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Abstract:

A graph is a structure amounting to a set of objects in which some pairs of the objects are in
some sense related. The objects correspond to mathematical abstractions called vertices (also called
nodes or points) and each of the related pairs of vertices is called an edge (also called link or line).
A directed graph is a graph in which edges have orientation. A simple graph is a graph that does not
have more than one edge between any two vertices and no edge starts and ends at the same vertex.
For a simple undirected graph G with order n, and let G denotes its complement. Let 8(G), A(G)
denotes the minimum degree and maximum degree of G respectively. The complement degree
polynomial of G is the polynomial CD[G,X]=Z§% Cd;(G)xi, where Cd;(G) is the cardinality of the
set of vertices of degree i in G. A multivariable polynomial f(x; ...,x,) with real coefficients is called
stable if all of its roots lie in the open left half plane. In this paper, investigate the stability of
complement degree polynomial of some graphs.

2020 Mathematics Subject Classification: 05C31, 05C50

Keywords: Complement degree polynomial, Complement of a graph, Degree of a vertex, Graph
polynomial, Root of polynomial, Stability of polynomial.

Introduction:

For a simple undirected graph G of order n, H,= [b,]
CD(G,i) be the set of vertices of degree i in its H,= b1 1
complement graph G and Cdi(G) =|CD(G,i)|*. Then b3 b2
complement degree polynomial of G is defined as b1 10
CD[GX|=Y 56 Cd;(G)xi, where 3(G), A(G) Hy = [bg b2 b1]
denotes respectively the minimum degree and b5 b4 b3
maximum degree of G 2. The complement degree
polynomial of some graphs and some graph
operations are investigated. A multivariable
polynomial f(x;...,x,) with real coefficients is p1r. 1 0 0 - O
called stable if all of its roots lie in the open left b3 b2 b1 1 - 0
half plane °. The Hurwitz polynomial is the one H,=[b5 b4 b3 b2 - 0
variable variant of our concept. Schur [ : : : oo J
polynomials are different sort of multivariable 0 0 0 0 - bn

polynomials that have all of their roots in the
open unit disc *. In this paper, study the stability
of complement degree polynomial of some

graphs. Let f(x) = x"+b;x" + ... + byux + bobe a ~ Where b=0 if j>n. Then all the roots of the

polynomial with real coefficients °. ] ) {
i=1,2,...n define the n Hurwitz matrices as  Partifandonly if det(H) >0, j=1, 2, n.

follows:
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For  Ppolynomial f(x) are negative or have negative real
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Main Results:

Theorem 1: If G is a regular graph, then CD[G,X] is
stable.

Proof: Let G be a r-regular graph, then
CD[G,x]=nx""" . Note that x=0 is the only root of
this polynomial and hence CD[G,X] is stable.

Corollary 1:

(1) If n > 3, then CD[C,,X] is stable,

(2) CD[P,x] is stable, where P is the Peterson
graph,

(3) CD[Kn,X] is stable,

(4) CD[Cr,,X] is stable, where Cr,
graph,

(5) CD[Bn,X] is stable, where B, is the bipartite
cocktail graph,

(6) CD[CL,,X] is stable, where CL, is the circular
ladder graph,

(7) CD[ML,,x] is stable, where ML,
Mobius ladder graph.

is the crown

is the

Corollary 2: If S(G) is the splitting graph of a
regular graph G, then CD[S(G),X] is stable

Theorem 2: If CS(G) is a cosplitting graph of
r-regular graph G, then CD[CS(G),x] is stable
if and only if r=1.

Proof: Let G be a r-regular graph. Note that
CD[CS(G),x]= nx"*(1+x").  Observe that
CDI[CS(G),x] is stable if r =1. Also note that
when r =2, CD[CS(G),X] is not stable. For r >
2, this polynomial has real roots and complex
roots with positive and negative real parts.
Hence CD[CS(G),X] is not stable. A plot of
roots of x*°+1 in the complex plane is shown
inFig. 1. o
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Figure 1. Plot of roots of x° + 1 in the
complex plane
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Theorem. 3: Let G be a graph of order n, then
CDI[G,x] is stable if and only if CD[mG,x] is stable.
Proof: Note that CD[mG,x] = mCD[G,x]. This
implies that CD[G,X] is stable if and only if
CD[mG,x] is stable. o

Theorem. 4: Let G be a graph with order n and
G = GUGU -+ UG (m times). Then CD[G,x] is
stable if and only if CD[G,x] is stable.

Proof: Let G be a graph with order n and G =
GUGU --- UG (m times), then CD[G,x] = mx™
U"CD[G,x]. This implies that CD[G,x] is stable if
and only if CD[G,x] is stable. O

Theorem. 5: If G’ is a graph obtained by
duplication of a vertex of regular graph G. Then
CDI[G’,x] is stable.

