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Abstract:

An edge dominating set T< E(G) of a graph ¢ = (V,E) is said to be an odd (even) sum degree edge
dominating set (osded (esded) - set) of G if the sum of degree of all the edges in T is an odd (even) number.
The odd (even) sum degree edge domination number y,.;(G) (Yosq (G)) is the minimum cardinality taken
over all odd (even) sum degree edge dominating sets of G and is defined as zero if no such odd (even) sum
degree edge dominating set exists in G. In this paper, the odd (even) sum degree domination concept is
extended on the co-dominating set E-T of a graph G, where T is an edge dominating set of G. The
corresponding parameters co-odd (even) sum degree edge dominating set, co-odd (even) sum degree edge
domination number and co-odd (even) sum degree edge domination value are defined. Further, the exact
values of the above said parameters are found for some standard classes of graphs. The bounds of the co-odd
(even) sum degree edge domination number are obtained in terms of basic graph terminologies. The co-odd
(even) sum degree edge dominating sets are characterized. The relationships with other edge domination
parameters are also studied.

Keywords: Co-odd (even) sum degree edge dominating set, Co-odd (even) sum degree edge domination
number, Co-odd (even) sum degree edge domination value, Odd (even) sum degree edge domination
number, Odd (even) sum degree edge domination value.

Introduction: number of a graph is introduced by Anto Kinsley A

Let G = (V, E) be a simple, connected,  and Karthika K John in the year 2020°. Motivated
finite, and undirected graph. The maximum and by the notion of the above parameters and their
minimum degree of a graph G is respectively  applicability, the odd (even) sum degree edge
denoted by A(G) and §(G). The cardinality of the ~ dominating set (oded (eded) - set) is introduced by
vertex (edge) set of a graph G is called the order ~ posting odd (even) condition on the sum of degree
(size) of G and is denoted by p(q). A graph with p  of edges of edge dominating set of a graph G. In
vertices and ¢ edges is called a (p, q) graph. A this paper, by extending the above concept on co-
regular graph is a graph where each vertex has the ~ edge dominating set, the co-odd (even) sum degree
same number of neighbors. If ‘¢’ is a vertex of G,  edge dominating set is defined for a graph G™*.
then its degree is denoted by deg(t). A set TCE(G)  Then the corresponding co-odd (even) sum degree
is an edge dominating set if every edge in E(G) — T edge_ domination number an_d value_ are _defin_ed and
is adjacent to at least one edge in T. The edge studied. All the graphs considered in this article are
domination number y'(G) is the minimum referred from Joshep A. Gallian™. In this paper, co-
cardinality of an edge dominating set in G. The  0dd (even) sum degree edge domination numbers
edge dominating set with cardinality y'(G) is &€ found for some standard classes of graphs such
denoted as y’ — set of G. The edge set E (G) - Tis @ Path, Cycle, Wheel, Comb, Star, Crown,
said to be a co-edge dominating set™® of G. All the ~ Friendship, Helm, Triangular Snack, Fan, Book,
basic graph terminologies are used in the sense of ~ Dumbbell, Flag, Todpole~and Caterpillar graphs.
Harary®. In the year 2003, the odd domination  Further, the bounds of the above parameters are
number of graph G is introduced by Yair Caro and obtained and the relationships between some of the
William F. Klostermeyer®. The odd geo-domination ~ €XIsting edge domination parameters are studied.
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Also, the co-odd (even) sum degree edge
dominating sets are characterized.

