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Abstract:

Let G = (V, ) be a non-trivial simple graph. A dominating set in a graph is a set of vertices such
that every vertex not in the set is adjacent to at least one vertex in the set. A subset D € V(G) is a minimum
neighborhood dominating set if D is a dominating set and if for every v; € D, | Nni~; N(v;)| < 6(G) holds.
The minimum cardinality of the minimum neighborhood dominating set of a graph G is called as minimum
neighborhood dominating number and it is denoted by y,,,x (G) . A minimum neighborhood dominating set is
a dominating set where the intersection of the neighborhoods of all vertices in the set is as small as possible,
(i.e., 6(G)). The minimum neighborhood dominating number, denoted by y,,x(G), is the minimum
cardinality of a minimum neighborhood dominating set. In other words, it is the smallest number of vertices
needed to form a minimum neighborhood-dominating set. The concept of minimum neighborhood
dominating set is related to the study of the structure and properties of graphs and is used in various fields
such as computer science, operations research, and network design. A minimum neighborhood dominating
set is also useful in the study of graph theory and has applications in areas such as network design and
control theory. This concept is a variation of the traditional dominating set problem and adds an extra
constraint on the intersection of the neighborhoods of the vertices in the set. It is also an NP-hard problem.
The main aim of this paper is to study the minimum neighborhood domination number of the split graph of
some of the graphs.

Keywords: Dominating set, Domination number, Minimum neighborhood dominating set, Minimum
neighborhood dominating number, Split graph.

Introduction: will pass on the information. To reduce this
Let G =(V,E) be a non-trivial simple problem a new concept called minimum

graph with [V| = p, |€| = q." Let D be the subset of ~ neighborhood ~ domination is introduced by

V is a dominating set if every vertex in V —D is  imposing a condition on dominating set.

adjacent to at least one element in D.2* The

minimum cardinality of dominating set is called the ~ Main Results:

domination number and it is denoted by y(G).””  Definition. 1:

The concept of splitting graphs of families of the Let G =V, &) be a non-trivial simple

graph was studied to implement the new concept of  graph with no isolated vertices. A subset D € V(G)

minimum neighborhood dominating set over it.®® s a minimum neighborhood dominating set if D is a

On a small scale, there was a need for a minimum  dominating set and if for every

neighborhood dominating set in the case that, v; €D,| Nk, N(v;)| < 6(G) holds. The minimum

management has to pass information to each and  cardinality of the minimum neighborhood

every student of the institution. For that,  dominating set of a graph G is called as minimum

management uses the concept of dominating set and neighborhood dominating number and it is denoted

chooses a set of students as dominating set. But it by y,,x(G) .

left some students unaware of information because

some students were dominated by many students Example. 1:

and those dominant students lavishly thought other Consider Cg4 graph as in Fig. 1.
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Figure 1. Cycle graph Cg

Here V(Ce) = {1,2,3,4,5,6}
Thus minimum neighborhood dominating set
D = {2,5}. Therefore y,,,n(Cg) = 2.

Theorem. 1:
For a split graph of the path graph P,,

(2 if n<4,
P =47 s
Proof:

Let S(B,) be a split graph of path graph with vertex
set V ={v,0,,...0, W0, W0,,...0,}. Let DC
V(G) be a minimum neighborhood-dominating set
of a split graph of the path graph. To compute the
minimum neighborhood dominating number, the
following cases are taken:

Casel:n< 4

Let n=2 and the wvertex set of S(P,) be
{vq,05,wy,w,}. Here D = {vq,0,} is @ minimum
neighborhood-dominating set. Therefore
Ymn (S(P2)) = 2.

Let n=3 and the wvertex set of S(P;) be
{v4,1,, 03, 0, W, w3}. Here every vertex not in the
set D = {v,, 03} is adjacent to at least one element
of D and |N(v,) N N(v3)| < 8(S(P3)). So that
D ={v,,v3} is a minimum neighborhood
dominating set of S(Ps). Therefore y,,n(S(P3)) =
2.