Proof: Let G be the r-regular graph. Note that
CD[G’,x] = (n+1-Nx""+rx""*. Note that the roots
of CD[G'x]are x=0and x = -r/(n+1—71)
which lie in the open left half plane, hence the
result follows. O

Corollary. 3: If K,," is a graph obtained by
duplication of a vertex of complete bipartite graph
Knn. Then K, ' is stable.

Theorem. 6: For a path P, (n > 2), CD[P,,X] is
stable unless n =2.
Proof: The authors proved that

2xn—2
CD[Pnx]= {(n — 2)x™342x"2

n <2
n =3

If n# 2, CD[P,,X]= (n-2)x"*+2x"?=x"3(n-2+2x). In
this case x = 0 and x = -(n — 2)/2 are the roots of
CDI[P,,X] which lie in the left half plane, it follows
that CD[P,X] is stable. If n =2, CD[P,,x] = 2. Hence
CDIP,,X] is not stable. o

Theorem. 7: If L, is the ladder graph with n> 2
vertices, then CDJ[L,,x] is stable.

Proof: Note that CD[L,x] = 4x**+ (2n-4) x*™* =
x*"(4x+2n-4). Observe that the roots of CD[L,,X]
are x=0, (n — 2)/2 which lie in the open left half
plane. Hence the result follows. o

Theorem. 8: Let K,' be the graph obtained by the
duplication of one of the vertices of the complete
graph K, with n > 2, then CD[K,',x] is stable.
Proof: Note that CD[K,,x] = 2x + n-1. Also
observe that CD[K,',x] has a single root x = -
(n—1)/2  Which lie in the open left half plane
and hence the result follows. o

Theorem. 9: If T, is a tadpole graph with m > 3
and n>1 vertices, then CD[Tn,X] is stable.
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Proof: Note that CD[T ] = X™™(x?* + (M + n-2)

x +1). The roots of x* + (m + n-2) x +1 are
(-m+n-2)+ J(m+n-2)2-4)/2.  For
m > 3and n> 1, observe that (m+n-2) >0, (m +n -
2) — 4 >0 and and J(m+n—2)2—4-—
(m +n—2) <0, the result follows. o

Theorem. 10: If A(Q, is an alternating
quadrilateral snake graph with n >3 vertices,
then CD[A(Qn),X] is stable.
Proof: The authors proved that,
CDIA(Qn) X]=
(n — 2)x?" S 4+nx?m 444273 if nis odd
(n—2)x?"*+(n+2)x?"3  if niseven
Case (i) (If n is odd): In this case CD[A(Q.),X]=
X*"®(x*+ nx + n -2). The roots of x*+ nx + n-2 are

(-nt./n?—4(n—2))/2 Since
Jn? —4(n—2) < n,it follows that CD[A(Q,) is

stable.

Case(ii) (If nis even): In this case, CD[A(Qn),X] =
x> (n-2 + (n + 2)x). Observe that the roots of
CD[A(Qn),x] are x =0 and x= -(n—2)/(n+ 2)
which lie in the open left half plane. Hence for n is
even, CD[A(Qy),X] is stable.

This completes the proof. o

Theorem. 11: If CP, is a cocktail party graph with
n = 2, then CD[CP,,x] is stable.

Proof: Note that CD[CP,,x] = 4x* + 2(n-2) x® =
2x%(2 + (n-2) x). Then the roots of CD[CP,,x] are
x= 0 and x= - 2/(n — 2) which lie in the open left
half plane. Hence the proof. o

Theorem. 12: If n >3, G, is the gear graph of
order 2n+1, then CD[G,,X] is stable if and only if
n=3,4.

Proof: Note that CD[G,x] = nx*"*+ nx*"*+ x" = X"
(nx"2 + nx™2 +1). When n=3, the roots of CD[G;X]
are x=0 and x= -4/3. When n = 4, the roots of
CD[G4,X] are x= 0 and x=1/2. Hence CD[G,,X] is
stable for n=3,4. When n > 4, the result follows
from the fact that the determinant of second
Hurwitz matrix of CD[G,,X] is zero or negative. o

Theorem. 13: If Sh, denotes the shell graph then
CDI[Shy,X] is stable if and only if n=4,5.

