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Abstract:

In this paper, Nordhaus-Gaddum type relations on open support independence number of some
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Introduction:

Graphs considered in this paper are finite,
undirected, and without loops or multiple edges™.
Let G = (V,E) be a graph with p vertices and q
edges. For each vertex v eV, the open
neighborhood? of v is the set N(v) containing all
the vertices u adjacent to v. In a graph G, an
independent set is a subset S of V(G) such that no
two vertices in S are adjacent. A maximum
independent set is an independent set® of maximum
size.

Recently the concept of open support of a
graph under addition was introduced by
Balamurugan et al. * and further studied in °. Open
support of a graph under multiplication was
introduced in °. Open support independence number
of a graph under addition and multiplication was
introduced in ‘. In this paper, Nordhaus-Gaddum
type relations on open support independence
number of some derived graphs of path related
graphs under addition and multiplication are
studied. The following definitions are necessary for
the present study.

Definition. 1: Let ¢ = (V,E) be a graph. A subset
S of V is called an independent set of G if no two
vertices in S are adjacent in G.

Definition. 2: An independent set ‘S’ is maximum
in G if G has no independent set S” with |S’| > |[S].
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Definition. 3: The number of vertices in a
maximum independent set of G is called the
independence number of G and is denoted by a(G).
Definition. 4: Let G = (V,E) be a graph. An open
support of a vertex v under addition is defined by
Yuen(v) deg u and is denoted by supp (v).
Definition. 5: Let G = (V,E) be a graph. Open
support of the graph G under addition is defined by
Yvev(e) Supp (v) and is denoted by supp (G).
Definition. 6: Let G = (V,E) be a graph. An open
support of a vertex v under multiplication is defined
by [Tuen ) deg u and is denoted by mult (v).
Definition. 7: Let G = (V,E) be a graph. Open
support of the graph G under multiplication is
defined by [Iyev(eymult (v) and is denoted by
mult (G).

Definition. 8: The line graph® L(G) of G is the
graph whose vertex set is E(G) in which two
vertices are adjacent if and only if they are adjacent
inG.

Definition. 9: The jump graph J(G) of G is the
graph whose vertex set is E(G) in which two
vertices are adjacent if and only if they are non-
adjacent in G.

Definition. 10: The paraline graph P L(G) is a line
graph of the subdivision graph of G.

Definition. 11: The complement of a graph G has V
as its vertex set and two vertices are adjacent in if
and only if they are not adjacent in G.
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Definition. 12: The subdivision graph? S(G) of a
graph G is obtained from G by inserting a new
vertex into every edge of G.

Definition. 13: The semi-total point graph T,(G) is
the graph whose vertex set is V (G) U E(G) where
two vertices are adjacent if and only if (i) they are
adjacent vertices of G or
(ii) one is a vertex of G and the other is an edge of
G incident with it.

Definition. 14: The semi-total line graph T;(G) is
the graph whose vertex setis V (G) U E(G) where
two vertices are adjacent if and only if (i) they are
adjacent edges of G or
(ii) one is a vertex of G and the other is an edge of
G incident with it.

Definition. 15: The quasi-total graph P(G) is the
graph with vertex set V(G) UE(G) where two
vertices are adjacent if and only if (i) they are non-
adjacent vertices of G or
(ii) they are adjacent edges of G or (iii) one is a
vertex of G and the other is an edge of G incident
with it.

Definition. 16: The quasi vertex-total graph Q(G) is
the graph with vertex set V(G) U E(G) where two
vertices are adjacent if and only if

(i) they are adjacent vertices of G or (ii) they are
non-adjacent vertices of G or
(iii) they are adjacent edges of G or (iv) one is a
vertex of G and the other is an edge of G incident
with it.

Definition. 17: The complementary prism® of a
graph G, denoted as GG, is obtained from the graph
G UG by adding a perfect matching between the
corresponding vertices of G and G.

Definition. 18: Let G = (V,E) be a graph. Let S
denote the maximum independent set of G. Open
support independence number of the set S under
addition, denoted by supp S*(G), is defined by
supp ST(G) = Y,essupp (v). Open  support
independence number of G under addition, denoted
by suppat(G), is defined by pat(G)=
max {Supp ST (6);i = 1}.

Definition. 19: Let G = (V,E) be a graph. Let S
denote the maximum independent set of G.

