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Abstract:

This paper deals with a new Henstock-Kurzweil integral in Banach Space with Bilinear triple n-tuple and
integrator function ¥ which depends on multiple points in partition. Finally, exhibit standard results of
Generalized Henstock - Kurzweil integral in the theory of integration.

Keywords: Bilinear n tuple, Banach space, Henstock - Kurzweil Integral, Integral of Riemann, Stieltjes
Integral.

Introduction: f is called k - convex on [pgq] if
In * AG. Das and Sahu firstly introduce the  Z (f; @ @y, .., ) =0 for all k+1 distinct
definition of the generalized Henstock - Stieltjes  points like (@, @y, -, ) Which is belongs to

integral, which integral also known as the HS,  [p,q]. Purpose of this paper is to introduce the
integral. HS, Integral includes the LSy integral it  Generalized HK integral that is GH, with bilinear

shows in * by Sandhya Bhattacharya and A.G. Das.  map for n - tuple which is the countable extension
In the Literature, many moderations and of Generalized St|e|tjes integrall

generalizations of Riemann integral , Lebesgue

integral, Denjoy - Perron integral , Stieltjes integral,  Some Definition and Elementary Properties
Mc-shane integral and HK integral by number of This section is about the study bilinear map
authors *°. By taking the motivation from that all  for p, — tuple and given norm on that set,

previous literature * = ° and by study of the

Henstock- Kurzweil integral with multiple points  pefinition 1: Bilinear Map with n Dimension

space of Bilinear for n-tuples. Purpose of this paper |inear with respect to n — variables. A bilinear triple
is to introduce the Generalized HK integral thatis s g set of three Banach spaces X,Y,Z with a

GH, which is the countable extension of  pilinear B: X® x Y"* » 7" and define a-f=
Generalized Stieltjes integral. In this paper B(a,f) for ¢ €X™ and B E€Y™ where a=
generalized the Henstock -Kurzweil (2 ,az a,) and B = (By, By, Br). B=
_ p 7T B2y ey Br)-
integral fp fdip. Here took f:[p,q]"*' > X™ and (B, X,v,Z) formed by three Banach Spaces X,Y,Z
Y: [p,q]**t - Y™ where, k > 0and X,Y are the  withn tuple and a bilinear map.

Banach Spaces. Let p and g be fixed real numbers B: X"x Y"— Z" and denote norm on
and k is positive integer, f:[p,q]*** - R and for ~ the Banach space X by || - [[x» similarly can be
k+1 distinct points{ay @y, .., )} € [p,q]. The  denote |- [lyn and || - ||zn throughout all this
function f is defined such that paper consider  |If Wllzn < |Ifllxn - [[Pllyn,

Kk fap) where feX™ and WeY" where; X"=

Zi (f; a0, @, -y @) = Tizo mk, pi(ai—a)’ {a = (0, a3, ..., p/a €X)}  and ymn =

{B = (B1. Bz . Bn/B €Y )}

Definition 2: Generalise Riemann — Stieltjes Sum
388
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Consider that B is a bilinear map for n —
tuple. Let f:[p,q]*** > X™ and W¥:[p,q]**! -
Y™ be two Banach space — valued functions, f is a
function depend on W is a function of (k+ 1)
variables then the generalise Riemann — Stieltjes
sum of f with respect to W, for a given ¢ fine
partition. T = { (8;)[a;, a;+1]}}=4 is defined as

-k
SEAWD = Y FO) Y (@ Qg s Tiai)
i=0

iz
where [a;, a; 1], = 1,2, ..., 7 be a non-overlapping
pairwise intervals and U7_,[a;, @;4+1] < [p, q], the
{r;}7_, is said that £¥ — fine sub — partition of [p, q]
for each 1; is &% — fine partition of [a;, ajiq]
corresponding Riemann — Stieltjes sum is defined
by Xi_o S(f,A¥;T).

