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Abstract

A graph denoted by H, which has a simple link between its vertices, possesses the set of vertices V(H) =
{x,x1, %5, ..., xm }. Given a graph, H = (V, E), S a set that is dominant, is a subset of vertex set V such that
any vertex outside of S is close to at least one vertex inside of S. The smallest size of S for the dominating
set is known as the graph’s domination number. When a linked graph H has a vertex x and a subset S of
the vertex set V (H), the separation between x and S is given by d(x,S) = min{d(x,u)|u; S}. Pertaining
to an ordered k-partition T = {53, S, ... , S, } of V (H), the illustration of x in relation to IT is to be the k-
vector r(x/IT) = (d(x,S51),d(x,S5),,d(x,S;)). Abid-Waheed graph (AW); is a simply connected graph
which contains rs + 1 vertices and (s + 1) edges for all » = 1 and s > 3. In this paper, we studied
some results on the domination number, independent and restrained domination number denoted by
y(H), v;(H) and y,.(H) respectively in the Abid-Waheed graphs (AW)# and the relation between
domination number, independent and restrained domination number. Also, the objective of this paper is to
generate a partition dimension of (AW);.

Keywords: Abid-Waheed Graph, Domination, Independent Domination, Partition Dimension, Restrained
Domination.

Introduction

Graph theory is one of the mathematical sub-fields.
It is commonly known that an interconnection
network can be represented by a graph with nodes
corresponding to network sites and edges
corresponding to connections between network
nodes. Mathematics and computer science both have
a component that deals with the analysis of graphs,
or representations using points and lines that
graphically demonstrate mathematical concepts. It
can be applied in a number of circumstances and the
use of graph theory has expanded quickly. It is
helpful to comprehend how computers compute, as
well as how communications work, how information

is managed, and how Google Street View works. For
a very long time, literature has explored the ideas of
dominance and independence ®. The first people to
discuss these ideas are Ore 2, who used the name
’Domination Number’ in the space of coefficient of
External Stability. Berge was the first to present the
fundamental definition of domination in graph
theory 3 Next, it was suggested to use edge-
subdivision and bondage number notations in the
description and modeling of transportation networks
4, An area of graph theory that has received a lot of
investigation is dominance in networking. Because
of its numerous applications to discrete optimization
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issues, combinatorial problems, and classical
algebraic problems, graph theory has experienced
phenomenal growth during the past 30 years. The
notion of domination has been the focal point of
contemporary graph theoretical research, numerous
fields including engineering, the physical, social, and
biological sciences, languages, etc, employ it for a
wide range of purposes. This is mostly because of the
numerous new criteria that can be created from the
fundamental definition of domination °. Around
1960, graph theory’s thorough examination of
dominating sets began not standing with the fact that
the topic has historical roots that date back to 1862
when the Jaenisch researched the issues of figuring
out the bare minimum of queens required to cover or
control a n xnchessboard °© The concept of
independent domination first appeared in chessboard
puzzles’. A recent book 8 on domination has sparked
enough motivation to fuel the enormous expansion
of this field of study. Vasumathi and Vangipuram °
and Vijayasaradhi and Vangipuram 1° both
discovered the domination parameters of an
arithmetic graph and came up with a refined
technique for creating an arithmetic graph using the
determined domination parameter. Apply this to
many applications such as eradicating pests in
Agriculture, controlling viruses that produce
diseases in an epidemic form, to maintain
confidentiality when transferring information, and it
is especially very useful in the Defense sector 1!,
Problems  involving  discovering  sets  of
representatives, observing communication or
electrical networks, and other situations involving
control also use concepts of domination. Studies on
the independent dominance number in several
families of graphs, including planar graphs, triangle-
free graphs, and graphs with constrained diameters,
as well as structural results on domination-perfect
graphs were presented. In a graph, the domination
problem is to identify a minimal-sized vertex
collection. Over the past 20 years, substantial
research on dominance and its variations has been
conducted. Edge domination is one variation that is
examined in this study from an algorithmic
perspective 1214, In a graph, an edge-dominating set
is a set S of edges where each edge outside of S is