G Open support independence number of the set S
under multiplication, denoted by supp S*(G), is
defined by supp S*(G) = [Iyes mult (v). Open
support independence number of G under
multiplication, denoted by supp a*(G) is defined
by supp a*(G) = max {mult $;*(G);i > 1}.
Result. 1: Let G = P,, where n > 2 is a path on n
vertices. Then

372

2n—2if nisodd
2n—3if nis even
2" lif nis odd
22 if nis even

supp a*(G) = {

supp a*(G) = {

Main results:
Theorem. 1: Let L(B,) be the line graph of B,
where n=2. Then
supp a”* (P,) + supp a*[L(P,)] = 4n —
7, supp a*(P,) + supp a*[L(P,)] = 1 and
supp a*(B,) + supp a*[L(B,)] =
{ 5% 2" 3if nis odd
2" lif niseven,n # 2
Proof: Let L(B,) be the line graph of B, where n >
2.L(R) = P,_;.
Case (i): Suppose n is odd.
Then supp a*[L(P,)] =2(n—1) — 3
=2n-5
Hence supp a*(B,) + supp a*[L(B,)] =
2n—-2)+(2n—-5)=4n—-7
Now supp a*[L(P,)] = 2(#~D=2 = pn-3
Hence supp a*(P,) + supp a™[L(R)] =2""1 +
2n—3 =5x 2n—3
Case (ii): Suppose n is even.
Then supp a*[L(P,)] =2(n—1) — 2
=2n—4
Hence supp a®(B,) + supp a*[L(B,)] =
2n-3)+(2n—-4)=4n-7
Now supp a*[L(P,)] = 2(*~D-1
— 2n—2
Hence supp a*(B,) + supp a*[L(B,)] =22 +
2n—2 — 21’1—1.
Theorem. 2: Let [J(B,)] be the jump graph of B,
where > 2. Then

supp a*(P;) + suppa*[J(P;)] =

1, supp a™ (P;) + suppa*[J(P;)] = 4,

supp a* (B,) + suppa*[J(B)] =

{ 2n?2 —13n+28 ifnisodd,n # 3
2n?2 —13n+27 if niseven,n # 2’

supp a*(P;) + suppa™[J(P,)] =
1, supp a*(P3) + suppa™[J(P;)] = 4 and

supp a*(B,) + suppa™[J(B,)] =

{

Proof: Let J(B,) be the jump graph of B, where
n > 2. Let eq, ey, ..., e,_1 be the vertices of J(P,).
Then dege; =n—4,2<i<n-2and dege; =
dege,_, =n—3. Obviously the independence
number of J(B,) is 2. To get the maximum support,
the degree of those two vertices should be
maximum, but there are only two maximum-degree

(m—4)"9% (m—-3)2+2""1 ifnisodd,n+3
m—4)"""9%x (n—3)24+2"2 ifniseven,n # 2’
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vertices that are adjacent. Hence S; = {e;,e,} and
S, ={en—5,e,—1} are such maximum independent
sets. Consider the set S;. The proof is similar to the
set S,.

supp (e;) = degv

vEN(e;)

=dege;+dege, +..+dege, 4

=n-4)+(m-4H+--+n-4)
+(n—3)

=(Mn—-4)?*+Mn-3)

=n?—-7n+13

supp (ez) = degv
vEN(ey)
=degey +deges +..+dege, 4
=n-5n"-4)+mn-3)
=n?—-8n+17
Therefore suppa*[J(P,)] = 2n* — 15n + 30
Hence supp a* (B,) + suppat[J(B,)] =
{ 2n? —13n+28 if nisodd,n # 3
2n?2 —13n+27 if niseven,n # 2’
Now supp a*(P,) + suppa®[J(P,)] =
1 and supp a®(P3) + suppat[J(P;)] = 4
Now supp @ [J(B)] = Tyes, mult(u)
= mult(e,) X mult(ey)
=m-4H"NVXxn-3)xn-4)"Dx(n
-3)
=(n—4)""%x (n—3)?
Hence

supp a*(B,) + suppa™[J ()] =

{

Now supp a*(P,) + suppa*[J(P,)] =
1, supp a*(P3) + suppa™[J(P;)] = 4.

