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Abstract:

The Hartley transform generalizes to the fractional Hartley transform (FRHT) which gives various
uses in different fields of image encryption. Unfortunately, the available literature of fractional Hartley
transform is unable to provide its inversion theorem. So accordingly original function cannot retrieve
directly, which restrict its applications. The intension of this paper is to propose inversion theorem of
fractional Hartley transform to overcome this drawback. Moreover, some properties of fractional Hartley

transform are discussed in this paper.
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Introduction:

In the early decades fractional Fourier
transform comes into the picture very numerously
because of its huge applications in the field of
optical propagation problems', n- dimensional
FRFT % and optical image encryption algorithm? etc.

As fractional Hartley transform (FRHT) is
closely related with fractional Fourier transform
(FRFT), for each application of FRFT there is one
application of FRHT and as Hartley transform is
better than Fourier transform so FRHT has benefits
over FRFT.

A general theory of linear fractional
transform has come up with a symmetric procedure
in order to define the fractional version of any
established linear transform®. The definition of
fractional Fourier transform and fractional Hartley
transform which satisfy the boundary conditions
and additive property simultaneously are derived
continuously by using general theory of linear
fractional transform®. Many applications of
fractional Hartley transform could be found
collaterally just like that of fractional Fourier
transform.

It is seen that, FRHT and other transforms
has several applications in the area of G-Boehmian
space’, cryptosystem®, asymmetric watermarking
scheme’, asymmetric encryption algorithm for
colour images®, multi-image encryption®™* and
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image steganograpic*?. Due to many applications of
FRFT and FRHT, an attempt has been made to
write this paper on FRHT and its inversion theorem.
Moreover, it contains some properties of FRHT and
its kernel.

Definition. 1:* If « € R; with « is a constant and
h € LY(R) n C1(R), then FRFT is denoted by
RY[h(t)](v) or F,(v) or gF(v) and is defined by
R*[h(D](v) = F(v) = gF(v)

= [*_h(OKE(t, v) dt, where

K&(t,v) = /%exp {i E (t2 + v?) cotyp —

tv cosech]} and y % if Y +mnn; for all
n=0,12,..

Theorem. 1: If a,t,v € R, where « is constant,
Re[h(t)](v) = E,(v) = gF(v) is the FRFT of h(t),
then h(t) is as follows

h(t) = [~ KF(t,v) g&(v), where

K&(t,v) = %exp {—i E (t? + v?) cotyp —
tv cosec 1/)]} and ¢ =% if Y +mn; for all
n=0,12,..
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Property. 1:* Shifting Property
The shifting property for FRFT is
RE[h(t +](W) = g (v + ycosy) X
1
exp [E iy? siny cos + ivy sin 1/)].
Similarly, the shifting property for FRFT of

negative variables is
RE[h(t + »)](=v) = gi (v + y cosh) X

1
exp [E iy? siniy cosy + i(—v)y sin l/)] .
Where a, t, y, v€ER and h € L'(R) N C(R),
with a and y are constants.

Definition. 2:* If @ € R, h € L'(R) n C1(R), then
the FRHT of h(t) is denoted by gfi[h(t)](v) or
g (v) and is defined as

gilh®OIW) = g;i()
j K7 (t,v)h(t)dt,

where
Kg(t,v) =

. .l 2 2
\/@ plz(t?+v?) cotyp [cos (tv cosec) +

e' @ 2sin (tv cosec 1,[))] and Y = % if Y #mn;
foralln=0,1,2,..

Note. 1: If ¢ = g then the extended transform

defined in Definition 2 reduces to Hartley
transform.

Result. 1:* The correlation between kernel of FRHT

and kernel of FRFT is written by

Kg(t,v) =
iam

[%] KE(t,v) + [

iam
1-e 2
2

] KE&(t, ).

Main Results:

Result 2: If a kernel of FRFT is denoted by
K& (t,v) and a kernel of FRHT is denoted by
Kf(t,v), then

Kg(tv) =

[ _ ]Kﬁ(t,v)+ ]K,f,’(t,—v).

1+e 2
2
The Proof is obvious by Result 1.
Result. 3: If h € L*(R) N C1(R), the FRFT of h(t)
is denoted by gf(v) and FRHT is denoted by
gi(v), then

—lLam
2

1-e
2

iam iam

1+e 2
2

95w = GE W)+ |~ g -v).