Materials and Methods

Definition of Abid-Waheed (AW); graph for
s=>3andr > 1

connected to at least one edge inside S it is nominated
asy ' (H). When there are no two different edges that
are contiguous, an edge-dominating set is said to be
independent. Finding the smallest set of edges that
dominate a graph independently is known as the
(independent) edge dominance problem and is
denoted as y;(H) . The edge domination problem in
trees was addressed by a linear time approach by
Mitchell and Hedetniemi >, If every edge outside
of S is incident to both an edge inside of S and an
edge inside of E — S, then this is a restrained edge
dominant set. Restrained edge domination is the term
used to describe the smallest cardinality of a set of H
that dominates its edges, it is nominated by y,.(H) 2.
Every vertex that is not in S is next to a vertex that is
in S, and this is known as a dominant set for graph
H. A dominating set must be at least as big as its
domination number, which is represented by y (H). If
no two of its vertices are next to one another, the set
is independent (or unconnected). In a graph, a set that
is both dominating and independent is known as an
independent dominating set. The size of an
independent dominating set’s minimal independent
dominance number is indicated by the symbol y; (H).
Every vertex in a set V — S that is adjacent to both a
vertex in S and another vertex in V' — S is referred to
as being in a restrained dominating set. The
minimum cardinality of a restrained dominating set
of H is the restrained domination number of H,
indicated by y,.(H) *°. When a linked graph H has a
vertex x and a subset of vertex V (H), the separation
between x and S is given by d(x,S) =
min{d(x,u)|u; S}. Pertaining to an ordered k-
partition © = {S;,S,,, S} of V (H), the illustration
of x in relation to 7 is to be the k-vector r(x/Il) =
(d(x,51),d(x,S5),,d(x,S,)) 2% The smallest
number of sets in any resolving partition of G is
known as the partition dimension of G, indicated by
the symbol pd(G). Chartrand, Salehi, and Zhang
examined the partition dimension first in 2324
followed by % by Chappell, Gimbel, and Hartman, to
learn more about the ‘metric dimension’, a different
graph parameter. Applications of this invariant to
robotic network navigation are covered in %, while
applications to chemistry are provided in ',

This section discusses the planning and creation of
our ground-breaking connected the Abid-Waheed
(AW); graph, that is shown in Fig 1; Abid-Waheed
graph (AW); contains rs + 1 vertices and r(s + 1)
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edges for all »r = 1 and s = 3, i.e, a graph is
generated by r-cycles (with each of order s), meeting

B

at an external vertex of degree r. It is represented by
(AW)s fors > 3andr > 1%,

C>

Figure 1. Abid-Waheed (AW)$

Results and Discussion

Major results

Theorem 1: Suppose that (AW); is the Abid-
Waheed graph with » > 1 and s =4 then the
domination number of (AW);3. is given by;

YAW): =7+ 1

Proof: Let H be a (AW)# graph and its vertex set
V(AW)E = {X,x1,%5, ..., Xy} and x is the central
vertex of the graph. Each vertex in (AW)# has been
clearly manifested so, it is necessary to demonstrate
for every cycle ‘r’ may it contains an even or odd
number of vertices, it shares the same dominating
number, which is r + 1. Initially, analyzed for r =
1,2,3 then demonstrated for the general case when
r = m. To begin the proof consider the case where
r =1 and s = 4. Predict for cycle r; and s = 4 the
vertex set is  V(AW)T = {x,x1,%,,x3,x,} then
examine the structure of H and determine the
dominating number by varying r’ while keeping 's’
constant.

It is evident that S, = {x;,x3} serves as a
dominating set for (AW)F . Because (x,x,)Iis
adjacent to x; and x5 is directly linked to x, so0 S, =
{x1,x3} is dominating set for (AW)F and its
domination number is 2 which is r+1 asr = 1.
Now for the case whenr = 2 and s = 4 let the vertex
set of (AW)3 is V(AW)3 = {x,x1, %5, X3, ..., Xg}. AS
there are two cycles and each cycle has four vertices
one vertex has a degree of three and the other vertices
have a degree of two and the central vertex has a
degree equal to ‘r’. So, a minimum of three vertices
are needed to dominate the whole of the vertices of
the graph. Let S; = {x, x3, x,} be the dominating set
for (AW)3. As two vertices are in the neighborhood
of x, one from each cycle and two vertices of the

graph are in the neighborhood of each vertex
(x5, x7). Hence its domination number is 3.