Theorem. 3: Let S(B,) be the subdivision graph of
P,, where n > 2. Then
supp a*(P,) + supp a*[S(B)] =

bn—6 if nisodd
{6n—7 if niseven
supp a*(B,) + supp a*[S(P,)] =
{ 21 42272 ifn s odd

22 4222 fnis even
Proof: Let S(B,) be the subdivision graph of B,
where n>2. S(B,) = P,,_;. The subdivision
graph of a path is a path of odd length. Let
V1,Vg, o , Up, Ug, Uy, ... ,Un_q DE the vertices of
S(B,).
Hence supp a*[S(B,)] = 4n — 4.

Therefore supp a* (B,) + supp a*[S(B,)] =
{6n—6 if nis odd
6n—7 if niseven

Now supp a*[S(B,)] = 2272

(m—4)>"9%x (n—-3)2+2"1 ifnisodd,n+3
(n—4)"""9x (n—3)2+2"2 ifniseven,n # 2’
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Hence
{ 2n—1 + 22n—2

2n—2 + 22n—2
Theorem. 4: Let PL(B,) be the paraline graph of
P, where > 2. Then
supp a” (B,) + supp a* [PL(P,)] =
6n—9 ifnisodd

supp a*(P,) + suppa[S(B)] =
if nisodd
if niseven

{ 6n—10 if niseven and

supp a*(P) + suppa™ [PL(F,)]
(2" 422" ifnisodd
B { 5%x2"2% ifniseven

Proof: Let PL(P,)be the paraline graph of B,
where n > 2.
PL(P,) = P,,_, A paraline graph of a path is a
path of even length. Let e, ey, ... ,e5,-, be the
vertices of PL(P,).
Hence supp a*[PL(B,)] = 4n—7.
Therefore supp a*(B,) + supp a*[PL(R,)] =
6n—9 ifnisodd
6n—10 if niseven
Now supp a*[PL(P,)] = 2(3n—2)=2 = p2n—4
Therefore supp a*(B,) + supp a*[PL(R,)] =
21 4 224 ifnisodd

5x2"2% ifniseven

Theorem. 5: Let B, be the complement graph of P,
where n > 2. Then
supp a*(P,) + supp a* (P, ) = 1, supp a*(P;) +
supp a*(P,) =1,
supp a*(P,) + supp a*(B,) =
{ 2n? —9n+15 if nisodd
2n2—9n+14 ifnisevenn # 2
supp a*(P,) + supp a*(P, ) =
(n—3)"""7"(n—-2)? + 2™ ifnisodd
m—3)"""(m—-2)24+2""?% ifniseven,n+ 2
Proof: Let P, be the complement graph of P, where
nz=2.
Py =] (Ppt1)- _
Let vy, vy, ..., v, be the vertices of P,.
Hence suppa*(P,)=2(n+1)2—-15(n+1) +
30
=2n?>—-11n+17
Therefore supp a*(B,) + supp at(P,) =
{2n2—9n+15 if nisodd
2n? —9n+ 14 if nis even
Also supp at(P,) + suppat(P,) =1

and

Now supp a*[P,] = (n + 1 — 4)2(+1D=9 x
(n+1—3)2

=(n-3)""7"(n-2)>?

Therefore supp a*(BP,) + supp a*(B,) =

(mn—3)"""7"(m—-2)2 +2™1 ifnisodd
(m—3)""7"(m—-2)2+2""2% ifniseven

{
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Also supp a*(P,) + supp a*(P,) = 1.

Theorem. 6: Let T,(B,) be the semi-total point
graph of P, where n > 3. Then supp a*(B,) +

10n — 14 if nisodd
supp a* [Ty (FR)] = { 10n — 15 ij}:n is even
and

supp a*(B,) + supp a*[T,(P,)] =
{ 64 x 16" 3+ 21 ifnisodd

64 X 16" 3 +2""2  if niseven

Proof: Let vy,v,,..,1v, be the vertices and
e; =Vv;iViy1 , 1<i<n-—1 be the edges of the
path B,. In T,(B,), v; is adjacent with