Consider p and g be fixed real numbers and
p < q, let k be a fixed positive integer. Assume that
any system of points in [p,q] such that a;, <
A1 < <A S A < Ao <Ay < <
Appe < < o < Apq << auyg Simply the

intervals  [a;o,a;k],i = 1,2,...,n  from given
system  of element.  {(a;1, @iz ) Xig_q):
[0, @ikl i=12,..,n} in [pq]. If every

I =[a;p,a;,] tagged to &; € [@;0, ;] With
interior points  a;q < a;; << @jp_q. This
system is called tagged elementary k — system and
written as
{(51':051',1, Ai2 s
1,2,..,n}.

, @ig-1): (@i aipl i =

Definition 3: Generalise Henstock — Kurzweil
Integral of Bilinear n — Tuple Map

Consider that B is a bilinear map for n —
tuple. Let f:[p,q]*** - X" and ¥:[p,q]*™! -
Y™ be two Banach space — valued functions, can
say that f is generalised HK integrable with respect
to W on [p, q] if there exist a gauge on & on [p,q]
such that ||S(f,A W; t) — Al|zn < € for any &- fine
tagged k - partition. ©={(6;, a1, @iz,
Qi-1): (@0 @ig) i = 1,2,...,n} where

n

S(f,A¥;T) = z fF(6)W(8; @i, Xizs ooes A )
i=1

— W(8; @0, @i, @iz s oo, Aigemt)
The integral A € X™ is called the GH,, integral of f
on [p,q] with respect to ¥ and (f,¥)€
GHy ([p,ql: Z™) and the value of the integral is

denoted by (GH,,) qu fdy = A.

Remark 1: If  f:[p,q]**' > X", f=
(fufor - fn) and  Wip,q]**t > Y7, W=
(W1, ¥,, ... W,,) is generalise HK integrable if and
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only if each element ¥, f,m=12,..,n is
generalised HK integrable.

Theorem 1: Consider that B is a bilinear map for n
— tuple of the function f:[p,q]*** - X™ is GH,
integrable with respect to W: [p,q]*** - Y™ then
the integral is unique.
Proof: By considering above Remark is acceptable
for function W: [p, q]*** — Y™, define U be set of
all S € Y™ which are in R. In [p, q] assume t, is
random & partition. In [p, q] considering theory for
each fine £ partition and write
S(fLAW, 1)) —e<S(f,¥;1) <S(fLAY¥,Ty) +€
therefore (=00, S(f,A¥, 1) —€)cUcC
(=00, S(f,AW, 1) + €) and set of U is non-empty
and bounded above, consequently SupU exists and
S(f,A¥;t9) —€) c SupU c (S(f,AW¥;Ttg) +¢€)
so that every tagged ¢ — fine k — partition t of [p, q]
ISG,.A Y, T) — SupU || z»

< ISF.A Y1)

- S(f'A l'p'TO) || zn

+IS(FL,AY, 1) — SupU || zn

< 2¢€
Hence f,¥ € GH,([p, q],Z") and GH, qu fd¥ =

SupU.

Theorem 2: If f,W e GH,([p,ql,Z™) then for
every

[T' t] c [p' Q]'f'lp € GHk([r' t]lzn)'

Proof: Assume any two ¢
partitionszy, T, of [r, t],

4= {(61'],1' aij,l’ o aij,k—l): [“i],o' a’ij,k]ji
=0,12,..,nj} =ra);, =t
forj = 1,2, considerp <r <t < q. Let
13 ={(67 aly, . ali 1) [ale ali] i =
0,1,2, ...,nj}afo =pag =T,
&k — partition of [p, 7], so
1, = {(6f, atr, . atvor): [ade afi] i =
0,12,..,n}late = tay, =4,
be & — fine tagged partition of [t,q]. Clearly the
union 73 Uty U T4 personify & — fine tagged k —
partition t; of [p, q] on the same path 73 U1, U T,
personify ¢ — fine tagged k — partition 3 of [p, q],
by using Theorem 2
ISGF,AY, 1) —S(FLAY, ) || 2n <,
then,
ISGF AW, 1) —S(fLA W, T) || zn
= IS(F,A Y, 1)
—S(fLAW,15) || zn <€

fine tagged

therefore by (Theorem 1) f,¥ € GH,([p,ql,Z™).
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Theorem 3: Assume B is bilinear map for n tuple,
if f,WeGH([pql,Z™) and if p<r <gq then
f’qJ € GHk([p'T];Zn)a f'Lp € GHk([r; Q]!Zn) and

q r q
GH, f fd¥ = GH, f fd¥ = GH, f fdw.
P P r

Proof: By considering above theorem f,W €
GH,([p,r],Z™) and f,¥ € GH([r,ql,Z™) for
€ > 0 define a positive function &:[p, q] — (0, )
such that for every & — fine tagged k — partition t, of
[p,q] and 7, of [r,q] and as a consequence
T=1,U10f[pq,

-
€

IS(f,AW, 1) — Gij fa¥ || ,» < 3
Pq .