Moreover, for the case when r=3 and s =4
suppose the vertex set of (AW)3 is V(AW)3 =
{x,x1,x5,x3,...,%12}. Now there are three cycles
and only four minimum vertices are needed for
dominating all the vertices of the graph according to
the degree of the vertices. Let S, = {x, x3, x7,x11}
be the dominating set for (AW)3, three vertices are
directly linked to x, and (x3, x-, x;,) dominate those
vertices which are directly linked with them. So,
S, = {x, x3, x7,%11} IS the set that dominates all the
vertices of (AW)3 and hence its dominating number
is 4. From the above observations for r = 1,2,3 the
dominating set consists of one central vertex and one
middle vertex of ’s” which has a degree of two.

Furthermore, in general when r = mand s = 4 let

the wvertex set of (AW)% isV(AW)E =
{x,x1, %2, X3, .o, Xm—1, Xm}. In this case, the subset
of m + 1 vertices is needed to dominate every vertex
of the graph. Let S,, = {x,x3,x7,...,x;,_1} be the
dominating set for (AW)z,. (x1, X5, Xg, ..., X—3) iN
the neighborhood of ’x’, (x,x,) is neighboring
X3, (xg,xg) IS neighboring x,, (x10,%12) IS
neighboring x,, and that is continued as (x,;,—2, X;,)
is neighboring x,,,_1. S0, S;;, = {x, x3,%7,..., Xm_1}
is the set that dominates all the vertices of (AW)3#,
and hence its dominating number is m + 1. The
statement of the theorem is verified when the Abid-
Waheed graph has r=m and s =4 then its
domination number is r + 1./

Theorem 2: Let (AW)# be a graph, for every integer
r =2 and s = 4 then the independent domination
number of a graph is stated as;

Y, (AWt =71 +1
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Proof: Let H = (AW); graph and its vertex set
VAW)E = {X, X1, X2, o) X }- Each  vertex
in (AW)# has a distinctive depiction to demonstrate
that a graph with any number of cycles has the same
independent domination number, which is r + 1.
First, demonstrate the cases where r = 1,2,3 and
then prove for general case when r = m. Consider
the structure of graph H and find independent
domination by varying 'r’ while s’ remains constant.
Let the case where r =1 and s = 4. Since, the
domination number of (AW)? graph is two, let S, =
{x1, x3} be the dominating set as no one vertex of S,
is in the neighborhood of each other, it is also an
independent dominating set and its independent
domination number is 2. In the case when s = 4 and
r = 2 the graph (AW)3 has a domination number of
three. Let S; = {x, x3,x,} be a dominating set for
(AW)3 as no one vertex of S; share’s common edge
so, it is an independent dominating set for the given
graph.

Since, for r = 3 and s = 4 the graph (AW)3 has a
domination number is four. Let S, = {x, x3, x7,xo}
be the dominating set for (AW)# and no one vertex
of S, have a common edge or directly linked.
Similarly for the general case where r = mand s =
4 then the dominating set S,,, = {x, x3,%7,..., Xm_1}
is the independent dominating set for (AW)3, as no
one vertex is adjacent to each other. Hence our claim
is true that is for (AW)#, the independent domination
isr+1.

Theorem 3: If H = (AW);} is the Abid-Waheed
graph, for every integer r = 2 and s = 4 then the
restrained domination number of the graph is given

by;
Y, (AW)f=r+1

Proof: All the cycles and vertices of the Abid-
Waheed graph have unique positions and there is not
any parallel edge between the vertices of the graph.
Let H be a (AW)# graph with vertex set V(AW)# =
{x, x4, x5, ..., X,;n}, demonstrating that the graph has
r + 1 restrained domination number. Initiating proof
for case where r = 1 and s = 4, let the vertex set
forV(AW)T = {x,x;,x,,%3,x,}.  Since,  the
dominating set for (AW)} is Sy = {x,x3} and V —
So = {x1,x,,x,} is aset in which all the vertices are
linked with each other directly by an edge. So, S, is
a restrained dominating set for (AW)f and its
restrained domination is 2.

Additionally for the case where r = 2 and s = 4 let
the wvertex set of (AW); is V(AW)3 =
{x,x1, x5, x3,...,xg}. Since, S; = {x,x3,%x,} IS
dominating set with minimum cardinality for (AW)3
and all the elements in V —S; are in the
neighborhood of each other so, S; = {x, x3,x,} isa
restrained dominating set for (AW)3 and hence its
restrained domination is 3.

