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Abstract:

The discussion in this paper gives several theorems and lemmas on the Sums of Squares of "n" consecutive
Carol Numbers. These theorems are proved by using the definition of carol numbers and mathematical
induction method. Here the matrix form and the recursive form of sum of squares of "n" consecutive Carol
numbers is also given. The properties of the Carol numbers are also derived.
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Introduction: Let ‘a’ and ‘b’ be two positive numbers. They are
The formula {(u) = 4* —2H*1 —1 is the congruent modulo a given number ‘n’, if they give

general form of Carol number. For the amenity of  the same remainder when divided by ‘n’.

the reader, the sequence of carol numbers and some ~ Example. 1: 12 and 22 are congruent modulo ‘5’

examples are exhibit obviously. The first five terms

of this sequence are -1,7,47,223,959,..2% In this  Main Results:

sequence there is sub-sequence which has only = Theorem. 1: For pu>0, [=123,...n the

prime numbers. For example, some of that elements ~ following equality is true,

are 7,47,223,3967,16127,... A mathematician P+ (A-1)] = Z?=1%{7[(X3 + M3) +

Soyka}n,Y derived Formulae for Sums of Squares of XM(X + M)] — 60(X2 + XM + M?) +

terms'. The sums of squares of generalized 70(X + M) + 420} + (N — 1)

Fibonacci number and Tribonacci number?*. N K

. . . where X =2", M =2*and N = u + L.

Likewise, a study on Generalized Mersenne L 1 F >0 (=123 h

numbers by Soykan Y5, Now look into sums of émma. - 1. For p =0, t=L43..m, ¢

squares of ‘m’ consecutive carol numbers and its upcoming is true 1

matrices representation starting with 7, every third L¢P [u+ (= D] = Xk, 24EHD —

carol numbers is multiple of 7. The lyn o243Gu+D) ylym ore2(u+d 4

indistinguishable identities for sequence, Fibonacci, 7o 3T

Jacobsthal, polygonal numbers have recently been

found by some authors in paper®’. More related

studies have been carried out&.g. The following are  poof- By Definition 1, { () = 4% — 281 ~ 1.

some investigation and possessions of the above. Therefore,

T2(u) = 2% — 4(23%) + 2(22H) + 4(2%) + 1
By replacing ubyu+1, yields %(u+1)=

2?21 22+(u+l)

Basic definitions:

Definition. 1: Carol number drodpy _ 3y (93U 25 ()20
The Carol number is defined by the formula {(u) = i gz 23 +4§2 V@) 22D +
4 —2u1 —q, (2)(2)

In the similar manner, by replacing ubyu+1
successively the values of ¢%(u+2),0%(u+
3),{%(u + 4)... are obtained.

Definition. 2: Prime Number

A natural number greater than 1 and which is
divisible by 1 and itself is called a Prime number.
Definition. 3: Modulo
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Finally,
Clu+ (n— 1] = 2*-D(24) —
4(23D)(234) 4 2(22(D) (224) +
42-DY(2H) + 1 1
adding all these ‘n’ terms, arrives in the stage,
1

L1 [u+ (= 1] = o3, 246D —

;Z?:1 22+3(u+l) 4 1 Zn 21+2(u+1) Y 22+(u+l)

3u+2 au 2u+
(B2 2 ) 5
7 15 3

In Eq.1, the first, second, third and fourth terms of
RHS of 1, consists of Geometric Series with
common ratio 2%,23,22,2 respectively. Using the
corresponding formulae, and after some algebraic
simplification the proof of lemma is obtained.

Proof of Theorem. 1:

By choosing i + 1 = N and 2# = M in EQ.2,
L+ d-D]=

L [72*) — 60(23Y) + 70(22V) +

420(2M)]

[7(M*) — 60(M?3)
=1

105

+ 70(M?) + 420(M)] + Z l
=1
Collectmg correspondlng terms in Eq. 3 y|elds

Zc et (=D = Y S I+ M)

+ XM(X + M)] — 60(X% + XM
+ M?) 4+ 70(X + M) + 420} + (N

D)
where X =2V, M =2*and N = u + 1

Matrix form of Sum of Squares of ‘n’
consecutive Carol Number

Theorem 2: For u=>0,1=0,12...(n—1) the
matrix form of ‘n’ consecutive carol number is
P [u+ (n=5)]]
Plu+ (n—4)
{Plu+ (m—3)
Plu+ (m—-2) J
{2 [+ (n = 1)]
-24-(n—5) _4(23(n—5)) 2(22(71—5)) 4(2(11.—5))
24-(n—4-) _4(23(n—4)) 2(22(71—4)) 4(2(11.—4-))
24-(n—3) _4(23(n—3)) 2(22(71—3)) 4(2(11.—3))
24-(n—2) _4(23(n—2)) 2(22(71—2)) 4(2(11.—2))
24-(n 1) 4(23(n 1)) 2(22(71—1)) 4(2(11.—1))
where Y = (2H)

