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Abstract:

Continuous functions are novel concepts in topology. Many topologists contributed to the theory of
continuous functions in topology. The present authors continued the study on continuous functions by
utilizing the concept of gpa-closed sets in topology and introduced the concepts of weakly, subweakly and
almost continuous functions. Further, the properties of these functions are established.
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Introduction:

Weak continuity due to Levine® is one of
the most important weak forms of continuity in
topological spaces. The notion of sub-weakly
continuous functions is investigated in 1984 and the
relationship between weak continuity and sub-
weakly continuity is studied. After that some
topologists has discovered additional
characteristics relating to sub-weakly continuous
functions. Noiri demonstrated in* that the graph
of a function is closed if the range space of a
weakly continuous function is Hausdroff. A
function p:M— N between any two topological
spaces M and N is continuous only if it is also
both weakly continuous and w*-continuous,
according to Levine. By substituting a strictly
weaker condition known as locally weak w*-
continuity for continuity, Levines decomposition
of continuity® was strengthened.

In the year 2018, Patil* * studied the
concept and properties of gpa-closed sets. The
study of gpa-closed sets continued by defining
the properties of gpa-closure, gpa-interior, gpa-
limit points, gpa-continuous functions and gpa-
homeomorphisms. Also, continued in by studying
the properties such as, gpo- separation axioms,
gpa-regular and gpa-normal spaces”.

In this paper, weakly gpo-continuous
functions are introduced. Also, subweakly gpa-
continuous functions and almost gpa-continuous
functions® are introduced. Also investigate the
functional properties of this type of functions’.
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Main Results:

Weakly Generalized Pre
Functions

a- Continuous

Definition. 1: Let p:M— N be a map. Then p is
weakly gpa-continuous (briefly w.gpa-c) if for
eachm € M and V € O(N, p(m)), 3 U e gpa-
O(M, m) 3 p(U) < gpa-cl(V).

Remark. 1: Every gpa-continuous function is
w.gpa-c but not conversely.

Example. 1: Let M = N = {a;, a,, a3} and t=
Mdfas a2t} o = {N, ¢, {a}, {2, as}} be
topologies on M and N respectively. Let p be the
identity function. Then p is w.gpa-c but not gpa-
continuous.

Theorem. 1: The following are coincide for a
function p-M— N

(i) pisw.gpo-c.
(i) For each V e O(N), then p™(V) egpa-int(p
H(gpa-cl(V))).

(iii) For each F e C(N), then gpo-cl(p™(gpa-
int(F))) cp™'(F).

(iv) B € N, then gpo-cl(p™(gpa-int(cl(B)))) <p
*(cI(B)).

(v) B € N, then p™(int(B)) < gpa-int(p™(gpa. -
cl(B))).

(vi) If V e O(N), then gpa-cl(p™(V)) cp™(gpo-
cl(V)).
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Proof: (i) — (ii) Letm € M, V € O(N) 3 m, p*(V
). So p(m) € V. Then, 3 U € gpa-O(M, m) with
p(U) e gpa-cl(V). Thus, me U < p* (gpa-cl(V)).
Hence, me gpo-int(p™ (gpa-cl(V)), so p* (V) e
gpa-int(p™ (gpa-cl(V))).

(ii) — (iii) Let F e C(N) and so N \ F e O(N).
From (ii), gpa-cl(p™ (gpo-int(F))) < p™* (F). Thus
(i) holds.
(iii) — (iv) Let B € N and so cl(B) < C(N). From
(iii), gpa-cl(p'(gpo-int(cl(B)))) < p ' (cI(B)). Thus
(iv)holds.

(iv) — (v) Let V € O(N). Assume, m € p_' (gpa-
cl(V)). Then p(m) € gpa-cl(Vy). Thus, 3 U; € gpa-
O(N, p(m)) with U N V = ¢. Hence gpa-cl(U) N V
= ¢. From (v), m € p(U) c gpa-int(p~'(gpa-cl(V))).
S0, 3 W € gpa-O(M, m) 3 W c p '(gpa-cl(U)).
But, gpa-cl(U)NV = o, that is W Np (V) = ¢. So,
m & gpo-cl(p” (V). Thus gpo-cl(p(V)) <
p ' (gpa-cl(V)). (v) — (1)
Letm € M and V € O(N, p(m)). From (v), m€ p "’
(V) € p' (int(gpa-cl(V))) S p ' (gpo-int(gpa-
cl(V))) < gpa-cl(p ' (Ngpa-cl(V))) gpa-
int(p~'(gpa-cl(V))). Thus, 3 U € gpa-O(M, m) with
U c gpa-cl(V).

Lemma. 1: A function p:M— N is having a graph
G(p) is gpa-closed in M xN iff vV (m,n) € (M xN)
\G(p), 3 U € gpa-O(M,m) and V €O(N,n) such that
p(U) NV =¢.