Vi1, Vi+1,€i—1,6; for 2 <i <n -3, v, is adjacent
with v,,e; and v, is adjacent with v,,_4,e,_1. €;
is adjacent with v;,v;,;, 1<i<n-1. Then
degvi=4,2<i<n-—1,degv, =degv, =2

and dege;=2,1<i<n-1. S =
{er,en, ., en_1}, Sy ={vy,e5,€3, ..., ep_1} and
Ss ={vy,e5,€3,...,eq0_,v,} are the three

maximum independent sets. Consider the set S;.
The proof is similar for the sets S, and S5.

supp(e1) = degv
VEN(eq)
=degv,+degv, =2+4=6
Similarly supp(en—1) = Xven(e,_,) degv =6

supp(ez) = degv
VEN(ez)
=degv, +degv;=4+4=8
Similarly
supp(es) = supp(e,y) = -+ = supp(ep_;) = 8
Hence supp 0(+[T2 (Pn)] = ZvEsl supp (v)
=6+ (n—3)8+6.
=8n—12
Therefore supp a*(B,) + supp at[T,(B,)] =
10n—14 if nisodd
{ 10n—15 if niseven

Now supp a*[T,(P,)] = Huesl mult(u) =
mult(e;) X mult(ey) X ... X mult(e,_1)

=8x%x 163 x 8 =064x16""3
Therefore p a*(B,) + supp a*[T,(B,)] =

64 x 16" 3 + 2" 1 ifnisodd
{64 X163 +2""2 ifniseven
Theorem. 7: Let T, (P,) be a semi-total line graph
of P, where nz=2. Then
p a*(B,) + supp a* [T (P,)] =

10n—14 if nisodd
{1071— 15 ifniseven '’

supp a*(P,) + supp a*[T,(P,)] = 5 and

supp a*(P,) + supp a™ [T, (B)] =
{ 21 41296 X 16" if nis odd

22 4+ 1296 x 16" *  if nisevenandn # 2
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Proof: Let v,,v,,..,v, be the vertices and
e; =viViy1 , 1<i<n-—1 be the edges of the
path B,. In T;(P,), v; is adjacent with e;_; e; for
2<i<n-—1, v, is adjacent with e; and v, is
adjacent with e,_;. e; is adjacent with
Vi, Vit1,€i—1, €41, 2 <1i<n-—2, e, is adjacent
with v,,v,ande, and e,_; is adjacent with
Vp_1,Vpande,_,. Thendegv; =2, 2<i<n-—
1,deg v, =degv, =1,dege; =dege,_1 =3

anddege; =4, 2<i<n—2.5={v,vy .., 0}
is the unigue maximum independent set.
supp(vy) = degv
VEN (vy)
=dege, =3
Similarly supp(v,) = 3
supp(v;) = deg v
VEN(v3)
=dege,+dege,=3+4=7
Similarly supp(v,_1) =7
supp(v3) = degv
VEN(v3)
=dege, +dege; =4+4 =8
Similarly
supp(vy) = supp(vs) = - = supp(vp_) = 8

Hence supp a*[T1(B,)] = Yyes supp (v)
=3+7+(n—4)8+7+3=8n—-12

Therefore supp a*(B,) + supp a* [T, (P,)] =
{ 10n—14 if nisodd
10n —15 if niseven

Now when n > 3,

supp @[Ty (B)] = | [ mutequ)

UesS

= mult(v,) X mult(v,) X ... X mult(vy,)
=3X12x16"*x12x3=1296 x 16"*
Therefore supp a*(B,) + supp a*[T,(B,)] =
{ 21 4+ 1296 X 16™™* if nis odd
272+ 1296 X 16™*  if niseven’
whenn = 2, supp a*[T,(B,)] = 4.
Hence supp a*(P,) + supp a*[T;(P,)] = 5.

Theorem. 8: Let P(B,) be a quasi-total graph of B,
where n > 2. Then
supp a*(P,) + supp a*[P(P,)] =5,
supp a™*(P3) + supp a*[P(P5)] = 16,
supp a™ (P,) + supp a*[P(F,)]
3n?2—-5n+3 ifnisoddn*3
{?,n2 —4n+2 ifniseven,n# 2
supp a*(P,) + supp a*[P(P,)] =5,
supp a*(P;) + supp a*[P(P;)] = 76 and
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supp a*(P,) + supp a*[P(P,)] =

21+ 432(n— 1)384"5 f nis odd,n # 3

272 4+ 144(n — 1)3"774"% f nis even,n #
Proof: Let vy,v,,..,v, be the vertices and
e; =Vv;iViy1 , 1<i<n-—1 be the edges of the
path B,. In P(B,), v; is non-adjacent with
vi,and vy, for 2<i<n-1, vy is non-
adjacent with v, and v,, is non-adjacent with v,,_,.
e; is adjacent with v;,v;,,,e;_; ande;,, for
2<i<n-—2, e, is adjacent with v;,v,ande,
and e,_, is adjacent with v,,_,,v, and e,_,. Then
degvi=n—1, 1<i<ndege, =
dege,_1=3anddege; =4for 2<i<n-—2.