Proof: By the definition of Carol number,

[y Sy Sy )

C(u) = 4k — 2841 — 1

Therefore,
) = (") —4(23) +2(22M) +4(2M) + 1
Consider the system of following equations,
T = (2%) —4(23) + 2(2) +4(2M) + 1
() = (%) — 42> +2(2*) +4(2M) +1
) = (%) —4(2°) +2(2*) +4(2M) +1
2w = (%) —4(2°) +2(2*) +4(2M) +1
TP = (") —4(23) + 222" +4(2M) + 1
This system of equations can be written in the

matrix form AX = B where
[ ¢*[ul
¢*[u + 1
A= p+2
ICZ[M +3]|
Plu+4 J
1 —4 2 4 1 4
[24 —4(2%) 2(2%) 4(2) 1] [53]
|
I

]
| x=
]
]

|28 —4(2%)  2(2%) 4% and B =
[22  —42%) 2(2% 4% 1
l216  —4(212) 228 424 1] 1

For the next set of system of equations from 2 (u +

1) to {?(u + 5), the matrix representation is,

[2* —-4@2% 202%) 4@ 11[1/4]

28 —4(2%)  2(2H) 4(2%) 1|[ys3

=212 —42% 2% 4(2%) 1||y?

lzlﬁ —4(2'%)  2(28) 4(2%) 1J y?
220 _4(215) 20219 425 1/-1

Continuing in this manner, the general matrix form
of the sum of ‘n’ consecutive Carol number is,

[52[/1 +(n— 5)]]
IZZ[# + (n—4)]
Plut (m—3)]|=
Plut (n— 2)]|
g2+ (n - 1))
;I?r(n—S) _4(23(n—5)) 2(22(n—5)) 4(2(n—5))

]

1|[ -9 _4(23(n—4)) 2(22(n—4)) 4(2(n—4))

1 [ % (n-3) _4(23(n—3)) 2(22(n—3)) 4(2(n—3))

1} kz (n-2) _4(23(n—2)) 2(22(n—2)) 4(2(n—2))
24(n—1) _4(23(n—1)) 2(22(n—1)) 4(2(n—1))
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Y4-
Y3
|y2 | where Y = (2#)

Yl
| |
Hence the proof.

Recursive Matrix form of Sum of Squares of

‘n’ consecutive Carol Number
Theorem 3: The recursive matrix form of ‘n’

consecutive carol number is

A(Gn)
[Q4a11 Qa1 Q%ay3 Qags als]
Q*az; Q%az; Q%az; Qazs aps
=[Q%as; Q3as; Q%az; Qaz, azs|whereQ
Q*ays Q3ay Q2a43 Qasy ays
Q4a51 Q3a52 Q2a53 Qass ass
— 211—1

() = (2*) — 4(2%) +
2(224) +4(2") + 1
P(u+1) = 242%) — 423 (2%) +
2(22)(22”) +4(2)2H) +1
3% (u+2) = 28(2%) — 4(26)(2%) +
2(24)(22“) + 4(22)(2“) +1
$P(u+3) = 212(2%) — 4(29)(2%) +
2(26)(22“) + 4(23)(2“) +1
P(u+4) = 216(2%) — 421 (2%) +

[1 —4 2 4 1]

[ 2% —4(2%) 2(2%) 4(2) 1|
AQ) =|2° —42% 22% 4@d) 1‘
212 —4(2%) 2(2% 423 1

l216 —422) 202%) 4% 1l

ai1 Q12 Q13 414 QAgs
[au Qzz QA3 Q34 azs}

=|d31 043z a3z d3zq O043s

Q41 QA4 Qg3 Agg Uug

(s1 05z (As3 dgy  Asg

The elements of second set of matrices A({,) can be
written by using the elements of first set of matrices
A({y) as follows,

A(Gp) =
2% —4(2%) 223 4() 1
28 —42% 202H 4(2» 1
212 429 229 4(2® 1|=
216 —4212) 228 4(02H 1
220 —4(2%%) 2(21% 425 1]
[2%ay; 2%a;; 2%a;3 2414 ags)
2%ay; 2%ay, 2%ap; 20y, as
2%az; 2%a3, 2%az; 2a3, ass
2%ay; 2%ah, 2%a43 204s  Ggs
[2%as, 23as, 2%as; 2as, ass)