Co-odd (even) Sum Degree Edge Domination
Definition. 1:

An edge dominating set T(G) of a graph G = (V,
E) is said to be a co-odd (even) sum degree edge
dominating set (cosded — set (cesded - set)) of G if
the sum of the degree of all edges in E-T is an odd
(even) number. The co-odd (even) sum degree
edge domination number y .oy (G) (¥ cess (G)) is
the minimum cardinality taken over all cosded
(cesded) - set of G and it is defined as zero if no
such cosded (cesded) - set exists in G. The co-odd
(even) sum degree edge dominating set with
cardinality y’.oss (G) (y'eess (G)) is denoted

by Y cosd — set (V cesd ™ Set) of G.
2
LEY

G

Iz

Definition. 2:

Let T be a ¥ 'csq — S€t Of G. Then the minimum
sum of the degree of the edges of the set E-T is
said to be co-odd (even) sum degree edge
domination value and it is denoted by S’.s(G)
(S.cesd(G)) of G.

Definition. 3:

A graph G is said to be a co-odd (even)
sum degree edge dominating graph (cosded- graph
(cesded- graph)) if it has at least one co-odd (even)
sum degree edge dominating set of G.

Example. 1:

For the graph G in Fig. 1, T, = {ts, t7, t1o} iS @y cosd
— set, and hence, ¥ csa (G) = 3 and S’csq (G) =
ZtET—TO deg(t) =43. T, = {t3, t, t13} is a Y "cesd — SEL
and hence ¥'cess = 3 and Seesa (G) = Xper—r, deg(t)
=44,

s Iz

tio

rs iz s Ty Iy

Figure 1. Co-odd (even) sum degree edge domination number and value

Observations:

1. Every graph has at least one cesded — set
since every graph has an even number of odd
degree edges.

2. Cosded- set need not exist in all graphs,
(l) V,cosd(Pn)zln%lJ +1 , n 23~,' S)cosd (Pn) =
[nT_ZJ +1,n>5
(“) V,cesd (Pn) = 1
2 ,n=3
Proof:

Let G be a path graph with at least three vertices.
Let E(G) = {ty, t5, t3, ... ,tha}be the edge set of G
with deg(t;) = deg(t,.1) = 1 and the remaining edges
have degree 2.

Claim (i): Let X;= {ts/ i =1, 2, ... |">=[} and X,
= {t,.1} be two edge sets of G. Note that X; is an
edge dominating set of G and X,;U X; is an odd
degree edge dominating set of G.

Hence, Ve (G) = [XUXp| = [nT_l +1
1

On the other hand, suppose Y is a y¥'csq Se€t Of G.
Then for edge domination Y must have at least

, n= 4 ; S,cesd (Pn) =9
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for example, Cycle C,, n > 3 does not have a
cosded — set.

Theorem. 1: For pathP,, n>?2

4 E] —1 , n=2(mod3)
4 gj —3, n=0,1(mod3)
(4 E] —2,n = 2(mod3)
4 ["3;2 ,n = 0(mod3)

4 ["T“*J +2,n = 1(mod3)

{tsir/i=1,2,.., lnT_lJ} edges and for the odd sum
degree edge domination Y must contain {t,;}.
Hence, ¥'csa (G) [Y] !

> ln; +1
2
y,cosd (G) = l;J-I-l

3
From Eqg.1 and 2, gives, n31

Further, if T is y'csq — Set of G then the co-odd sum
degree edge domination value

S ’cosd(G) ZtEE—T deg(t)
n

43]-1 , n=20mod3)

4|5 -3, n=01(mod3)
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It completes Claim (i).

Claim (ii): When n = 3, the edge set X = {t;, t,} isa
¥ cesa — S€t of G and hence, y'cesq (G) = 2.