Case (i): Let n be odd. The independence number

of P(B,) is nT“ Let n > 5.To get the maximum

support consider the end vertices vy, v, Of v,,_q1, Uy,
with the vertices lying between e; and e,,_;. Hence
S1 ={vi,vz,e3,€c, ..., €, €2} and S, =
{1, vn €2,€4, .., €n_5,6n_3} are the two
maximum independent sets with maximum support.
Consider the set S;. The proof is similar to the other
set.

supp(v,) = degv
VEN (vy1)
=deg v; +deg vy, + -+ +deg v,
+deg e,
=n-2)(n-1)+3=n?2-3n+5
supp(vy) = degv
VEN(vy)
=deg v, + deg vs + -+ deg v,
+deg e, +deg e,
=mn-3)(n—-1)+3+4
=n?—4n+10
supp(es) = degv
VEN((e3)
=deg v3 +deg v, +deg e, + deg e,
=n-1)+n-1)+4+4=2n+6
Similarly
supp(es) = supp(e;) = -+ = supp(en—4)
=2n+6
supp(e,—z) = degv
VEN(en—2)

=dege,_3+dege, +degv, ,+degv,_1
=44+3+(n—-1)+n-1)=2n+5
Hence supp a*[P(Py)] = Zves, supp (v)
=3n2—-7n+5
Therefore supp a™(B,) + supp a*[P(B,)]
=2n—2+3n2—7n+5
=3n?2-5n+3
Now supp a*[P(P;)] = 12
Hence supp a* (P;) + supp a*[P(P;)] = 16
Similarly supp a*[P(B,)] = [lyes, mult(u)

2

375

= mult(v,) X mult(v,) X mult(es) X mult(es)
X ... Xmult(e,_,) X mult(e,_3)
=3(n-1D"?2x12(n—-1D"3[16(n —

n->5
1)2](7) x 12(n — 1)?
= 432(n — 1)377841-5
Therefore supp a*(B,) + supp a*[P(B,)]
21 4 432(n — 1)3n84075,
Now supp a*[P(P;)] = 72
Hence supp a*(P;) + supp a*[P(P;)] = 76
Case (ii): Let nbe even and n > 4. Let S5
{vi,v3,e3,€5, ..., €n_3,€n_1} and Sy =
{Vn_1, v, €1,€3, ..., €n s, €n_3} are two maximum
independent sets. Consider the set S;. The proof is
similar to the other set. From case (i)
supp(v;) =n?—-3n+5
supp(v,) =n? —4n + 10
supp(e;) =2n+ 6 and supp(es) = supp(e;) =
= supp(ep—3) =2n+6

supp(ep-1) = degv
VEN(en—1)
=deg e,_, +deg v,_1 +deg v,
=4+(n-1D)+(nn—-1)=2n+2
Hence

supp a*[P(P,)] = Z supp (v)
VES3
=3n2—-6n+5
Therefore supp a* (B,) + supp a*[P(B,)] = 2n —
3+3n2-6n+5
=3n?2—4n+2
Now supp at[P(P,)] = 4
Hence supp at(P,) + supp a*[P(P,)] =5
Now supp aX[P(Pn)] = HuES3 mult(u)
= mult(v,) X mult(v,) X mult(es) X mult(es)
X ... X mult(e,_3) X mult(e,—q1)
=3n-1D"?x12(n—- 1" 3[16(n —
n—4
12105 x 4(n — 1)?2
= 144(n — 1)3n74n~4
Therefore supp a*(B,) + supp a*[P(B,)] =
272 + 144(n — 1)3n7 74074
Now supp a*[P(P,)] = 4
Hence supp a*(P,) + supp a*[P(P,)] =5.