IS(f,AW, 1) — Gka fd¥ || ,n < 3

r
IS(F.A W, T5) — GH, qufdtpu o <§

then,

|GH, fpr fa¥ + GHy, [! fd¥ +

GHy f fA® || zn < |IGHy [ fd¥ = S(f,0

W, 1)l zn

+HGHy [ fd¥ — S(F.A W, 1) zn

+HIGH [} fd¥ = S(f,A W, )| zn
<s+i+:-=3
3 3 3
for arbitrary €>0 then

GHy, fpr fa¥ + GHy [! faw.

Gka;fdw=

Theorem 4: Assume B is a bilinear map for n —
tuple and r €[p,q] and let J(f,r) exists, if
f,¥Y € GH.([p,r],Z™) and f,¥ € GH,([r,ql,Z™)
then f,¥ € GH,([p,ql,Z") and GH, fp" fd¥ =

GH, fpr fa¥ + GHy [! faw.
Proof: Since f,W¥ € GH,([p,r],Z™) and f,¥W €
GH,([r,ql,Z™), then by definition for every € > 0
there exists &;:[p,r] » (0,0) and ¢&,:[r,q] —
(0,00) any fine ¥ — partition 7, of [p,q] and any
fine &k — partition 7, of [r, q],

q
IS(f,AW,11) — GHkJ fd¥|| .~ <e
p

q
IS(f, AW, 15) — Gka fd¥ || ,» <e€
P
since; J(f,r) exists there is n > 0 such that for
maxlsjsk|uj—r| <n for ||f(r;uq,Uy, ..., L) —

JFEDI<E 1

define a positive function ¢ on [p, q] by
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min(¢; (a),r — a) if p<a<r
min(é,(a),a — 1) if p<a<sr
min(§; (@), $z(a),n) if a=r

é:onsider any ¢é-fine tagged partition T =
{(5i; @1, ...,al-,k_l): [ailo,ai,k],i =1,2, ...,m} of
[p, q] denote approximating sum

S(f, AW, 1) = ?Sl[f(é‘i; ®i1) e ai,k) —

f( 5i,ji i 0r - r Aik—1)]

+Hf(r amas s @mp) = F(75 @my0r s Ame-1)] +
?=m+1[f(6i; i1, ---vai,k) — f(8i; @i0, oer X e—1)]
constructing 7, and 7, and by using (1)
”S(f'A LIJ'T) - S(f'A LI',"[l) - S(f'A Y, TZ) ” zn
= ” [f(T, am,l' ey am,k)
— f(r; Ao, s Amk-1)]
—[f(T, ﬁm,lr 'ﬁm,k) - f(T'; ﬁm,Ol ""ﬂm,k—l)]
—[f(T, Ym,1 "'fym,k) -
f(’"i VYm,0s ---;Vm,k—1)]||z" <€,
SO,

IS(f,A W, ©) — GH, fpr fdw —
GHy [T fd¥ || on < IIS(F.A Y, T,) —
GHy [, fdW | z»

+IS(FAW,T,) — GHy [ fdW || zn

-I_”S(f!A LIJ!T) - S(f'A l‘I'J!‘El) - S(f,A
Y, )|l zn

< 3e
by definition t random fine ¢ —partition of [p, q],
then  observed f,¥ € GHi([p,ql,Z™) and

GHy, fp" fd¥ = GHy fpr fay + GHy [! faw.