Proof: Note that when n > 4, CD[Sh,,x] = 2x"* +
(n-3) x™* +1. For n = 4,5 the result is trivial. When
n >5, consider the polynomial x™*+ ((n — 3)/2) x™
* +(1/2). Observe that second Hurwitz matrix is
|H,| = 0. Hence the result follows from the fact that
the determinant of second Hurwitz matrix is zero. o

Theorem. 14: If L,, is the lollipop graph, then
CD[Lmn,X] is stable if and only if n = 2,3,4.
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Proof: Note that CD[L,,,x] = X*"2+ (n-1) x*™2 + (n-
1) x" + x™%. For n=1, CD[Ly4,X] = 2 is a constant
polynomial and for n=2, the roots of CD[L,,,X] are
x=0,-1, for n =3, the roots of CD[L33Xx] are
(—4 ++/12)/2 and for n=4, the roots of CD[L44,X]
are x=0,-1. Thus, for n=2,3,4, CD[L,nX] is stable.
When n=5, CD[Lss,x] = x® + 4x" + 4x>+x"the
determinant of Hurwitz matrices are |H;|=4 and
|Hz|= - 4. It follows that CD[Lss,X] is not stable.
When n> 5 the result follows from the fact that the
determinant of second Hurwitz matrix of CD[L,,X]
IS zero. O

Theorem. 15: If F,, is the fan graph (n> 3), then
CD[Fyn,X] is stable if and only if n=3,4.

Proof: Note that CD[Fy,,X] = 2x™%+ (n-2) X"+ 1.
The result is trivial for n=3 and n=4. When n > 4,
the result follows from the fact that the determinant
of second Hurwitz matrix of CD[F,X] is zero. o

Theorem. 16: If F,, (n>=3) is the double fan
graph, then CD[F,,X] is stable if and only if
n=3,4,5.

Proof: Note that CD[F,,,x] = 2x™ + (n-2) X"+ 2x.
For n= 3,4 the result follows from elementary
algebra. For n=5, the roots of CD[F;,s,x] are x =0
and x= (=3 +iv7)/4 which lie in the open left
half plane. It follows that CD[F,s,X] is stable. When
n > 5, the result follows from the fact that the
determinant of second Hurwitz matrix of CD[F;,,X]
is zero. O

Theorem. 17: For an armed crown graph C,OP, (n
>3, m>1), CD[C,®OPy,X] is stable unless m =1.
Proof: Note that CD[C,OPp ,x] = nx"™4(x? + (m-
1x +1). Observe that Hurwitz matrices of the
polynomial x*+(m-1)x+1 are [Hy|= m-1 and |H,|= m-
1. Since all the determinants are positive except
when m =1, the result follows. o

Theorem. 18: If Bk, is the book graph with 2n+2
vertices, then CD[Bk,,x] is stable if and only if n
=1,2.

Proof: Note that CD[Bky,x] = 2nx*"* + 2x". When
n=1, Cd[Bky,x] = 4x and when n = 2, CD[Bky,X]
Avre lie in the open left half plane, It follows that for
n=1,2, CD[Bk,,Xx] is stable. When n > 2, the result
follows from the fact that the determinant of first
Hurwitz matrix of the polynomial x*"*+ (1/n)x"
are zero.o

Theorem. 19: If Bl is the bull graph, then CD[BI,x]
is stable.

Proof: Note that CD[BI, x] = 2x* + x*+2x = x(2x* +
x+2) and its roots are x=0, (—1 + iv15)/4, which
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lie in the open left half plane. Hence CDI[BIX] is
stable. o

Theorem. 20: If Fr is the fork graph, then CD[Fr,X]
is stable.

Proof: Obviously, CD[Fr,x] = 3x® + x* + x= x( 3x*
+ x+1). The roots of CDI[Frx] are x=0,
(=1 + iv/11)/6. Hence CD[Fr,x] is stable. o

Theorem. 21: If TL, is the triangular ladder graph,
then CD[TL,,X] is stable for n > 2.

Proof: Note that CD[TL,,x] = 2x*"% + 2x*™ + (2n-
4)x*™® = 2x*™5(x® + x + n -2). For n =2, the result
follows from simple elementary algebra. For n > 2,
consider the polynomial x* + x+ n-2. The
determinants of Hurwitz matrices are |H;|= 1 and
|[Ho[+ n-2 and so on. Since all the determinants are
positive when n > 2, the result follows. o

Theorem. 22: If DSL, is the double-sided step
ladder graph, then CD[DSL.:,,x] is stable.

Proof: Note that CD[DSL,,x]= (2n +
2)x3n—3+n2++(2n _ 2)x3n—4+n2 + +(n? -
n)x3n—5+n2

= x3n-5+n? (2n +

2)x? + (2n-2)x + n’—n).

For n=1, the result follows from elementary algebra.
For n > 1, consider the polynomial
X*+((2n—2)/(2n+2)) x+ (n®>-n)/2n+2).
Observe that the determinants of Hurwitz matrices
are

Hi|= 2n—2)/(2n + 2) and
[Ho|=((2n — 2)(n? — 2))/(2n + 2)2. Since all the
determinants are positive when n > 1, it follows that
CDI[DSL,,x] is stable. o

Conclusion:

In this paper, the stability of complement
degree polynomial of some graphs has been
discussed. The primary goal of this paper is to
launch research on the stability of complement
degree polynomials in graphs.
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