340

Proof: By Definition 2,

gi(w) = f h(t)KE(t,v)dt.
By Result 1 and Defiﬁitiqn 1,

HOENNIG! {[—_] Kg(t,v) +

=2
JZ R [
JZ Rt [

[ iam

1+e 2
2
Result. 4: If h € LY(R) n C*(R), the FRFT of h(t)
is denoted by gf(v) and FRHT is denoted by
gf(v) then
gr () = [ ]gﬁ(v) + [

Proof: By Definition 1,

] KZ(t, —v)} dt
2

]K,?‘(t,v)dt +

iam

1-e 2

] K&(t,—v)dt
1"
2

gr() +

]gfé‘ (—v).

—iam —iam

1+e 1-e

2 2 a
2 2 ]QH(—V)-
g8 = [ hOKE ¢ v)de
By Result 2 and Defi?mition 2,

gg@) = [7_h(t) {[

1+e 2

JZ R [

]Kﬁ,‘(t,v)+

—iam

1-e

— ]Kﬁ,‘(t,—v)}dt
—4gn

1+e
2

]K,E’,‘(t,v)dt+

—iam
2

1-e
2

JZ h(@®) [ ]K,E’,‘ (t,—v)dt

[ -
Theorem. 2: Inverse fractional Hartley
transform. If h e LY(R) n CY(R); t, v, « € R,
where a is a constant, gf(v) is the FRHT of h(t),
then h (t) is as follows

h(t) = [7 KE(t,v) g&(w)dt,
where K7 (t,v) = /% et

cos(tv cosec ) + e_i(w_E) sin(tv cosec 1/})]
and = =X if g # n; foralln = 0,1,2, ..

—iam
2

1+e
2

1-e
2

]gl‘f‘z(v) + [ ]g%(—v) :

t24v2

coty x
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Proof: By inversion formula of the FRFT and
Result 4,

ht) = [~

IR >[(
(1 )gH(w] dv
7 REE ) (25 ) gy +

[ KEEw ( : )

K@, v) g2 (w)dv

—laﬂ

)gz"f(v) +

gii(=v)dv

f Kg(t U) <1+e 2

gr()dv +

—-1Lam

e 2

1= KEG, —v)(l )gm)dv

—iam
0 |\S5a, ~[1+e 2
w Kﬁ‘(t,v)( > >+

Thatis h(t) = [

—iam

K, —v) ( - )] gEw)dv.
Consider

KZ(c, v)<1+e_2>+1("‘(t )( _ >
’l-l-iCOtl,[) 9
2

exp {—i E (t? + v?) cotyp — tv cosec 1,[)]}

1+ icot
/ L X
2n

exp {—i E (t?2 + v?) coty + tv cosec 1/)]}

—iam

1+e 2
2

—iam
1—e 2

2

2
1+icoty —it +v? (
/—2 - 2 coty [

—iam (eitv coseczp_e— itv cosecw)]

eltv cosec1,l}+ e~ ity cosecw) n
2

ie 2 -
2i

1+ lCOtl/)
B 2T
_ ’1+icot1,be_l
21

e_i(w_g) sin(tv cosec 1/))].

- cotyp [cos(tv cosec )

in i
+e2e ¥sin(tv cosec 1/))]

t2+v? cotp
2 [cos(tv cosec ) +
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Therefore
h(t) =
f 1+i cotz,b

e_i(”b_E) sin(tv cosec 1/))] gi()dv.

Hence h(t) = f KZ(t,v) g&(v)dv, where
KE(E,v) =

1+icot —i
/_Il’e
2T

e (v-2) sin(tv cosec l/))] and ¢y = % if a # nn;
forallmn=0,1,2,..

t4v? coty
2 [cos(tv cosec ) +

t?+v? cotp
2 [cos(tv cosec ) +

Property. 2: Symmetric Property.
Ki(t,v) =Ki(w,t); t, a, vER with a is a
constant.

Property. 3: Conjugation Property.

KZ(t,v) = K,S_“)(t,v); where KZ(t,v) is a
conjugate of K7 (t, v).

Proof: The kernel of FRHT is,

Ki(t,v) =
/ lcow L -co e 1542 oy [cos(tv cosec ) +
i(v- )sm(tv cosec 1/))] Y=""0f a#mn; for
alln=0,1,2,..and
KZ(t,v) =
/chow Cow cos(tv cosec ) +
e ( )sm(tv cosecw)] Y = if a # nn; for
alln=0,1,2,.
Therefore
K59, v) =

1- lCOt(

%) i cor(7m) [cos (tv cosec (%)) "
R <(-T)—§> sin (w cosec (%m))]
\/m

) sin(tv cosec 1/))]

,1+lC0t1l)

el (‘l’ Z) sin(tv cosec l/J)]

COW’ cos(tv cosec ) —

Cow cos(tv cosec ) +
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’ . t

1+icot —i

= —we
21

e_i(w_f) sin(tv cosec 1/))]
= Kj(t,v)
Hence K (t,v) = K,S_a)(t , V).