Moreover, for cases where r = 1,2,3 the restrained
dominating set consists of one central external vertex
graph and one middle vertex of ’s’. Besides that,
check for general cases when r =m and s = 4 let
the vertex set of (AW)%,  isV(AW)E =
{x, %1, %2, X3, v, Xn—1, Xm }- LetS,, =
{x,x3,%7,...,Xm_1} 1S the dominating set for
(AW)%,. Then in the subset V-—-S=
{x1,%2,%4 , X5, X6, ) Xm—2)Xm—3, Xm } all the
elements are adjacent to each other so, S,, =
{x,x3,%7,...,%m_41} IS the restrained dominating set
of (AW)#, and hence, its restrained domination is
r+ 1, and hence, verifies that when the Abid-
Waheed graph has r=m and s =4 then its
restrained domination is r + 1.

Theorem 4: Let (AW); be a graph, for every integer
r =1 and s = 4 then the edge domination number
of a graph is presented by;

Y (AW)% = 2r

Proof: Let H = (AW)# be the Abid-Waheed graph
with an edge set E(AW); = { ey, e, 5 ..., en}. All
the edges in (AW)# are accurately outlined so, every
cycle demonstrates that the domination number is
identical, that is equivalent to 2r. To begin our proof
for the case where r = 1 and s = 4 and foresee cycle
r, the edge set isE(AW)T = {e;, ez 3,64 €5}
The structure of the graph H is being examined and
finding the domination number by changing ’r’ and
’s’ remains the same. As in (AW)$ graph degree of
two edges is 3 and the degree of three edges is 2. So,
S1 = {eq,e,} is the edge-dominating set that has
minimum cardinality for (AW)%. Review that
(e,, es5) is the neighbor of e; and e5 is the neighbor
of e, so S; ={eq,e,} is edge dominating set
for(AW)? and its domination number is 2.

Currently examine the case where r = 2 and s = 4,
let the edge set of (AW)3  be E(AW)3 =
{e1, ez, e3 ..., e10}. Here the degree of four edges is
3 and the degree of the remaining edges is 2. Let S, =
{e1, e4, €6, €9} be an edge-dominating set for (AW)3
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graph, (e, es) are neighbors of e, es is a neighbor
of e, and (e, e1) are in the neighborhood of e, and
eg isaneighbor of eq. S0, S, = {ey, e4, €4, €9} is edge
dominating set for (AW)3 and hence, its dominating
number is 4.

Now let us move on to the case where r = 3and s =

4 let an edge set of (AW)3 graph be E(AW)3 =
{e1 e,e3 ..., e15}. Let S5 = {ey, ey, €6, €9, €11, €14}
be the edge-dominating set for(AW)3 by considering
the degree of vertices. As (e,, es) is directly linked
toe;and e; is a neighbor of e, (e; eqy) are
neighbors of e, and eg is a neighbor of ey, (€13, €15)
are neighbors of e;; and e, is a neighbor of e13. So,
S; = {e1, €4, €6 €9, €11, €14} 1S the edge-dominating
set for (AW)3 and hence, its edge-dominating
number is 6.

The edge dominating set consists of one rooted edge
of cycle ’s’ and one edge from the cycle of ’s’ for the
case where r = 1,2,3. Now to demonstrate for a
general case where r = m and s = 4 let the edge set

of (AW)%, be E(AW)3, =
{enezxes ...,eqm_q1,em} Let Sm =
{eq,e4,€6,...,6m_1} be the edge-dominating set

for (AW)3, and observe that (e, eg, €11,---)€m—4)
are in the neighborhood of each other, (e;, es5) are
neighbors of ey, (e;,eqy) are neighbors of e, and
likewise, that is continued. So, the set S,, =
{eq,e4, €6, -..,€m_1} 1S set with minimum cardinality
that dominates all the edges of (AW)#, and hence, its
edge domination number is 2r so, it is verified that
when the Abid-Waheed graph hasr = mand s = 4
then its edge domination number is 2r.