Theorem. 9: Let Q(B,) be a quasi-vertex-total

graph of B, where n > 2. Then

supp a* (P,) + supp a*[Q(P2)] = 3,

supp a” (B,) + supp a” [Q(P,)] =

{ 2n?+6n—12 ifnisodd
2n2+5n—14 ifniseven,n+ 2’

supp a*(P,) + supp a*[Q(P,)] = 2, and

supp a™(B,) + supp a*[Q(P,)] =
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21 4+ 14402 (n+ D?*4"Sif nis odd
22 4+ 432n(n + 1)244"C  f niseven,n # 2

|

Proof: Let vy,v,,..,v, be the vertices and

e; =Vv;iViy1 , 1<i<n-—1 be the edges of the
path P,. In Q(B,), any two v;’s are adjacent to each
other for 1<i<n. g is adjacent with

Vi, Viz, €1 and e, for 2<i<n-—2, e is
adjacent with v,,v, ande, and e,_; is adjacent
with v,_;,v,ande,_,. Thendegv;, =n+1, 2 <
i<n-—1degv, =degv, =n, deg e;
4for2<i<n-—2anddege; =dege,_; =3.
Case (i): Let n be odd. The independence number
of Q(B) is XX There are Snea maximum

2
independent sets with maximum support. Consider
the set S; ={vy, e, €466 ....,60-3,6n_1}. The

proof is similar to the other sets.
supp(vy) = deg v
VEN (v4)
=deg v, +deg vz + -+ deg v,_q
+deg v, + deg e;
=mn-2)n+1)+n+3=n%+1
supp(ez) = deg v
VEN((ey)
=deg v, +deg v3 +deg e; + deg e3
=n+1D+MnM+1)+34+4=2n+9
supp(ey) = deg v
VEN (e4)
=deg v, +deg vs +deg e; + deg eg
=n+1D)+Mnn+1)+4+4=2n+10
Similarly
supp(eg) = supp(eg) = -+ = supp(en—3)
=2n+10
supp(ep-1) = degv
VEN(en-1)

deg e, _, +degv,_+degv,
=4+(n+1)+n=2n+5

Hence supp a*[Q(P,)] = Xyes, supp (v)
n—>5
=n2+1+2n+9+(2n+10)<—2 )+2n+5

=2n?+4n-10

Therefore supp at(B,) + supp a*[Q(B)] =

2n? + 6n—12

Now supp aX[Q(Pn)] = Hu651 mult(u)

= mult(vy) X mult(e,) X mult(e,) X ...
X mult(e,_3 X mult(e,_1)

= 3n(n+ 1)"2 x 12(n + D)2[16(n + 1)?] D)
X4nn+1)

= 144n?(n + 1)27 4475

Therefore supp a*(B,) + supp a*[Q(B,)] =

271 4 144n2%(n + 1)27 4475,
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Case (ii): Let nbe even. The independence
number of Q(B,) is % To get the maximum support

to choose the end vertices v, or v, with
€y, €4, ..., €n_o, Otherwise, choose any v;'s between
v, and v, with e;’s which are non-adjacent between
e; and e, with e, or e, since v;'s have maximum
support than e;'s. Consider the set S, =
{vi,e5,e4, ..., €n_4,en_2}. The proof is similar to
the other sets. From case (i),
supp(vy) =n? +1
supp(e,) =2n+9
supp(e,) = supp(eg) = - = supp(en_4)
=2n+10
And supp(e,_,) =2n+9
Hence supp a™[Q(P)] = Yves, supp (v)
= (n2+1)+(2n+9)+(2n+10)("7_6)+
(2n+9)
=2n’+3n-11
Therefore supp a*(B,) + supp a*[Q(B,)] = 2n —
3+2n%+3n—11
=2n%+5n—14
Now when = 2, supp a*[Q(B,)] = 2
Hence supp a*(P,) + supp a™[Q(P,)] = 3.
Also a*[Q(R)] = HuESZ mult(u)
= mult(v,) X mult(e,) X mult(e,) X ...
X mult(e,_,) X mult(e,_,)
n—6
= 3n(n + D" 2 x 12(n + D2[16(n + D22 )
x 12(n + 1)2
= 432n(n + 1)2n~*44n-6
Therefore supp a*(B,) + supp a*[Q(B,)] =
272 + 432n(n + 1)?"- 44776,
Now when = 2 , supp a*[Q(B,)] = 2
Hence supp a*(P,) + supp a*[Q(P,)] = 2.