Main Result:
Theorem 5: Sacks Henstock Lemma

Assume B is bilinear map for n — tuple and
f:lp, gt —» X™, generalised H — K integrable,
f € GH,([p,ql,Z™) as € > 0 consider gauge ¢ of
[p,ql,é:[p,q] = (0,) is such that for every & —
fine tagged k partition.
T= {(6}: a1, ...,ai,k_l): [ai,0:ai,k]vi =1,2, ...,n}
of [g, ql.

1) (85 @i s @ii) = (85 i oestggr) ]
i=1

q
- Gka FA¥ || n < €.
p
I {015 s e Biss)  [Buoi Bis i = 0,12, m)

where
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p < 181,0' .Bi—l,k < :Bi,O(i = 213! ---;m)! ﬁm,k < q
represents a ¢ — fine elementary k — system in [p, q]
then

n

1D 1016 Bens s Bige) = £l B s i) |

= Bik
— GH, fd¥ || zn <e.
Bio

Proof: If S, < Bit10 8 i=12,....,m;Bpy10 =
q using (Theorem 2) f € GHy[Bik,Bi+1,0] for
arbitrary e > 0 exists gauge & of [B; k, Bi+1,0] such
that & (a) < &(a) for all a € [B;x, Bi+10], €aCH
fine £ — partition 7% on [B;x, Bis1.0],
IS(f.A W, T) = GHy [gi* fa¥ || s =

If Bix = Bis1o, consider S(f,AW, ) =
0. The equation
Yial(mi Bigs s Big) = (05 Bios s Big—1) 1+
Y s(f.aw,t)
represents a GH, sum correlated with certain fine
&k — partition on [p, q] therefore
I X a5 @ins s @ie) = F (i3 Bigs s Bi—1) 1 +
Y S(f,aW, 1) — GH, fp"fdw | ;n < €. 3
Hence in the sense of (Theorem 3) and by using in
equalities Eq.2 and Eq.3

n

1D 1005 Buns e Bige) = £t B s Brie—s)
i=1

Bik
fawv || zn

— GH,

Bio
n

< 1) 1016 Bins s Bie)

- f(lﬂ:ili Bior -r Bik-1) 1
+ z S(f,A Yy, ‘ri)

q
- GHy [ faw)
p .
+¥S(f.aw, 1)

Bi+1,0
- Gt [ paw g
Bik

<e+ m1<2€

m+

Theorem 6: Assume B is bilinear map for n — tuple
and  f:[p,q]**' > X™,  generalised H—K
integrable, f € ([p,ql,Z™) then for every € >0
exists gauge on &; on [p, q] such that for every & —
fine tagged k — partition

T= {(6i; a1, ...,ai,k_l): [ailo,ai,k],i =1,2, ...,n}
of [p,q],
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||[f(5ii a1, ---vai,k) = f(6i; X0/ ---;ai,k—l) ]

Xk
— GH,, fd¥ || ,n < e.

X0
Proof: Since f € GHy[p,q], each € > 0 exists
positive function on & of [p, q] such that each fine
&k - partition
T = {(81'; ai_l, . airk_l): [ai_o,ai‘k],i = 1,2, ...,‘l’l}
of [p, q], by the sense of (Theorem 3),

n

Il Z[f(6i; a1, ---vai,k) = f(6i; X0/ ---;ai,k—l) ]
i=1

TI'M 3
I\

ik €
—Gka faw o <.
A0

Let 3t denotes that part of above sum for
which

[f(5i; Ai) s ai,k) - f(5i; Ai0) ey ai,k—l)

Xik
— GH, f fd‘}'] >0

Xio
and let )~ denotes the left equation is less than
zero, using (Theorem 5),
n

1) 1 (85 @i s i) = (85 g s B jer) ]
i=1

ik
- Gka fdW| =3t -3
o € €
S St -3 < IS+ Il < S4E<
E.

Theorem 7: Cauchy Criterion

Assume B is bilinear map for n — tuple. Let
filp, ql*** - X™ and W:[p,q]*** > Y™ be two
Banach space valued functions, where k > 1 be
such that f,W € GH,([p,ql,Z™) for every re€
(Ip,q1,Zz™) and let lim,,, GH;, fpf fd¥ = A exists
finitely. If J=(f,q) exists finitely then f,W¥ €
GH,([p,q],Z™) and GH,, qu fd¥ = A.
Proof: Given € > 0 be arbitrary. There is a number
n1 > 0 such that for each r € (g — 14, q).

