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Abstract:

In this communication, introduce the split Mersenne and Mersenne-Lucas hybrid quaternions, also
obtaining generating functions and Binet formulas for these hybrid quaternions and investigating some
properties among them.
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Introduction: centers on associating split quaternions and hybrid
Number theory is one of the most numbers on the Mersenne and Mersenne-Lucas

fascinating fields in Mathematics. One can see a  Sequences.

variety of problems™®. In 1644, a French

Mathematician, Marin Mersenne defined a number

of the form M, =2"-1,n is an integer.  pefinition. 1: The Mersenne quaternions and
been many studies on the Mersenne sequences °. .

The Mersenne - Lucas sequences are defined as M, =M, +iM, 1+ M, o + kM, 5
ML, =2"+1, n>2with ML,=2, ML, = 3"
The hybrid numbers were introduced by Ozdemir °

Preliminaries:

ML, = ML, + iMLyq + jMLp.»

in 2018 and it is a composition of dual, complex, + kMLy s
hyperbolic .numb6e7rs satisfying  the relation  pefinjtion. 2: The split Mersenne quaternions and
th=—hi =i+ ™. Itis of the form split Mersenne-Lucas quaternions are defined as
H =zq+ z11 + z5€ + z3h,
where z,,2;,2,,23 €ER and i, & h are operators SM,, = ¥3_o M, e

suchthati? = —1,¢2 = 0,h? = 1.

In 1843, the Irish Mathematician, William and 3
Rowan Hamilton described quaternions as the —
guotient of two vectors in three-dimensional space SML, = z MLysés
represented as Q =a+ bi +c¢j+ dk, where §=0
ab,c,d€eR and i?=j2=k?®=-1, ijk=-1, Definition. 3: Binet’s formula for split Mersenne
ij=—ji=k, jk=—-kj=1i, ki=—ik=]j. quaternions and split Mersenne-Lucas quaternions

Quaternions are non-commutative. For more details have the form

on quaternions, one can see ®*°. Note that, the split . _

quaternions  have been introduced by James SMy, = 2"A —Band SML, = 2"A + B
Cockle ~* in 1849 and they form a four-dimensional w3 s w3
non-commutative, associative algebra over the real where A = Ys=02°¢s, B = Ns=0s
numbers with bases 1, i, j k has the form  Definition. 4: The Mersenne hybrid numbers and
q = ay + a4+ a,j + azk, where ay,a4,a;,a3 € R Mersenne-Lucas hybrid numbers are defined as
andi?=-1, 2 =k?=ijk=1, ij=—ji=k ,

jk=—kj=—i, ki=—ik=j ' Our interest M3y = My + iMysq + EMpyy + My,
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MLH, = ML, + iML,,, + MLy, +
hMLy 3

where i, €, h are hybrid units.

Definition. 5: For n > 0, the nth split Mersenne
hybrid quaternion sequence {SM7,,} is defined by

SMH,, = MH,eq + MH &1 + MH, 5, +
MH 433

= My, + iMypyq + EMpyp + KMy 43)eg
+ (M1 + iMyyo + €Myy3 + hMpp4)eq
+Mpy2 + iMpy3 + eMpyq + hMpys5)e;
+ (M43 + iMyig + €Myys + hMp6)es

where i, ¢, hare hybrid units and ey, eq, e,, €3, are
split quaternion basis.

The split Mersenne hybrid quaternions can be
rewritten by

SMH,, = SMy, + iSMy,, + €SMpys + hSMpps

Definition. 6: The nth split Mersenne-Lucas hybrid
quaternion sequence {SMLH,} is defined as

SMLH, = ML, eq + MLH, 161 + MLH,, ,e; +
MLH 3e3

= (MLy + iMLyyq + MLy, y + hMLy,3)e,
+(MLyyq + iMLyyy + MLy + RMLy,4)e;
+(MLyyy + iMLyys + MLy + RMLy,5)e,
+(MLyy3 + iMLyy g + MLy s + RMLy,¢)es

where i, &, hare hybrid units and ey, eq, e, €3 are
split quaternion basis.

The split Mersenne hybrid quaternions can be
rewritten by

SMLT,
= SML, + iSML,,,
+ €SMLpys + hSMLp, 5

Definition. 7: For n = 0, Binet’s formulas for the
split Mersenne hybrid quaternions and split
Mersenne-Lucas hybrid quaternions are

SMH, = 2"a*A — B*B and

SMLH,, = 2"a*A + B*B
where A = Y3_,25¢;, B=3Y3_,¢;,
a* = (1+ 2i + 2%¢ + 23h),
B*=1+i+e+h).
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Theorem. 1: The generating functions for the split
Mersenne hybrid quaternions and the split
Mersenne-Lucas hybrid quaternions are

f@) =

SMHy(1-3t)+SMH t
1-3t+2t2

and

SMLH(1-3t)+SMLH t
1-3t+2t2

g =
Proof: Let f(t) = Y5 o SMH, t"