Theorem. 2: Let p:M— N be w. gpa-c function
and N is T,-space. Then the graph G(p) is gpo--
closed in M xN.

Definition. 2: A function p:M— N is called w.
gpa-c retraction, if p is w. gpa-c with Ac M and
pla is the identity function on set A.

Theorem. 3: Let Ac M and p:M— N be w. gpa-cC
retraction of M onto the set A. If M is T,-space,
then A is gpa-closed.

Definition. 3: A space M is gpo-connected if it
cannot be described as the disjoint union of two
non-empty gpo.-open sets.

Example. 2: Let M = {a;,a,,a3} and 7=
{M,¢,{a1},{ay,as}} be a topology on M. Here

gpa-open sets are P(M). Hence M is gpo-
connected.

Theorem. 4: If p: M— N is w.gpa-C surjective
function with M is gpa-connected, then N is
connected.
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Proof: On the contrary assume that N is not
connected. Then3 U,V € O(N) withUnV =¢ > U
NV = N. By surjectiveness of p, p(U), p(V) ¢
O(M) with p*(U) N p(V) = ¢, 3 p™ (U) LU p™ (V)
= M. But from Theorem 1, p* (U) € gpa-int(p™
(gparcl(U))) and p™* (V) < gpa-int(p™ (gpa-cl(V))).
As U, V € O(M), implies U, V e gpa-O(M)°. Thus,
p* (U) < gpo-int(p™ (U)) and p*(V) < gpa-int(p™
(V)). Thus p* (U) and p™ (V) are gpo-open sets in
M which is contradiction to the hypothesis. Thus, N
must be connected.

Definition. 4: If each gpoa-open cover in a space M
has a finite sub-cover, then the space is said to be a
gpa-compact.

Example. 3: If M = N = {a;, a, as} andt =
{M, $,{a,, a,}}be a topology on M, then M is gpo.-
compact.

Definition. 5: A space M is called

(i) gpa-closed compact if every cover of M by gpo.-
open sets has a finite sub-cover whose gpo-
closure covers M.

(iLet A = M. Then A is said to be gpa-closed
relative to M, if every cover {Va : ael } of A
by gpa-open sets, 3 a finite sub-cover Ay of A 3
A € {gpa-cl(Va),a en}.

Theorem. 5: Let p:M— N be w.gpa-c and A is
gpa-compact subset of M. Then p(A) is gpa-closed
relative to N.

Proof: Let {V;:i € I} be any cover of p(K), Kc M
by gpa-open setsin N. Then, Vv m e M, 3 a (m) € |
3 p(m) € Va (m). By w.gpa-c, 3 U(m) € gpa-
O(M, m) such that p(U(m)) < gpa-cl(V(m)). So
{U(m) : m € A} is a cover of A by gpa-open sets.
As A is gpa-compact, 3 finite number of points, say
my My, Ma...my 3 Acu{Un,:mge A;1<k<
n}. Thus, p(A) € {p(Umy) : my € A, 1L <k < n}c
u{gpa-cl(Va (my)) : mg € A; 1 < k < n}. Hence
p(A) is gpa-closed relative to N.

Theorem. 6: The point m € M at which the
function p:M— N is not w.gpa-c iff the union of
gpo-frontier of the inverse images of the closure of
open sets containing p(m).

Proof: On the contrary assume that p is not w.gpa.-
c at each point m € M. Then, V e O(N, p(m)) 3
p(VU) & gpa-cl(V) holds ¥ U € gpa-O(M, m). Then
U n M\ pl(gpa-cl(V))) # ¢ for every V e gpa-
O(M, m). Thus , me gpo-cl(M \ p*(gpa-cl(V))).
On the other hand, let m e p*(V) < gpa-cl(p*
(gpa-cl(V))). Thus, m e gpa-Fr(p™(gpa-cl(V))).
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Converse follows from the Theorem 1.

Theorem. 7: Let p:M— N be w.gpa-candq: N —
S is continuous. Theng e p: M — S is w.gpa-C.

Theorem. 8: Let p,M— N is weakly gpa-
continuous V aeA. Then p:-M— IT N, defined as
p(m) = (p.(m)),, is weakly gpa.-continuous.

Theorem. 9: Let p:M— N be w.gpa-c and K is
closed subset of M x N. Suppose gpa-O(M) is
closed under the finite intersections with Py is the
projection of M x N onto M, then Py(K \ G(p)) e
gpa-C(M).