T
||Gkafle—A||Zn<e 4
p

Let {r};~, be an increasing sequence in
[p,ql,7o = p with ., > q so f € GHy[p,r;] each
7=1,2,... 50 exist gauge &,:[p, 7] = (0, ) such
that as fine £ — partition 7, on [p, 7;]
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Tz
IS¢, %5 = GHy | fdw g
e P
= F'
=1.2,.. 5
for any § € [p, q) there exists one 7(§) = 1,2, ... for
which § € [ry(5)-1.7,(8)]. So for given &6 € [p,q)
choose £(8) < &5 and (6 —£(8),6 +€(8)n
[p,q) < [p, ()] consider that r € [p,q) and T =
{(81'; fli,li e, ai_k_l): [ailo, ailk],i =1,2,.., n} is
fine &% — partition of [p,r]. Assume 7(8;) = T then
[a;0, i ] € (6; = €(8,),6; + £(6) © [p, 7] also
[ai,Ol ai,k] c (61 - E‘r(ai)' 5i + 61(51)) Let
n-—1
Z [f(5ii i1, ---rai,k) —f(Si; aig) ) Aige—1)

izlr(si):‘r

T

— GHy j fd‘{’]

Xio
be the sum of those terms in

Z [f(fii a1, ---;“i,k) — (65 @0y s X —1)
=1

Xik
— GH,, j fd‘{’]
a

i,0
for a tag &; satisfy &; € [r;_1 - 1], which hold by
using (Theorem 5)

[y (s, )_T [F (855 i1, s Qi) =
f(O5 @iy es @ijes) = GH [ fA¥N n < 7
6

since f € GHy([p,r],Z™) for every r € [p,q] by
(Theorem 3),

(GHy) f Fdw = Z Gty |
so by usmg Eq.6

Xk

fle

”Z f(aliall: . 'ai,k) -
r
(855 @0, s Ai—1) — GHye [, fA¥]I| zn
”Z f(5l'all' .- 'ai,k) -
a'l-,
f(al: Qi sy al,k—l) - GHk fai'okquj]” zn 7

)it | vy w(67)=r f(5iiai,1» ---:ai,k) -
f (855 @0, s @ijem) = GHyc [ fAW]|] zn

<
€
Z$°=1§ =

€
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If J=(f, q) existential, there is n, > 0 such that for

everyq_nz < tl < tz < e < tk <qthen
1f(q; ta s te, @) — T(q, ty, b, o, i) || 20 <
€ 8

Let n = min(n4,n,). Define gauge & on [p, q] such

that £(6) = min(€(6),q — &) if 6 € [p,q),£(q) <
n. By using Eq.4 and Eq.8
ISGF.AW, 1) - A ||Z"

- ||Z [ (85 i1, 1)

- f(Su Q0 - al,k—l)]
+ f(q' an,lf R q)
- f(q; An oy eees an,k—l) —I|zn
n-1
<11 ) 1F (8 @i i) = £ (055 @i Qi)
i=1

An—-1k
~ GH, f Faw]] o
D
An-1,k
+||Gka fd¥ —A|| zn

14
£ (@ n1s 0 @) = F(@ An00 s Ange—) |l 22
n-1

<[l Z[f(5i; i1y Aige) = F (855 Uiy ooes A e—1)
=1

An-1,k
- Gka FAW]|| gn + 2€
14

since Un-1k <q and
T= {(51'; a1, ...,al-,k_l): [ailo,ai,k],i =1,2, ...,n}
is a & — fine tagged k — partition of [p, a,_q ], by
using Eq.7,

IS(f,AW,T) —A||zn < 3€
this gives that f € GH([p,ql.Z™)
GH, fp" fd¥ = A.

and

Conclusion:

In this paper generalised H-K integral of
bilinear n-tupple map is defined. The elementary
properties of H-K integral of bilinear n-tupple
studied. Saks Henstock lemma and Cauchy criterion
are generalised for H-K integral of bilinear n-tupple
map.
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