Theorem 5: Let (AW); be a graph, for every integer
r=>1 and s=4 then the independent edge
domination number of a graph is presented by;

Y,(AW)E = 2r;7 > 1

Proof: Let H = (AW); be the Abid-Waheed graph
with an edge set E(AW): = {ej, ez €5 ...,em}.
Every edge in (AW)# has a different representation
for each cycle, verified as the independent edge
domination number, which is 2r for all cycles. First
conduct a verification process for r = 1,2,and 3, and
subsequently establish a proof for the general case
when r = m. Examine the structure of graph H and
find independent edge domination by varying '’
while’s’ remains the same. Let the case wherer = 1
and s = 4. As in the graph (AW)7 the degree of two
edges is 3 and the degree of the remaining edges is 2,

by considering the degree of the edges let S, =
{e,, e,} be the edge-dominating set for (AW)7 it is
also the independent edge dominating set as no one
edge of S, is in the neighborhood of each other and
its independent edge domination number is 2.

Furthermore, for the case where s =4 andr = 2 in
the graph (AW)3 let S; = {e,, eq, 5, €5} be edge
dominating set for (AW)3 also, an independent
edge dominating set for (AW)3 as no one edge of S;
is in the neighborhood of each other so it is the
independent edge dominating set. Now for the case
where r = 3 and s = 4 by examining the structure
and degree of edges let S, = {e,, e4,€7,€9, €11, €14}
is an independent edge-dominating set for (AW)3
because no edge is adjacent to each other in S,.
Similarly for general cases when r =m and s = 4
then S,, = {e,, e4,€7,...,e,_1} IS an independent
edge-dominating set for (AW)#, as no one edge is
adjacent to each other. Concluding that when r varies
and s remains constant then the graph will have the
same independent edge domination with respect to r
which is 2r. Hence, our claim is true that for (AW)3,
the independent edge domination is 2r.

Theorem 6: If H = (AW); be the Abid-Waheed
graph with r > 1 and s = 4 then restrained edge
domination number of (AW); is given by;

Y. (AW)E =2r;r>1

Proof: Let H be an (AW); graph and E(H) is the
edge set of the graph whose elements are represented
as (e, ey €3, ..., ey). Edges in (AW)} graph are
differently outlined so, it demonstrates that for any
number of r-cycles, the restrained edge domination is
equivalent to 2r. The structure of the graph is
examined to verify the restrained edge domination of
H by changing '’ and ’s’ to remain constant. Let the
case when r =1 and s = 4 foresee a cycle r; the
edge setis E(AW): = { ey, e, €3, €4, e5}. Since the
edge dominating set for graph (AW)} is S; =
{e1,es}and inthe subset E — S; = {e,, e3,es}each
edge has a neighbor edge present in the same subset
set so, it is the restrained edge dominating set and its
restrained edge domination is 2.

Consequently, the in case where r = 2 and s = 4 let
the edge set of (AW)3 be E(AW)3 =
{e,e5,e3 ...,e10}. Since, S, ={ej, ey €469} IS
edge dominating set for (AW)3 and E—S, =
{e,, e3,es, e, eg, €10} is the subset of vertices where
each edge of E — S, has a neighboring edge present
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in E — S, subset. So, S, is restrained dominating set
for the case when s =4 and r = 2 and restrained
edge domination is 4. Now for the case when r = 3
and s =4 let the edge set of (AW)3 graph be
E(AW)3 = {eg, ez €3 ..., €15} As Sy =
{e1, es, €q, €9, €11, €14} IS the edge-dominating set for
(AW)? and the subset E — S5 has neighbors present
in E — S3,50S85 is restrained edge dominating set for
(AW)?% hence, its restrained edge domination is 6
which is 2rasr = 3.

As, examine for the cases where r = 1,2,3 the
restrained edge dominating set consists of two edges
of cycle ’s’, the same is the case for m-edges. Now
proved for general case when r = m and s = 4 let
the edge set of (AW)E be EAW)E =
{eneyes ...,e;1,en}. In E—=S,, all the edges
have adjacent edges present in their own set E — S,,,
so, for (AW)#, the set S, is restrained edge
dominating set hence, its restrained edge domination
is 27, so the theorem is proved that when the Abid-
Waheed graph has r=m and s =4 then its
restrained edge domination is 2r.

