similarly defined. For a subset S of a
space X preclosure of S, denoted by pclS
is the intersection of all preclosed
subsets of X containing S. The
preinterior (resp. semi-preinterior)of S,
denoted by pintS (resp., spintS) is the
union of all preopen (resp. semi-
preopen) subsets of X contained in S.
The definitions(4),(5) was defined by,
Maio and Noiri [5], D.S.Jankovic [4],
respectively. By cl, and int, we denote
the closure and the interior operator in
(X, Ta).

An extensive study of these
operators was done in [3]. We recollect
some of the relations that, together with
their duals, we shall use in the sequel.

PROPOSITION 1.1. Let S be a subset of
(X,T). Then:

(1) pclS=S Ucl(intS),

(2) pintS=S Nint(clS),

(3) int,S=S Nint(clintS),

(4) spintS=S Ncl(int(clS),

(5) pcl(pintS)=pintS Ucl(intS).

2. Some properties of G — open sets.
Now we consider a new class of
generalized open sets.

DEFINITION 2. A subset S of a space
(X,T) is called G-open if

S Ccl(int(clS)) Yint(cl(intS)). The class of
all G-open sets in X will be denoted by
GO(X).
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It is obvious that PO(X) USO(X) “BO
(X) SPO(X) “GO(X) and we shall
show that the equality inclusions cannot
be replaced with equalities between
GO(X) and PO(X), SO(X) respectively.

EXAMPLE. Consider the set R of real
numbers with the usual topology, and let
S=[0,1] Y((1,2) NQ) where Q stands for
the set of rational numbers. Then S is G-
open but neither semi-open nor preopen.

PROPOSITION 2.1. Let S be a subset of
a space (X,T), if SCpcl(pintS) then S is
G-open set.

Proof. Since S “pcl(pintS) then by
Propositionl. we have:

S SpintS Ycl(intS) and

S Cint(clS) YUcl(intS)and so

cIS cl(int(cIS) Ycl(int S) and since
cl(intS) cl(int(clS)) so

S clIS “cl(int(clS) therefore

S Ccl(int(clS)) Yint(cl(intS)) so S is G-
open set.m

PROPOSITION 2.2. . Let S be a subset
of a space (X,T), if S is G-open and if int
(clS) ©B Ccl (S) then B is semi-
regular

Proof.since S Ccl(int(clS)) Uint(cl(intS))
Then clSCcl(int(clS)) Ucl(int  (cl(intS))
so clSCcl(int(clS)).Therefore int (clS)
CB CclS Ccl(int(clS)),then int(clS) C
BCcl (int(clS)) and since int(clS) is
regular open. Then B is semi—regular. m

3. On topology generated by G-open
sets.

Although none of SO(X),
BO(X),PO(X), and GO(X) is a topology
on X , each these classes generates a
topology in a natural way. Let T(s)={VC
X| VNS&swheneverSes}, where s
stands for SO(X), PO(X),GO(X) SPO(X)
respectively. Clearly T(s) is a topology
on X larger than T. The topology
generated by PO(X) was studied in [6]
and denoted by T,. The closure and the
interior of a set S in (X,T,) are denoted
by cl, Sand int,S, respectively. In [8] the

the topology generated by SPO(X) was
studied and we will denoted by Tspo. In
[9] the the topology generated by
BO(X)was studied and denoted byTy.
The topology generated by G-open sets
will be denoted by T and we shall prove
that T, CTp CTspo &To. We first recollect
some results.

PROPOSITION 3. If S is G-open subset
of a space (X,T) then: S=spint SU int,S.
Proof. By Proposition 1.1 we have spint

S Uint,S=[S Ncl(int(clS)] U[ S Nint
(cl(intS)]=S N[cl(int(clS) Uint(clintS)]=S
|

PROPOSITION 3.1 Let S be a G-open
subset of a space (X,T) such that
intS=®Then S is semi-preopen.

Proof. The proof is very easy and will
not be givenm

PROPOSITPION 3.2.[6] Let S be a
subset of a space (X,T). Then cl, int
S=cl(intS) .

PROPOSITPION 3.3.[8] Let S be a
subset of a space (X,T). Then SET, if
and only if S=GUH with GETa and
{h}€PO(X) for every heHm

The last result has an immediate
consequence.

COROLLARY 3.4. [9] LetvET, and G
SO(X) then v NG € BO(X).m

By previous corollary,and  since
BO(X) CGO(X) we have the following- -
ng Lemma

LEMMA 3.5. Let v&T, and D& SO(X)
thenv N D € GO(X).

PROPOSTPION 3.6. [7] The intersection
of semi-open and a preopen set is semi-
preopen set.

Since every semi-preopen set is
G-open set. Therefore the previous
Proposition  tell the  following
Proposition.

PROPOSTPION 3.7. The intersection of
semi-open and a preopen set is G-open
set.
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PRROPOSITION 3.8. [7] For a space
(X,T) and x= X the following are
equivalent:
(@ {X}ESPO(X)
(b) {X}EPO(X).
(© {X}eT,

Since every semi-preopen set is
G-open set. Therefore the previous

Proposition tell the following
Proposition

PRROPOSITION 3.9. If {X}<GO(X).
Then {X}<T,.

Now we are in ready to prove our main
result.

PRROPOSITION 3.10. Let (X,T) be a
space and Vv&Tg.Then S=Wint(cl(int
Vv))is semi-preopen set.

Proof. Since int(cl(intv)) is semi—closed,
then [int(cl(intv))]® is semi-open and so
G-open set, but vETg , then Wint(cl(int
v))=v N [int(cl(intv))]°=S is G-open .On
other hand ,intS=® and so S is semi-
preopen by proposition 3.1.

LEMMA 3.11. In any space (X,T)we
have: (1) [9] T,=Ty.
) [7] T,=Tspo.

THEOREM 3.12. Let (X,T) be a space
Then T, CTe.

Proof. Let v&T, and SEGO(X), Then
S=spintS Uint,S by proposition 3. Hence
v NS=(v NspintS) U(v Nint,S) is G-open
by Lemma 3.5and sove Te.

By Theorem 3.12 and Lemma3.11, it is
very easy to proof the following
Corollary

COROLLARY 3.13. In any space (X,T)
we have T,CT, CTspo CTo.
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