When n = 4, the edge set X = {t,} itself a ¥’ cesq —
set of G and hence, ¥'cesq (G) =1.
Letn > 5. Suppose X = {tsi.1/ i=1,2,.., lnT_ZJ} U {t..
»}. Then X is an even degree edge dominating set of
G. Hence, G) < X = ”TZJ+1
3

!
Y cesd

On the other hand, suppose Y is a ¥’ Set of G.
Then Y must contain at least {ts../ i=1,2,.., ln—_ZJ}U

{t.o} edges. Hence y'csa(G)=]Y| > [—J+1
4

Then the result in Claim (ii) is proved from Eq. 3and 4.
Further, if T is y'cesq — Set of G then the co-even sum
degree edge domination value

4 [’31] — 2,1 = 2(mod3)

(
@)= Sres-rdes© =1 4[] 0= 00moa)
4 TJ + 2,n = 1(mod3)

It completes Claim (ii).
O
Theorem. 2: For the cycle graph C, n >3

(I) ]/ cosd (Cn) 0 S,cosd (Cn)= 0
(1) ¥'cesa (Cr) ln+2

IEJ , n = 0,1(mod3)

Sost (C0)= 4|2 +2, n=2(mod3
. , n = 2(mod3)

Proof:
Let G be a cycle graph C, with at least three
vertices. Let E(G) = {ty,b,,...,t.}be the edge set of
G. Since all the edges in E(G) are in even degrees
gives V,cosd (Cn)= 0.

Let T = {t3io/ i=1,2,..., J} be an edge set of G.
Note that T is an edge dominating set of G and also
T is an even degree edge dominating set of G.
Hence, ¥'wsa (G) < 1X|=| 222,
ln+2

ln+2

Therefore, ¥'cesq (G) < 1

On the other hand, suppose Y is a ¥'cesq — Set of G.
Then for edge domination Y must have at least

{tsio i=1,2,..., I”%ZJ} edges and also Y is an even
degree dominating set.

Hence,

Y cesd(G) - |Y| > ln_” 2

From Eq.1 and 2, ¥ cesa(G) =

Further, if T is y'csq — Set of G then the co-even sum
degree edge domination value

S ’cesd(G) = ZtEE—T deg(t) =
4 [g] , n = 0,1(mod3)

4 [g] +2, n=2(mod3)

It completes Claim (ii).
Theorem. 3: For Pan graph T, ; ,m>3

(i) ¥'eost (Tmt)= |57 |#1 5

ln+2

4 |5|+3 . m=010mod3)
4|2 +5 . m=2(mod3)

(1) ¥'co (T, 1) =

4[5]+a

4 EJ + 6, m = 2(mod3)

S ,cosd (Tm,l) =

m = 1(mod3)

S cesd (Tm,l)= !

4 lmT_?)J + 6, m = 0(mod3)
Proof:
Let G be a Pan graph with at least four vertices.
Let E(G) = {ty,t,,....tn} U {s} where deg(t;) =
deg(ty) = 3, deg(t)) = deg(s) =2,i=2,...,m-1 and s
is adjacent to t; and t...
Claim (i):  Let Ty= {taio/ i=1,2,.., |"5—|} and T
={s} be two edge sets of G. Note that T= T,UT,is
an edge dominating set of G. Since deg (t;) = 3 and
the remaining edges in T are in even degree gives T
is a cosded — set of G.
Hence
y,cosd (G) < |T1UT2| _lm 1J +1 1
On the other hand, let Y be a y’csq — Set of G. Then
for edge domination Y must have at least [ 3 J+1
edge and hence
]/ cosd (G) - |Y| Z lm_1]+1 2
Then the result in Claim (i) is followed by Eq.1 and
2.
Further, if T is y'csq — Set of G then the co-odd sum

degree domination value
S ’cosd (G) =

4 E] +3 , n=0,1(mod3)
B 4|Z|+5, n =2(mod3)
It completes Claim (i).
Claim (ii): Let T = {ts1/ i=1,2,..., [~ [}. Then T

Yeeg—r deg(t)
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is an even degree edge dominating set of G.