Theorem 7: Let (AW); be a graph then for every
integer r > 1 and s > 3 the partition dimension of
the graph is;

3, forr=12ands =3

PD(AW)r:{r+1, forr=3,s=>3

Proof: Let H = (AW); be the Abid-Waheed graph
with a basis set V(AW)# = {x,x1, %5, ..., X} and x
is the universal vertex of a graph by which every
cycle is linked to each other. Based on the number of
cycles of the graph following cases are formed
separately, establishing both claims.

Case-1: If r =1 and 2 for s > 3 then consider the
Partition dimension of (AW); is 3. Initiate for the
case where r = 1and s = 3 let basis set V(AW)3 =
{x,x1,%5,x3} and m; be the partition set of H for
s=3 and r =1 which consist of the following
subsets t; = {S;, 52, S3}, by examining the structure
of the graph only 3 minimum subsets are formed.
Elements of the subsets are arranged in forms like,
S1=1{x, x1}, So = {x,} and S; = {x3}. Since, (x/
my) =(0,22), r(x/my) = (0,1L1), r(xz/my) =
(1,0,1), r(x3/m;) = (1,1,0). So, its PD(AW)3 =
3.

Currently, for cases r =1 and s = 4 let the basis
setV(AW)T = {x,x1,x,,x3,x4}. Since the highest

degree of one vertex is three then necessarily the
minimum cardinality of the partition set is three.
Letm, = {S1,5,,53} be the partition of (AW)}
with S; = {x, x;}, S, ={x3,x,} and Sz = {x,}.
Since  (x/my) = (0,2,2), r(x/mp) = (0,1,1),
r(x,/my) = (1,1,0), r(x3/my) = (2,0,1) and
r(x4/m3) = (1,1,0). All the dimensions are different
so, its PD(AW)T = 3.

Now the case where r =1 and s =5 and let the
basis set V(AW)3 = {x,x1,%y,...,xs} and let g =
{S1,5,,53} be the partition of (AW)3 with §; =
{x, x1}, S2 ={xs5,x4} and S3 = {x,,x3}. Since
(x/m3) = (0,2,2), r(xi/m3) =(0,1,1), 7(xz/
m3) = (1,1,0), 7r(xz/m3) = (3,1,0) r(xy/m3) =
(2,0,1) and r(x5/m3) = (1,0,2), all dimensions are
different with respect to 5 so, its PD(AW)3 = 3.

Assume for r=1and s=m the basis
set VAW)T' = {x,x1,X2, e, Xg, eue) X } and
let T, = {S1,5,,S3} be the partition of (AW)T* with
Si=1{x, x1}, Sy ={x3,x3,..,x;} and S3=
{Xs41, X542, s Xm }- Since r(x/m,) = (0,2,2),
r(x1/my) = (0,1,1), r(x2/my) = (1,0,2),...,
r(Xm-1/Tn) = (2,3,0) r(xm/mn) = (1,2,0),
because all the dimensions are different so, its
PD(AWHT* = 3.

Furthermore, suppose for r = 2 and s = 3 the vertex
set V(AW)3 = {x,x1,%3,..,x¢} and letm; =
{S1,5,,S5} be the partition of (AW)3 with S; =
{x, x3,x6}, S; = {x2,x,} and S3 = {xg,x,}. Since
(x/m1) = (0,1,1),7(x1/m1) = (1,0,2), r(xz/my) =
(1,0,3), r(xz/m) = (0,1,3),), r(x4/m) =
(1,2,0), r(xs/my) = (1,3,0), r(xe/m) = (0,3,1).
As all the dimensions are different so, its PD (AW)3=
3.

After that let for r = 2 and s = 4 the vertex set
V(AW)3 = {x,x1,%,,..,xg} and let subsets m, =
{S1,5,,S5} be the partition of (AW)3 withS; =
{x, x1,%2,x3}, Sy = {x5,%6,%7} and S3 = {xg, x4}.
Since (x/my) = (0,1,1), r(x,/m,) =
(0,3,2), r(xz/mz) = (1,0,3), r(x3/mz) = (0,4,1),
r(xs/m2) = (1,3,0), r(xs/mz) = (1,0,1), 7(xe/
m) = (2,0,2), r(x7/mz) = (3,01), r(xg/mz) =
(2,1,0). So, its PD(AW)3 = 3.