Sub-Weakly Generalized Pre ao- Continuous
Functions

Definition. 6: A function p: M—N is said to have
sub-weakly gpa-continuous (briefly sw.gpa-c) if 3 a
base B for the topology on N for which gpa-cl(p ™
(V) ep (V) VVEP

Theorem. 10: If p: M—N is sw.gpa-C with N is T,-
space, then the graph G(p) is gpa-closed in MxN.
Proof: Let (m, n) € (M x N) \ G(p). Then n € p(m).
Let B be the base for the topology on N with gpa-
cl(p™' (V1) c p ' (cl(V1), V V € B. By T,-ness of N,
3V,WeO(N)withneV,p(m)eWand VN W
= ¢ holds for all V € B. Then p(m) ¢ cl(V,) and so
mep ' (cl(V)). By sub-weakly gpa-continuity of p,
gpa-cl(p™' (V)) € p' (cl(V)) and hence m & gpa-
cl(p™'(V)). Thus, (m, n) € (M \ gpa-cl(p”' (V))) x V
c (M x N) \ G(p). Thus, G(p) is gpa-closed
Theorem. 11: If p: M—N is sw.gpa-C then the
graph g: M — M x N is sw.gpa.-C.

Theorem. 12: Let p: M—N is sub-weakly
continuous injective function with N is T,. Then M
is gpa-T, space.

Theorem. 13: Let p: M—N be sw.gpa-c and A €
O(M). Then p|A: A — N is sub-weakly continuous.

Theorem. 14: Let p: M—N is sw.gpa-C and A €
O(M) with p(M) c A. Then p: M—A is sw.gpa-C.

Theorem. 15: Let p: M—N is continuous and g:
M—N be sw.gpa-Cc with N is T,-space. Then A={m
€ M : p(m) = g(m)} is gpa-closed.

Proof: Let m € M \A, then p(m) # g(m). By sub-
weakly gpa-continuity, 3 a base B for the topology
on N with gpa-cl(p *(V)) < p *(cl(V)) holds v V €
B. By To-ness of N, 3V, Wep>3p(m eV,
g(m)e W and V "W = ¢. Then, p(m) ¢cl(V ) and
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som & g (cl(V)). Then, me M \gpa-cl(g™ (V)).
So, m € p* (V)NM \gpo-cl(g™ (V))) © (M \ A).
But, M \ gpo-cl(g *(V)) which is gpa-open in M.
Since p is continuous, p (V) is open in M. So, p*
(V)NM \gpa-cl(g (V))) is gpo-open in M. Thus, A
is gpa-closed.

Corollary. 1: Let p: M—N is continuous and g:
M—N is sw.gpa-c with N is T,-space. If p and g are
open and gpa-dense then p = g.

Theorem. 16: Let p,: M — N is sw.gpa-C V a € A.
Then p: M—II N, defined as p(m) = (pu(m)), is
sw.gpa-C.

Theorem. 17: If p: M—N is sw.gpo-C, then the
graph of the function p is sw.gpa-C.
Continuous

Almost Generalized Pre

Functions

-

Definition. 7: A function p: M—N is called almost
gpa-continuous (briefly a.gpa-c) at a point m € M
and v V € O(N, p(m)), 3 U € gpa-O(M, m) with
p(U) € int(cl(V)). If p is a.gpa-Cc at every point of
M, then it is a.gpa-C.

Remark. 2: Every a.gpo-c function is gpa-
continuous, but not conversely.

Example. 4: Let M = N = {ay, &, a3}, 1= {M, o,
{ai}, {a1, a}} and o = {N, ¢, {a:}, {a, &}, {a,
as}}. Let p be the identity function from M to N.
Then p is gpa-c but not a.gpa-C.

Theorem. 18: For p: M—N, the following
coincide:

(i) pisa.gpo-c., VvV €RO(N).

(ii) p*(F) € gpa-C(M), V F € RC(N).

(if)v A c M, p(gpa-cl(A)) c cls(p(A)).

(iv) gpa-cl(p '(B))  p *(cls(B)),¥ B © N.

(V) p™* (V) € gpa-C(M), V U € SC(N).

(vi)p™ (V) € gpa-O(M), V V € 30(N).

Theorem. 19: Every a.gpo-c¢ function is w.gpa-cC,
but not conversely.

Example. 5: Let M = N = {ay, &, as}, T = {M, o,
{a, &} } and o = {N, ¢, {a:}, {a1, &2}, {as, as}}. Let
p be the identity function from M to N. Then p is
w.gpa-c, but not a.gpa-C.

Theorem. 20: Following are coinciding for p: M —
N:

(i) pisa.gpa-C.

(i) P! (int(cl(V ))) € gpo-O(M), for each V €
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O(N).
(i) p *(cl(int(F))) € gpa-C(M), for each F € C(N).

Theorem. 21: Let p : M — N be an a.gpo-C
function and V € O(N). If m € gpa-cl(p *(V)) \p*
(V) then p(m) € gpa-cl(V).