Multiplying this equation by 1, 3t, 2t? respectively
and summing these equations,

(1 -3t +2t2)f(t)

= SMH, + (SMH, — 3SMH, )t
+ (SMH, — 3SMH,
+ 2SMFH, )t?
+ (SMH; — 3SMH,
+ 2SMFH; )3 + -
+ (SMH,, — 3SMH,,_,
+ 2SMT,_, )t"

= SM¥H, + (SMH, — 3SM¥H, )t

+ Z(SM?—[n — 3SMH,,_,
n=2

+ 2SMH,,_,)t"

f(t) = SMH"I(:f?ZJ';M}[lt is the generating function

for the split Mersenne hybrid quaternions.

And let g(t) = 3 o SMLH,t"

Multiplying this equation by 1, 3t, 2t? respectively
and summing these equations,

(1-3t+2tH)g(t)
= SMLH, + (SMLFH, — 3SMLH,)t

+ Z(smn
n=2

— 3SMLH 4
+ 2SMLH,_, )t"
SMLFHy(1-3t)+SMLFH t is  the

9(®) _: 1-3t+2t2
function for split Mersenne-Lucas

quaternions.

generating
hybrid

Theorem. 2: Let m,n be any positive integers and
m = n then

SMH,,SMLH,, + SMLH,,SMH,, =
2[2™ ™ (a*)?(A)? = (B7)*(B)?]
SMH,,SMLH,, — SMLH,,SMH,, =
2L 2M g * B* AB — B*a*BA]
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Proof:
i. SMH,,SMLH, + SMLH,,SMH,

= 2™a’*A — f*B)(2"a’A + f*B)
+ Q2Ma* A
+ B*B)(2"a*A — B*B)

— 2m+"(a*)2(</l)2 _ Z"ﬁ*a*Bo‘l
+2Ma*B* AB
- (B)*(B)?
+ 2m+n(a*)2(dq)2
- (B)*(B)?
+ 2"B*a*BA
—2Ma*B* AB

= 2[2™" (a*)2(A)? — (B*)?(B)?]
i. SMH,,SMLH, — SMLH,,SM¥,,

=QR2M"a*A - B*B)2"a*A + B*B)
—2Ma* A
+ B*B)2Q"a* A — B*B)

= 2" (a*)2(A)? — 2"B*a*BA
+ 2Ma*B* AB
— (B")?(B)?
_ 2m+n(a*)2(dq)2
+ (B*)*(B)?
—2"B*a*BA
+ 2™a*B*AB

= 21 2M g * B* AB — B*a*BA]
Theorem. 3: Let m, n be any positive integers then

SMH,,SMLH,, + SMH,SMLH,,
— 2[2m+n(a*)2(cﬂ)2
- (B)*(B)?]
—2"M Ly (B a*BA
—a*B*AB)
Proof:
SMH,,SMLH,, + SMH,SMLH,,
=Q2M"a*A—-B*B)2"a* A + B*B)
+Q"a* A
- B"B)2™a* A+ *B)
— 2m+n+1(a*)2(dq)2 _ Z"B*a*Bc/l(l
=2 4+ 2" B AB(1
+2™m) = 2(87)*(B)?
= 2[2™" (@")?(A)* = (B")*(B)?]
— 2"MLpy_n(B*a*BA
—a*B*AB)

Theorem. 4: Let n be any positive integer then
SMLH,” — SMH,,” = 2" [a*B*AB + f*a*BA]
Proof:
—_— 2 — 2
SMLH,” — SMH,,
= 2"a*A + f*B)* — (2"a"A — B*B)?
= (2"a* A+ B*B)(2"a*A + [*B)
—Q2"a*A
- B*B)(2"a*A — B*B)
= 22"(@")*(A)? ~ 2"B"a’BA
+ 2"a*B*AB
+(B)*(B)?
— 22" (@) (A)?
— (B)*(B)?
+ 2"B*a*BA
+2"a*f*AB
= 2" 1 B* AB — 2" 1B* a*BA
= 2" a*B*AB + B*a*BA]
Theorem. 5: Let n, i, j be any positive integers then

i. SM}[TL+I,SM‘7-[TL+] - SM}[HSM}[TL+L+] =
2"M;(2/B*a*BA — a*B*AB)

ii. SMLH,,,SMLH,,, —
SMLH,SMLH 4,4, = 2"M;(a*B*AB —
2/B*a*BA)

Proof:

i. SM}[TI+I,SM‘7-[TL+] _SM}[HSM}[TL+L+]