Finally, take for the case where r = 2 and s = 5 the
vertex set V(AW)3 = {x,x;,%p, .., X0}  and
lett; = {S1,5,,S3} be the partition of (AW)3
with S; = {x, x4, x5, X9, X109}, Sz = {x1,%2,x3} and
S3 = {xg,x¢,x,}. Since, (x/m3) = (0,1,1), r(xy/
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m3) = (2,3,0), r(xz/m3) =(1,0,3), r(x3/m3) =
(1'0'4’)' T(X4/TI.'3) = (0'1'4)1 7/'(355/7-[3) = (0'1'3)'
T(x6/n3) = (1'2'0)' T(x7/7'[3) = (2'3'0)'T(x8/
m3) = (1,4,0), r(xg/m3) = (0,4,1),r(x10/m3) =
(0,3,1). Hence its PD(AW)3 = 3. Similarly for
‘m’ vertices of cycle ’s” and r = 2 the dimension is
3. Hence, our first condition thatis forr = 1, r = 2
and s>3 the PD(AW); = 3 here our first
assumption is verified.

Case-Il: In this case, verify that the partition
dimension of (Abid-Waheed) (AW); graph is’'r +
1’ for r = 3. Proving this case by varying ’r’ and ’s’
in the graph and showing that their partition
dimension is r + 1. First, let a graph with » = 3 and
s = 3 have vertex set V(AW)3 = {x,x1,%3, ..., Xo}
andm, = {S;,S,,53} be the partition of (AW)3. The
partition sets consist of all the vertices of the graph
as partitioned subsets which are S; = {x, x4, x5},
S, ={x1,x,,xg} and Sz = {x3,x4,x7,%9}. Since
the partition dimension for (AW)3 is represented
asr(x/my) = (0,1,1), 7(x1/m) = (1,0,1),7(xz/
) =(201), r(xs/m) =(2,10),r(xs/my) =
(0,3,1), r(xg/m1) = (1,3,0), r(x7/my) =

(2,0,1), r(xg/m) = (1,4,0), r(x9/m1) = (2,1,0).
Since each vertex of (AW)3 has no distinct
representation with respect to m; as r(x;/m;) =

(X9 /).

Then take another partitioned set m, =
{51,55,55,5,} to be the partition of V(AW)3
with S; = {x, x¢, X3, X9}, Sy, ={x1,%3},S3 =
{x4,x5} and S, = {x,,x9}. Since the partition
dimension for (AW)3 is represented as r(x/m,) =

0111),  r(x1/m) = (1,022), r(xz/m;) =
(1,0,3,3), r(x3/m;) = (0,1,3,3), r(x,/my) =
(1,2,0,2), r(xs/my)=1(13,0,3), r(xg/my) =
(1,3,3,0), ), 7(x7/m1) = (2,0,1), 7(xg/m3) =
(1,3,3,0), r(xq/m,) =(0,3,3,1). As each vertex

of (AW)3 has a distinct representation with respect
to m,, hence m, is a resolving partition of (AW)3.
Hence, partition dimension of (AW)3 = 4.

Furthermore, let the case when s =4 and r =3
graph have basis set V(AW)35 = {x,x1,X5, ..., X12}.
Take a partition set w3 containing all the vertices of
(AW)? in different subsets. Let m3 = {S;,S,,S3,54}
be the partition of (AW)3 with S; = {x, x;, x5, X0},
Sy = {x3,%3,%g}, S3 = {6, X7, 12} and Sy =
{x4,%19,x11}. Since the partition dimension is
represented asr(x/m3) = (0,2,2,2), r(xi/m3) =
(0,1,31), r(xz/m3) =(1,041), r(x3/m3) =

(2,0,5,1), r(xs/m3) = (1,1,4,0), r(xs/m3) =
(0'3'1'3’)1 T(x6/7'[3) = (1’2’0'4)1 ),T(x7/77.'3) =
(2,1,0,5), r(xg/m3) = (2,0,2,4), r(xo/m3) =
(0'3'3'1)’ 7ﬂ('x10/7—[3) = (1!4!2!0)1 T(X11/7T3) =
(2,5,1,0), r(x1/m3) = (2,4,0,1). As each vertex of
(AW)?% has a distinct representation with respect
toms, then 75 is a resolving partition of (AW)3.
Hence, the partition dimension of (AW)?% =4.