Case2:n=>4

Let n=4 and the vertex set of S(P,) be
{v1,05,...04, Wy, w,,...w,}. Here every vertex not
in the set D = {v,,v3} is adjacent to at least one
element of D and |N(v,) N N(v3)| < §(S(P,)). So
that D = {v,,v3} is a minimum neighborhood
dominating set of S(P,). Therefore y,,n(S(P)) =
2.

As proceeding for any n > 4, every vertex not in
the set D = {v,,v3,04,...0,_1} IS adjacent to at
least one element of D and |N(v,) N N(v3) N
N(vy)...N N(0,_1)| <6(S(P)). So that D=
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{v,,03,04,...0,_1} iS @ minimum neighborhood
dominating set of S(P,). Therefore y,,n(S(B)) =
n—2.

Theorem. 2:
For a split graph of a cycle graph S(C,),
(i if n=4kk=123..

Ymn (S(CY)) = [g]' if nis odd,

[g] + 1; otherwise
Proof:
Let S(C,) be a split graph of a cycle graph with
vertex setV = {v4,0,,...0,}.
Let D <cV(G) be a minimum neighborhood-
dominating set of a split graph of the cycle graph

To compute the minimum neighborhood
dominating number, the following cases are taken:

Casel:n=4k,k=1,2,..,

Let n=4 and the wvertex set of S(C,) be
{v1,05,...04,Xq,X5,...X4}. Here every vertex not in
the set D = {v4,v,} is adjacent to at least one
element of D and |N(v,) N N(vy)| < 6(S(C4)). So
that D = {vy,v,} is a minimum neighborhood
dominating set of S(C,). Therefore y,,n(S(Cy)) =
2.

As proceeding for any n = 4k, k = 1,2,3...,

every vertex not in the set D = {v4,,, 5,0, ... } IS
adjacent to at least one element of D and |[N(v;) N

N(vy) N N(03)...] < 8(S(Car)). So that D =
{vq,05,05,06,...} IS @ minimum neighborhood
dominating set  of  S(Cyp). Therefore

n

>

Ymn (S (Crzak)) =
Case 2:nisodd, n# 3

If nis odd and n # 3, then every vertex not in the
set D = {v4,0,,05,0¢,...} IS adjacent to at least one
element of D and |N(v;) N N(vy) N N(03)...| <
6(S(C)). So that D = {vq,v,,05,04...} IS &
minimum neighborhood dominating set of S(C,).
Therefore v,y (S(C)) = [2]-

Case 3;: For n =3 and when n is even & n #
4k k=1,2, ..

If n=3,6,10,.., then every vertex not in the set
D = {v4,v,,05,0¢,...} IS adjacent to at least one
element of D and |N(v;) N N(vy) N N(03)...| <
6(S(C)). So that D = {vq,v,,05,064,...} IS a
minimum neighborhood dominating set of S(C,).
Therefore y,,n (S(C,)) = [g] +1.
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Theorem. 3:

Let S(G) be a split graph of graph G, then
Ymn(S(§)) =n+1, when G is (i) Helm graph
Hy ., (ii) Sunflower graph sf; ;..

Proof:

Let D<SV(G) be a minimum neighborhood
dominating set of a split graph of the graph.

Let S(Hy,.,) be a split graph of Helm graph with
vertex set

V=
{uq,04,05,...0,, W, W5, ..

Let n=3 and the vertex set of S(H;33) be
{uq,04,05,03, Wy, Wy, W3,X1,¥1,V2,V3,Z1, - - - Z3 }
Here every vertex not in the set D = {uy,04,0,,03}
is adjacent to at least one element of D and
IN(u1) N N(o;) N N(0z) NN (v3)] < 5(S(Hy33))-
So that D = {uy,vq,0,,03} IS a minimum
neighborhood dominating set of S(H;33).
Therefore y,,,y (S(Hy33)) = 4.