Vet @) IT] = [*7] 3
On the other hand, suppose S is a y'cesq - Set of G,
then for edge domination S must have at least {ts;.
Ji=1.2,., [mT“]} edges and also S is an even

degree edge dominating set of G. It gives,
m+1

Viws (6) 2 [ 2] 4
Then the result in Claim (ii) is followed by Eq.3 and
4,

Further, if T is ¥'cesq — Set of G then the co-even sum
degree edge domination value

S ,cesd(G) = ZtEE—T deg(t) =
(4|5|+4 . n=10mod3)

4 lg] + 6, n = 2(mod3)

(4 lmT_BJ + 6, n = 0(mod3)
It completes Claim (ii).

O
By similar arguments, the exact value of ¥ ’cosa (G)

and ¥’cesa (G) for some standard classes of graphs
are obtained and presented below.

Proposition. 1:

(i) For star graph Sp, n > 2

, 0, n=1(mod2 ,
Y cosd (Sn) = {1 n=0 ((modZ)) S cosd (Sn)
= (n-2)%, n = 1(mod2)
, 1, n = 1(mod2 ,
Y cesd (Sn) = {2 n=0 ((modz)) ;S cesd (Sn)
={ (n—2)?, n=0(mod2)
(n—2)(n—-3), n=1(mod2)
(ii) For friendship graph F,, n>2
V,cosd (Fn) =0 ; S,cosd (Fn)
=0
V,cesd (Fn) =n ; S’cesd (Fn)
=(2n)’
(iii) For crown graph C,", n>2
Y “cosd (Cn+) =0 5 S cosd (Cn+)
=0
Y cesd (Cn+) = [g] )
8 [g] , n =0 (mod2)

§ema (Cr1) = sl?l+2  n=1(mod2
o2 . nm oo

(iv) For dumbell graph Dy, n >3
Y ycosd (Dn) =0 ) S’ cosd (Dn) =0
Y ycesd (Dn) =2 ;
8|5|+4  n=02(mod3)
8|3 , n =1 (mod3)
(v) For flag graph Fl,, n >3

S,cesd (Dn) =
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Y ,cosd (Fln) :[g] )

43 +3  n=01(mod3)
S’ cosd (Fln) = n
4f5|+1  n=2(mods)
Y cesd (Fln) =l§J +1 ;
4 E] , n =1 (mod3)

S’cesd (Fln) = n
4 [5] +2 , n=0,2(mod3)
(vi) For bistar graph B, n>2

Y cosd (Bn,n) =0 7 S cosd (Bn,n) =0
Y'cesa (Bnn) =1 s S cesd (Bnn) =2(n)

(vii) For caterpillar graph Sn,, , m >3
Y ’cosd (Snm) =0 ; S ,cosd (Snm) =0 )
Y “cesd (Snm) =1 v S cesd (Snm) =(m-2)

Bounds and Characterization of Odd (Even)
Sum Degree Edge Dominating Sets of G

The following result gives the relation between the
edge domination number and co-odd (even) degree
edge domination number.

Theorem. 4: For any graph G,
y,cosd(G) ; (b) VI(G) < y,cesd(G)
Proof:

Since every cosded-set and cesded-set is an
edge dominating set of G, proves the results
immediately.

For (a), the bound is sharp for star Ss.
For (b), the bound is sharp for cycle Cs

@ 7Y'(G <

O

Theorem. 5: Let G be a r — regular graph with r >
0. Then

(a) V,cosd(G) =0
(b) V,cesd(G) = ]/,(G).
Proof:

Since G has only even degree edges gives there is
no cosded — set in G. Hence, y'csi (G) = 0. At the
same time, every y' —set of G is an y'sq —Set, and
hence y’cesd (G) = )/(G) u

Theorem. 6: Let G be a graph with a cosded — set
T, and a cesded — set T,. Then (i) T-T, have odd
number of odd degree edges. (ii)T-T. has either
even numbers of odd degree edges or any numbers
of even degree edges or both.

Proof:

Claim (i): Suppose T, have no odd degree edges or
it has an even number of odd degree edges than the
sum of degrees of edges of T, become even. Which
contradicts T-T, be a cosded — set. Hence T-T, has
an odd number of odd degree edges.