Proof: Let m € M with m € gpo-cl(p ™ (V))\p "
(V). Let p(m) & gpa-cl(V). Then 3 H € gpa-O(N,
p(m)) @ H N V; = ¢. Then cl(H) N V = ¢, that is
int(cl(H)) N V = ¢ where int(cl(H)) € RO(m). By
almost gpa-continuity of p, 3 U € gpa-O(M, m) 3
p(U) c int(cl(H)). Thus p(U) N V = ¢. Since m €
gpa-cl(p'(V)) , U N p (V) = ¢, V U € gpa-O(M,
m). So p(U) N V#e. which is contradiction. Thus,
p(m) € gpa-cl(V).

Definition. 8: Let (M, 1) be a topological space and

a filter base A 1is called,

(i) gpa-convergent to a point m € M, if v U € gpa-
OM,m)aIBeAs3BcU.

(if)r-convergent to a point m € M, if for every
UeROM,m)aBeA>BcU.

Theorem. 22: Let p : M — N be an almost
continuous and q : M — N is a.gpa-c function, with
N is T,-space. Then the set R = {m € M: p(m) =
q(m)} is gpa-closed in M.

Proof: Let m € M\R then p(m) #q(m). As N is T,-
space, 3 disjoint V, W € O(N) with p(m) € V and
g(m) € W. As p is almost continuous and g is
a.gpa-cp (V) € O(M), g * (W) € gpa- O(M) with
mep *(V)andmeq *(W).PutA=p 1 (V)Nq
(W) and so A € gpa — O(M). Thus p(A) N q(A) =
¢ and so m & gpo — cl(R). Hence R is gpa-closed in
M.

Theorem. 23: Letp : M — N be a.gpa-c,q : M —
N is w.gpa-c, with N is T,-space. Then the set {m €
M : p(m) = q(m)} is gpa-closed in M.

Proof: Let A={me M :p(m)=qg(m)}and me M
\ A, then p(m) #q(m). As N is T,-space, 3 disjoint
V, W € O(N) with p(m) € V and q(m) € W and U
N N = @, and so int(cl(V)) N cl(W) = ¢. By almost
gpa-continuity of m, 3 G € gpa — O(M, m) with
p(G) < int(cl(V )). As q is w.gpa-c 3 H € gpa-
O(M) with g(H) € cl(W). PutU=G N Hthen U €
gpa-O(M, m) and p(U) N q(U) < int(cl(V)) N cl(W)
=@ and so U N A = ¢. Hence A is gpa-closed in M.

Theorem. 24: Assume that the product of two gpa-
open sets is gpa-open. If p; : M, 1) — (N, o) is
w.gpo-C, P2 : (M, 1) — (N, o) is a.gpa-C with N is
T,- space. Then the set {(m;, my) € M; x M, :
p1(my) = p2(m,)} is gpa-closed in My x M,.

Theorem. 25: For each m;, m, € M, 3 a function p
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on M into a T,-space N such that p(m;)#p(my), p is
w.gpa-C at m; and p is a.gpa-C at my, then M is gpo-
T,.

Proof: As N is T,-space, for each m;, m, € M, 3
Vi, V, € O(N) containing p(m;) and p(m,)
respectively with  V; NV, ¢. Then
cl(Vy)Nint(cl(V,)) = ¢. By weakly gpa-continuity at
p, 3 U; € gpa-O(M, my) with p(U;) c cl(Vy). As p
is a.gpa-c at the point m,, 3 U, € gpa-O(M, my)
with p(Up) < int(cl(V5;)). Thus U; NU; = ¢. Hence
M is gpa-T,-space.

Definition. 9: A function p:M— N is called gpao-
strongly closed graph if for each {(m, n) € M x N\
G(p)}, 3 U e gpa - O(M, m) and V € O(M, n) with
(U x cl(V)) nG(p) = ¢.

Lemma. 2: A function p : M — N is gpa-strongly
closed graph G(p) iff for every {(m, n) e M x N\
G(P)} 3 U € gpa-O(M) and V; e O(N)
respectively > p(U) ncl(V) = ¢.

Example. 6: Let M = N = {a;, a,, az} and 7 =
{M, ¢, {al}} and O = {N, ¢, {al}, {az,ag}} be
topologies on M and N respectively. Let p be the
identity function from M to N. Then p is gpa-
strongly closed graph.

Conclusion:

In this present work, analysed new weaker form
of some types of continuous functions namely
weakly gpa-continuous functions and subweakly
gpa-continuous functions. Also established the
properties and some preservation theorems of
weakly gpa-continuous functions and subweakly
gpa-continuous functions. Further, almost gpa-
continuous functions are studied here. There is a
scope to study and extend these newly defined
concepts in topological spaces.
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