As proceeding for any n, every vertex not in the set
D = {u4,0q,0,,...0,} is adjacent to at least one
element of D and |N(u;) NN(vy) N N(vy)N
N(v3) N....n N(v,)| < 6(S(Hynn)). So  that
D = {u4,04,0,,...0,} iS @ minimum neighborhood
dominating set of  S(Hy,,). Therefore

ymN (S(Hl,n,n)) =n+ 1.

Similarly, v,y (S(G)) =n+ 1 for split graph of
Sunflower graph S(sf1 un)-

Theorem. 4:

Let S(G) be a split graph of graph G, then
Ymn(S(G)) =n, when G is (i) Closed Helm graph
CH; ., (i) Gear graph G, (iii) Prism graph Y, (iv)
Sunlet graph C,, © K;.

Proof:

Let D<SV(G) be a minimum neighborhood
dominating set of the split graph of a graph.

(i)Let S(CHy..,) be a split graph of a Closed Helm
graph with vertex
setV =

{uq,04,05,...0,, W1, Wy,... W, X1, V1, V2, --- Vo Z1, Z3, - -

Letn =3

Let the vertex set of S(CHi33) be

{111;91;02'93'm1;m2;m_3'X1JY1»Y2»Y3»Z1:12'23}- )
Here every vertex not in the set D = {vy,0,,03} IS
adjacent to at least one element of D and |N(v;) N
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Wy, X1, ¥1,¥2, - Y 21,2, ..

N(vy) N N(v3)] < 8(S(CHy33)). So that D=
{v4, 05,035} is @ minimum neighborhood-dominating
Set OfS(CH1'3'3). Therefore )/mN (S(CH1'3‘3)) = 2

As proceeding for any n, every vertex not in the set
D = {vq,0,,...0,} IS adjacent to at least one
element of D and |N(v;) N N(vy) N...Nn N(v,)| <
0(S(CHyny)). So that D = {vy,0,,...0,} IS &
minimum  neighborhood-dominating  set  of
S(CHy 7). Therefore v,y (S(CHy nn)) = n.

Probeeding similarly for a split graph of a (ii) Gear

graph G, (iii) Prism graph Y, (iv) Sunlet graph
G © Ky, Ymn (S(9)) = n.

Theorem. 5:

Let S(G) be a split graph of graph G, then
Ymn(S(G)) =n—1, when G is (i) Sun graph
Sywm >3 (ii) Closed Sun graph CS,,, (iii) Anti-
prism graph A4, ..

Proof:

Let D<SV(G) be a minimum neighborhood
dominating set of a split graph of a graph.

(i)Let S(S,.) be a Split graph of the Sun graph with

vertex set
V=
{01,05,...0,, 01, W,,...0,,X1,X2,... X1, V1, V2, .- - Y}

Let n=4 and the vertex set of S(S,4) be
{v1,05,03,04, Wy, W,, W03, W04,Xq,...,X4,¥1,---, Ya}-
Here every vertex not in the set D = {v,,v,,03} iS
adjacent to at least one element of D and |N(v;) N
N(vy) N N(v3)] < 5(S(S44)). So that D=
{vq,0,,03} is @ minimum neighborhood dominating
set of S(S44). Therefore y,,n(S(S4,4)) = 3.

As proceeding for any n, every vertex not in the set
D = {vq,0,,...0,_1} is adjacent to at least one
element of D and |[N(v;) N N(v,) N N(v3) N....N
N(®p-1)| < 5(S(Snn))- So that
D = {v4,0,,...0,_4}iS @ minimum neighborhood
dominating set of S(Snn)- Therefore

Ymn (S(Sn,n)) =n—-1

Sipdilarly for a split graph of a (i) Sun graph

Synm >3 (ii) Closed Sun graph CS,, (iii) Anti-
prism graph Ay, ¥imn (S(§)) =n— 1.

Remark. 1: For a split graph of Sun graph S(S;3),
Ymn(8(S33)) = 3.
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