2;1;2 coty
cos(tv cosecy) +

Property.4:

Kg+ﬁ(t,v) = fjoooK,f,‘(t,v’)Kg(v’,v) dv'.
Proof: Consider

f_oooo K,‘}(t,v’)l(g(v’,v) dv' =

[ [(1 - )Kﬁ‘(t,v’)+
iam ipm
e ) KE(t,—v") [(“e : )Kﬁ(v v) +

(=
(5 )ptr-of

1— 2

) Kf W', —v)

K& (t,v)KE (v, v)dv' +

_KE(t, v KE ', —v)dv’

(a+B)m
(1+e 2 )
(a+ﬁ)r[
(1-e27)
+ - KEE(t,—v)
= KX (¢, v).

Property. 5: Linearity.

If gilhi(®)]W), gflh,(®)](v) are the FRHT of
hq(t), h,(t) respectively, then FRHT of a h,(t) +
ayh,(t) is given by

gfilaih () + azh, (1)](v)

= a; gfi[h (D] (W) + azgfi[h, () ](v).

Property 6: Commutativity

O gie gH(v) = gH ° gf W) = g (v).
That is gfi"F = gf o gf =g 098 = gi*™®
Proof: By Definition
95 ) = g5 P Ih®O1) =
[ K;‘,‘w(t , v)h(t)dt

o o)

Kg(t, v')Kg(v’, v)dv’] h(t)dt

- f fKﬁ,‘(t,v’)h(t)dt KE ', v)dv’
- f L& [R(O1WNIKE (v, v)dv’

N (125N o g = ghlgf O] @)
o )T ) Lo i de = g%+ g5 A1)
len ipn  iam ifm _ B o ( )
1+e 2 +e 2 +e 2 e 2 a+ﬁ(t v) + =9u QHE
’ a+
ian  ipm  iam ?ﬂ That is g, —9H°9H(v)—gy°gH(U)
1+te 2 —e 2 —e2e 2 ,La+P
K t,—v
4 P ) Property. 7: Associativity.
. . B _ B
__lax ipr e ipr , , g5 (dhog)= (a8 gh)o gl
+ 4 JZL K (£, —v)KE (=v', —v)dy Property. 8: Shifting. The shifting property for the
FRHT is written as
| lam ipm ﬂ lﬂ arn(t+ b
+1 e 2 e1+e f KF t —U)Kﬁ( v, v)dv' gH[ ( + )](U) 1+COS¢
e ibm L(a«;[s’)n = {(T) gii(v + b cosyp)
_ 1lte 2 +e . +e K?-I_B(t,v) + ;
ianr  ipn  i(a+P)m + —siny gf(—v —bcosy )}
1+e 2z —e 2 —e 2 Ka+ﬁ(t 1) ) 2
2 F TV 02 ib? sinypcosyp+i vb siny
iar  ipm  i(a+P)m
1-e 2 +e 2 —e 2 + i
+ p Ky Pt,—v)+ +{— Esinz/; g (—v + bcosy)
ian  ifm  i(atP)m
1-e 2 —e 2 + 2 1 —cos
e~ e " c Kgm(t,v) +(—¢)gg(v—bcos¢)}

2
e% ib?sinypcosp—i vb siny
)

where gfi (v) is the FRHT of h(t).
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The proof is obtained by relation between FRFT
and FRHT, vice versa and shifting property of
FRFT see in’.

Examples

Example. 1: If h(t) = 1, then the FRHT of h(t)

with parameter a €R is  equal to
.1

JT+itany e 7Y if  — T is not multiple

of m.

_¢2

Example. 2: If h(t) = ez, then the FRHT of h(t)
_p2

with parameter « € Risequaltoe 2 .

Example. 3: The aperture function p,(x) =1 if

|x| <y and 0 otherwise then FRHT of p,(x) is

1-icoty . 1.9
[2 /—Zn siny exp{lz(y +

vz)coty}{

ey
v2—y2cosy?
vsin(yv cosecy)]|.

For the solutions of Examples 1, 2, 3 use Result 3
—¢2

and the value of FRFT of h(t) = 1and h(t) = e z
by?.

Conclusion:

In this paper inversion formula for fractional
Hartley transform is obtained. Also proved some
properties of fractional Hartley transform and its
kernel such as symmetry, conjugate of kernel and
linearity, shifting of transform and some examples.
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