Moreover, check for the case where s =5 and r =
3the Abid-Waheed graph with vertex set
VAW)3 = {x,x1,%5,...,X%5} and take a
partitioned set consisting of different subsets, let
m, = {S1,5,,53,54} be the partition of (AW)3 with
S1={xx1,%6, %11}, Sz = {X2,X3,%4, %10}, S3 =
{xs5,%7,xg,%15}, and S, = {x414, X9, X132, X13}. Since
T'(X/T[4) = (0'1'2'2)' r(xl/n4) = (0'1'1'3)’ r(xz/
my) = (1,0,24), 1r(x3/my) = (2,0,2,5), r(xa/
my) = (2,0,1,5), r(xs/my) = (1,1,04), 7r(xe/
7T4) = (0'1'1'2)1 )v T(X7/T[4,) = (1'2'0'2)1 r(xS/
7T4) = (2'2'0'1)1 T(X9/T[4) = (0'3'1'1)' T(xw/
my) = (1,0,21), r(x11/my) = (0,3,11), 7r(x12/
my) = (2/4,0,1), r(x13/m4) = (2,5,2,0), r(x14/
M) = (2,5,1,0), r(xi5/m) = (1,4,0,1). As each
vertex of (AW)3 has a distinct representation with
respect tom,, then m, is a resolving partition
of (AW)3. Hence, the partition dimension of
(AW)3 = 4 whichisr + 1. So, forallr = 3ands >
3 the partition dimension is r + 1.

Now verify for r = 4 and s > 3 and let the graph H
with 7 = 4 and s = 3 and the vertex set of (AW)3 is
V(AW)3 = {x,xq1,x,, ..., X1, }. Take the partitioned
setmr; of graph (AW)3 which contained all the
vertices in five subsets that are ;=
{51,55,53,54,55} be the partition of V(AW)3 with
S1 = {x, X3, X6, X9, X12}, Sy ={x1, %2}, $3 =
{x5,%4}, S4 = {x7,xg} S5 = {X10,x11}. Since the
partition resolving representation is r(x/m;) =
(0,1,1,1,1), r(x,/m) = (1,0,2,2,2), r(xy/
m1) = (1,0,3,3,3), r(x3/my) = (0,1,3,3,3),
r(xs/m) = (1,2,0,2,2), r(xs/my) =
(1,3,0,3,3), r(xg/my) =(0,3,1,3,3), r(x;/
m) = (1,2,2,0,2), r(xg/m) = (1,3,3,0,3),
r(xg/m) = (0,3,3,1,3), r(x10/m1) =
(1,2,2,2,0), r(xq1/m) = (1,3,3,3,0), r(x12/
m;) = (0,3,3,3,1). As each vertex of (AW)3 has a
distinct representation with respectto m,, then m is
a resolving partition of (AW)3.

Consequently, check for r=4 and s =4 the
partition dimension of (AW)3. Let the vertex set be
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V(AW): = {x,x1,%X3,...,X16}. Let m, be the
partition of (AW)3: for s=4 and r =4. The
partition set consists of the following vertices
setm, = {51,52,53,54, S5} be the partition of
(AW)% with S1 = {x,%q, %5, X9, X13}, S =
{x3,%2, %16}, S3 = {X4, %6, X7}, S4 = {X10, %11, %15},
S5 = {xg, %14, X12}- Since r(x/my) =
(0,2,2,2,2),r(xy/ ) = (0,1,1,3,3),r(x,/
m,) = (1,0,1,4,4),r(x3/ 1) =
(2,0,1,4,4),r(x4/ ) = (1,2,0,4,4),r(x5/
my) = (0,3,1,3,3),r(xg/ m) = (1,4,0,4,4),
r(x;/my) = (2,5,0,5,5),7(xg/ m2) =
(1,4,0,4,4),7(x9/ ) = (0,3,3,1,1),r(x10/
) = (1,4,4,0,2), rx;1(/ ) = (2,5,5,0,5),
r(x12/ ™) = (1,4,4,1,0), r(xq3/ m2) =
(0,1,3,2,1), r(x14/ ) = (1,2,4,1,0), r(xy5/
my) = (2,1,5,0,1) and r(x14/ 73) =

(1,0,4,1, 2).

As all vertices of(AW); have a distinct
representation with respect to m,, then m, is a
Conclusion

This paper discussed the vertex and edge domination,
independent domination, restrained domination, and
relations between them of the Abid-Waheed
graph (AW); and partition dimension of the (AW);.
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