Claim (ii): Suppose T, has an odd number of odd
degree edges then T-T, is a cosded — set of G but
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not cesded — set. Therefore, T, has an even number
of odd degree edges. Since the sum of even
numbers is even given T, may contain any number
of even degree edges. Further, the above two
combinations also give T-T. a cesded — set of G. It
provestheclaim. O

Theorem. 7: Let G be a graph with distinct
minimum and maximum edge degrees &’(G) and
A’(G). If T, and T are ¥'cosq — Set and y’cesq — Set of
G then

(') ﬁ S ,cosd (t) < q- V,cosd (G) = ﬁ S ycosd (t)

(“) ﬁ S ,cesd (t) = q- V,cesd (G) < ﬁ(}) S ycesd (t)

Proof:

Since &§(G) and A'(G) are the minimum and

maximum edge degrees of graph G, gives

8'(G) <deg () <A'(G),if 8 #A"and e €G.
Therefore,

IT = T518"(GC)<y cosa(G)=IT — To|A'(G) 1
From the left inequality, gives |q — ¥ cosa | < ﬁ
S'cosd 1
Therefore, y'csa (G) < e S’ cosa - 1

! 1 4

Hence, Y (G) = q - 56 cosd
2
From the right inequality in (1), gives |T —T,| >

1 )
A1(G) cosd
That is q- V’cosd (G) AI(G) > S’COSd
1 ) ’
m Scosd < q-Y cosd (G)
Therefore, y'wss (G) < q - - 'cosd

Ar(G)
3
Hence, from Eq.2 and 3,

1 o, ; 1 ,
m S cesd (t) = Q- cesd (G) = m S cesd (t)
By similar arguments, one can prove the result,

1 y ! 1 k]
m S cesd (t) < q =Y cesd (G) < WG) S cesd (t)

For (i), the lower and upper bound is sharp for star
Ss.

For (ii), the lower and upper bound is sharp for
cycle Cs. m

Theorem. 8: Let G be a graph. Then (i) G is a
cosded — graph if and only if G has at least one odd
degree edge. (ii) G is a cesded — graph if and only if
G has at least even numbers of odd degree edges
(or) degree of all the edges are even.

Proof:

Claim (i): Let G is a cosded — graph, then there
exists a cosded — set T-T, of G. Assume that G has
no odd degree edge. Since G is connected with at
least two edges gives G has only edges of even
degree. Then there is no cosded — set existing in G,
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which contradicts that G has a cosded-set T-T,.
Therefore, G has at least one odd degree edge. The
converse is obvious.

Claim (ii): Let G is a cesded — graph, then there
exists a cesded — set T-T, of G. Suppose G has odd
degree edges. Then for the existence of T-T,, G
must have an even number of odd degree edges. On
the other hand, suppose G has only even degree

edges then the result is immediate. The
converse  of  the result is  obvious.
O

Theorem. 9: Let G is a graph with an osded — set T,
and esded — set Te. If §’,.4(t) be an even number
then

@) T-Tyisacosded —setof Gand (b) T-T.isa
cesded — set of G

Proof:

Let S'cosa(t) = 2m, meN. Then S’ q(t) +
S'cosd(t) = 2m. Then S'osd(t) = 2m - S,cosd(t)-
Since T, be an osded — set of G given Y., deg(e)
is an odd number. It gives Y.cg_g, deg(e) is also
an odd number. This shows that T - T, be a cosded
— set of G. By a similar argument, one can prove

that T — T. is a cesded — set of G.
O
Conclusion:

In this paper, the exact values of the co-odd
(even) sum degree edge domination number and co-
odd (even) sum degree edge domination value are
found for some standard classes of graphs described
below: The bounds of the co-odd (even) sum degree
edge domination number are obtained. The co-odd
(even) sum degree edge dominating sets are
characterized. The relationships with other edge
domination parameters are also determined.
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