Finally, the elements of n'" set of matrices A({,)

has the following form

AGp) =
227H@H) +4EHEH +1 24-Dg . 23(-Dg, 220-Dg, . 2007Dg,,  agg
The matrix representation of this system is [24(n—1)a21 23(n-1g,  22(-Dg . 24n-Dg aZS]
[ %[u] ] 2¢Dgy, 230 Dgy, 22 Dgg,  24(gy, ass |
$Plu+1] [24(n_1)a41 23(Nq,, 227Ng,, 24"g,, a45J
ZZ[M+2] — 24(n—1)as1 23(11—1)6152 22(n—1)a53 24(n—1)a54 Ass
i3] 4
it 4l By choosing Q = 2™! Eq. 3 takes the form
1 -4 2 4 Iy
[24 —4(23) 2(2%») 42 1][1/3] A(Gn) =
|28 —4(2%)  2(2H 42 Lify? [Q*ai1 Q%ar; Q%ay3 Qais ags)
[212 —4(2°)  2(2% 4(2%) 1J vt |Q4a21 Q%az; Q%azz Qazs s
2t —4(2'%) 2(2°%) 4(2H U1 |Q*as; Q%as; Q%aszs Qasy azs| whereQ =
Consider the initial matrix |Q*as; Q%as, Q%as3 Qass aus|
Q%as; Q%as; Q%as; Qasy 6155J
on-1
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which gives the recursive matrix form of sum of ‘n’

consecutive Carol number.
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Generalized sum of Carol numbers
Theorem 4: Forall uy > 0and pu, =0, {(uy +

H2) = [1+2(2F2)]¢ () + [1 + 2(2H)]¢ (u2) +
Cu)¢(uz) + 2[(2H + (22 + 1] - 2.
Proof: By the definition of Carol number, (1) =
(2 —-1)% -2
therefore, (g + pp) = (2H1*1#2 —1)2 -2
=[2H2(2M — 1) +

(22 - 1))* -2

= {(ua) + () +{[(2" = 1)* = 2] +
2}{T () + 2(27)} + 2(2% — D[ () + (22 +
D] +2

= {(u1) + q(uz) + (1) (u2) + 28 (ug)(2#2)}
b 20(y) + 4(202) + 2(2k
- 1Dq(u) +2(2H - 1) (22 + 1)
+2

= [1+42(2*2)[¢ (1) + [1 4+ 2(21) + TS (12)
+ 4(2H2) + 2[(2* — 1)(2H2 + 1)
+1]

Hence,

Clur +uz) = [1+2(2#)]¢(y) + [1
+2(2M)]¢ (u2) + C(u1)¢ (12)

+2[(2*M + 1)(2H2 +1)] - 2
Properties of Carol Numbers:
Theorem 5: {(u3) — 2¢(41) = §*(uz) where
(1), {(uy), ¢ (us3) represents first three Carol
numbers.

Proof: By the definition of Carol number,
proceeding like {(u;) = 4% — 21+ — 1

when yy = 1, u, = 2 and u3 = 3 the first, second
and third Carol numbers are -1, 7 and 47
respectively, which satisfies the required equation.
Hence the theorem.

Theorem 6: ((3n— 1) = 0(mod 7).

Proof: By definition, {(u) = 4* — 2D — 1,
The prove of this theorem is given by induction
method.
Whenn=1,{(2) ={(u,) =4*—23—-1=7=
0(mod 7)

Therefore, the theorem is true forn = 1.
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By induction, one can assume that the theorem is
true for {(3n — 4) = {(uzn_4) is divisible by 7.
Now, {(3n — 1) = {(uzn_y) = 4371 — 23771 — 1
{Bn—1) = {(H3n-1)

— 4[(3n—4)+3] _ 2[(3n—4)+3]+1 -1

{Bn—1) = {(Uzn-1)
— (43)4(31’1—4—) _ (23)2(3n—4)+1
-1
(Bn—1) = {(U3n-1)
= (7m + 1)4G" — (7m
4+ 1)2(3n—4)+1 -1
— 4(371—4-) _ 2(3n—4)+1 -1

= 0(mod7)
Hence, the theorem is true for all values of n.

Theorem 7: {(u,) wheren = (3m +

2)for allm > 0 is a prime Carol number.

Proof: By induction method.

J(u) = 4# — 2D — 1

Whenm =1andn =5, {(5) = {(us) = 4° —
2% — 1 = 959, which is not a prime.

Therefore, by induction the theorem is true for m =
k—1landn =3k —1,

Hence, {(u,) wheren # 3k — 1, is a prime Carol
number.

e, ((un-1) ={(n—1) =43*"D*2 -
213(k=D+2]+1 _ 1 js not a prime, when m = k —
landn=3k—-1

when m =k, {(up) ={(n) ={(Bk+1) =
43k+2 _ p[Bk+2]+1 _ 1

— 4[B3(k-1)+2]+3 _ p[3(k-1)+2]+4 _ 1
— (43)4[3(k—1)+2] _ (23)2[3(k—1)+2]+1 -1
— (7m + 1)4[3(k—1)+2] _ (7m + 1)2[3(k—1)+2]+1
-1
— 4[3(k—1)+2] _ 2[3(k—1)+2]+1 -1

which is not a prime
Therefore, {(u,) Wheren = 3m + 2 forallm > 0
is a prime Carol number.

Hence the theorem.

Conclusion:

In this paper the authors have studied the
sum of squares of carol numbers and its matrix
representation. Also, the sum of squares is
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expressed in terms of other special numbers. Similar
study can be extended for other special numbers.
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