= (2"a*A - p*B)(2"a* A
— ‘3*3) N
- " A - B*B)(2MHa* A
— ‘3*3)
= 2"a*B*AB(2! — 1)
+ 2" B a*BA(2E — 1)
= 2"M;(2'B*a*BA — a*B*AB)

ii.  SMLH,,SMLH,, — SMLH,SMLH,,+,
= (2"a* A+ B*B)(2"a* A
+ B*B)
_ (Z"a*cfl + B*B)(Z”“”a*cﬂ
+ B*B)
=2"a*B*AB(2" — 1)
— 2" B a*BA(2E — 1)
= 2"M;(a*B*AB — 2/ B*a*BA)
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Theorem. 6: Let m, n be any positive integers then

i. SMH,,_,SMH, +SMH,,SMH,,., =
2m+”_1ML2(a*)2(c/l)2 _
2"ML B*a*BA — 2™ IMLa* B*AB +
2B -
SMLH,,,_1SMLH,, + SMLH,,SMLH,, .., =
2m+n_1ML2(a*)2(dq,)2 +
2"ML B*a*BA + 2™ ML a* B*AB +
2(8)*(B)?
Proof:

i.  SMH,,_SMH, + SMH,,SMH,,

= Q2™ la*A - B*B)2"a* A
~B"B)
+ 2"a* A
— B*B)(2" 1 a* A
—B*B)
— 2m+n—1(a*)2(dq)2(22 + 1)
— 2"B*a*BA(2
+1)
—2m1g*B* AB(2
+1)
+2(8")*(B)?
— 2m+n_1ML2(a’*)2(c/l)2
—2"ML,f*a*BA
— 2™ ML,a*B*AB
+2(8)*(B)?

SMLH,,_SMLH,, + SMLH,,SMLH,
=" la* A+ B*B)2" a* A
+B"B)
+ (2"a* A
+ B*B) (2" a" A
+B"B)
— 2m+n—1(a*)2(dq)2(22 + 1)
— 2"B*a*BA(2
+1)
— 2m-1g*B* AB(2
+1)
+2(8")(B)?
— 2m+"_1ML2(a*)2(c/l)2
+2"ML,B*a*BA
+2m 1ML a*B*AB
+2(8)*(B)?

Theorem. 7: Letn,r,s be any positive integers
then

SM}[n+rSML%n+S - SMg-[n'FSSML}[n'FT
= 2M(M, — M,)[a*B*AB
+ B*a*BA|

Proof:
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SMH,, ., SMLH,,,s — SMH,,, SMLH,,
=" a*A — B*B)(2"Sa* A + B*B)
- (2"Sa* A
- B*B)2" ' a* A + *B)
— 22n+r+5(a*)2(dq)2 _ 2"+Sﬁ*a*BcA
+ 2™ q*B* AB
- (B")*(B)?
_ 22n+r+5(a,*)2(cﬂ)2
+(B)*(B)?
+ 2™ B*a*BA
— 2™ S* B* AB
= 2Ma*B*ABR2" — 25) + fra*BA(2"
—29)]
=2"a*B*AB + B a*BAJ(2T — 25 — 1
+1)
=2"(M, — Mg)[a"B*AB + f*a"BA]

Theorem. 8: (Catalan’s Identity) Let n = 0,r >0
be integers such that » < n then

SMT, ., SMH,_, — SMH,”
= 2" "M, [B*a*BA
—2"a*B* AB]
SMLH,,,SMLF,_, — SMLH,"
= 2"TM, [2Ta B AB
— B*a*BA]
where A = ¥3_,25¢,, B =Y3_, e,

Proof:

SMT,,, SMT,_, — SMH,"

= Q""" a*A - B*B)2" Ta* A — B*B)
—2"a*A

= 2" B* AB(1 — 27) — 2" T B* a*BA(1
— 27')

= 2" B BAM, — 2" B ABM,
= 27T M, [B*a*BA — 27 a* f*AB]
SMLT,,,SMLK,_, — SML¥,"
= @™ a* A + fB) 2T a A + *B)
— (2 a* A
+ B*B) (2" A + *B)

= —2"a"B*AB(1 — 27)
+ 2" TR BA(L — 27)

= 2"a*B*ABM, — 2" " B* a*BAM,
— Zn—T‘Mr[Zr'a*ﬁ*c/lB _ [)’*CZ*BJZ]
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Theorem. 9: (Cassini’s Identity) For any integer
n=0,

SMT,, SMH,_, — SMH,,"
= 2" 1[B*q*BA
— 2a"B*AB]

SMLF, ., SMLH,_, — SMLH,
=2"12a*B*AB
— B*a*BA]
Proof: By substituting r = 1 in Catalan’s identity,
these results are obtained.

Theorem. 10: (d’Ocagne’s Identity) Let m,n be
any positive integers then

SMH,,SMH;, 1 — SMH 111 SMH,,
=2Ma"B*AB
—2"B*a*BA
SMLH,, SMLH,, 1 — SMLF . SMLH,
=2"B*a"BA
—2Ma*B*AB
Proof:
SMH,,SMH;,.1 — SMH,, .1 SMH,,
=Q"a*A - pB*B)2" a* A — B*B)
_ (2m+1a*c/l
- B*B)2"a*A — B*B)
=2"B"a"BA(1 - 2)
—2™a*B*AB(1 — 2)
=2"a*"B*AB - 2"B"a*BA
SMLH,,SMLH,,,; — SMLH,,.1SMLH,,
= Q2Ma* A+ B*B) (2" a*A + f*B)
-Q™a*A
+ B*B)(2"a*A + *B)
=2"B*a"BA(2 - 1)
—2ma*B*AB(2 — 1)
= 2"B*a*BA — 2Ma*B* AB
Theorem. 11: The recurrence relation for nth split

Mersenne hybrid quaternions and split Mersenne-
Lucas hybrid quaternions are

SMH,, = 3SMH,,_, — 2SMH,,_,
and
SMLH, = 3SMLH,_, — 2SMLH,,_,

Proof:

3SMH,_, — 2SMH,,_,

=3(MH,_1e0 + MHpe; + MH, 165
+ MHy1263)
— 2(MH,,_,e,
+MH,,_1e1 + MH e,
+ MH,e3)

= (BMHp—1 — ZMFH,_3)e
+ BMH,, —2MH,_1)eq
+ BMH 1 — 2MH ) e,
+ BMH 4
— 2MHp1q)e3

= M}[neo + M.’]‘[n+181 + M}[n+262 +
M3 43e3

= SMH,,
Similarly, SMLF,, = 3SMLH,,_, — 2SMLT,,_,

Theorem. 12: Let SMH,, be the nth split Mersenne
hybrid quaternions then
i Xm_, SMH, = 2(SMH,_, — SMH,) +
m=1 SMHp,
. 3Ym=1SMHym_1 =
2(SMH, — SMH,,) + 3 Y-y SMF,
i, 3YH_ SMH,,, =
2(SMH{ — SMH5p44) +
3 Ym=1SMH 41
Proof:

i.  From the recurrence relation for the split
Mersenne hybrid quaternions,

SMF, = 3SMF, — 2SMTH,
SMH, = 3SMH, — 2SMH,
SMH, = 3SMH; — 2SMH,

SMT,_, = 3SMH,,_, — 2SMH,,_3
SMH,, = 3SMH,,_, — 2SMH,,_,

SMH, + SMFHy + - + SMH,,
= SMH, — 2SMHy + SMH, + -
+ SMH,,_, + 3SMTT,_,

n n-1
Z SMF,, = 2(SMH,_, — SMTH,) + Z SMH,,
m=2 m=1

ii.  From the recurrence relation for the split
Mersenne hybrid quaternions,

3SMH, = SMH, + 2SMH,
3SMH, = SMH, + 2SMH,
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3SMHs = SMH, + 2SMH,,

3SMH 5
= SMH,,,_,
+ 2SMH s
3SMHp_q
= SMTon
+ 2SMH 5

n
3 Z SMH 7,4
m=1 . - -
= 2SMH, + 3SMH, + 3SMH,
+ ce + 35M}[2n_2 + SM}[Zn

n
3 Z SMH 31
m=1
= 2(SMH, — SMH,,,)
n
+3 Z SMH,p,
m=1
iii. 3SMH,=SMH; + 2SMH,
3SMH, = SMH: + 2SMH,
3SMHy = SMH, + 2SMH

3SM‘7-[271—2 = SM}[Zn—l + 25M}[2n—3
3SM‘7-[271 = SM}CZH+1 + ZSM}[ZTL—l

n
3 Z SMF,,, = 2SMH, + 3SMH 5 + 3SMH
m=1

+ cce + 35M}[2TL—1 + SM}[ZTL‘Fl

n
3 Z SMH,,, = 2(SMH; — SMH41)

m=1

n
+3 Z SMHopm 1
m=1

Theorem. 13: Let SMLH, be the nth split
Mersenne-Lucas hybrid quaternions, then

i. n_,SMLH, =

2(SMLH,_y — SMLH,) + Yt SMLH,,
“ BZ?HZISML}[Zm—l =

2(SMLFy — SMLF,,,) +

3 Ym=1SMLHm

iii. 3YM_,SMLH,, =
2(SMLF, — SMLH,p44) +
3 Y m=1SMLH ym 41

Proof: The proof is obtained by using the definition
and recurrence relation of the split Mersenne-Lucas
hybrid quaternions.

Conclusions:

The present work focuses on split Mersenne
and Mersenne-Lucas hybrid quaternions. Further
results in this paper explicit that split Mersenne and
Mersenne-Lucas hybrid octonions.
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