Theorem. 10: Let P, P, be a complementary prism
of P,, wheren > 2. Then

supp a*(P,) + supp a* (P, P,) =

6, supp at(P;) + suppat(P; P;) =

16, supp a*(P,) + supp a* (P, P,) = 29,

supp a*(P,) + supp a* (P, B,) =

;nz—%n+11 if nisodd,n # 3
§n2—6n+14 ifnisevenn#2and n + 4

supp a*(P;) + supp (P, P;) =5,
supp a*(P3) + supp a*(P; P;) = 76,
supp a*(P,) + supp a*( P, P,) = 6565 and
supp a*(F,) + supp a* (B, B,) =
214 (n— 2)¥ x2x3"Ix (n—1%ifnisodd,n #3
22 4 (n— Z)E—)z_n_11 x3"x(m—1)° if niseven,n+2and n+ 4
Proof: Let v, v,, ..., v, be the vertices of the path
B, and v, ,7,, ..., U, be the vertices in the copy of
B,. In P, P,, 7; is non-adjacent with ;_, and 7, ,
for 2 <i<n-1, v is non-adjacent with v, and
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v, is non-adjacent with 7,_; . v; is adjacent with
Vi_1,V;4q and v;  for 2<i<n-—1, v, is
adjacent with v; and v, similarly v, is adjacent
with », andv,,_;. Thendegv; =n—2, 2<i <
n—1,deg v, =degv, =n-—1, deg v; = 3,
2<i<n-—1landdeg v, =degv, = 2.

Case (i): Suppose nis odd and n = 5. In this case
the end vertices namely #; and 7, have the
maximum support when compared with other v;'s
for 2<i<n-—1. So choose either v,,v,o0r
vertices  with V3, Vs, ..., Up or
vy, V3, ..., Un_o t0 get the maximum support. Hence
S1=1{V1,05,v3,Vs, .., U} and S, =
{Vp_1,Vn,Vq1,V3,...,0n_ot are the only two
maximum independent sets of P, P,. Consider the
set §;. The proof is similar to the other set.

17n—1 ’ ﬁn

supp(v,) = degv
VEN (V1)
=deg v; +deg vy + -+ deg v,
+deg vy
=m-2)+(n—-2)+-+Mn-2)
+(n—-1)+2
=nm-2)(n-3)+(n—-1)+2
=n?—4n+7
supp(v,) = degv
VEN (V)
=deg v, +deg V5 +deg vy +
+deg v,_4 +deg v, +deg v,
=n-2)+(n-2)+-+Mn-2)
+(n—1)+3
=nm-4)(n-2)+(n-1)+3
=n?2-5n+10
supp(vz) = degv
VEN (v3)
=deg v, +deg v, + deg V3
=3+3+(n—-2)=n+4
Similarly
supp(vs) = supp(vy) = - = supp(vyp_;)
=n+4
supp(vy,) = deg v
VEN (vy,)
=deg v,_1 +deg v,
=3+(n—-1)=n+2
Hence supp a® (B, B,) = Ypes, supp (v) = ;nz -
Zn+13
Therefore supp a*(B,) + supp at (P, B,) =
En - —n + 11

NOW When n=3suppa* (P, B,) =12

Hence supp a* (P;) + supp a*(P; P;) = 16

Now supp a* (B, B,) = [Tyes, mult(u)

= mult(v; ) X mult(v, ) X mult(vs) X mult(vs)
X ... X mult(vy,)
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= (n—2)"3 x 2(n — 1)(n — 2)"* x
30— Do — 2)]0T) x 3(n—1)

5n-17
=(n-2) z x2x3"1xm-1)>3
Therefore supp a*(P,) + supp a* (B, B,) =
5n—17
214+ (n—2)"z x2x3"1x(n-1)>3

Now when n = 3 supp a* (B, P,) = 72

Hence supp a*(P;) + supp a*(P; P;) = 76.

Case (ii): Let nbe even and n=>6.5;=
{U,,U3,V1,V4, Vg, o) Up } and
Sy ={Vn_2,Vn_1,Vp, V1, V3, ..., Vy_3} are the only
two maximum independent sets of P, P,. Consider
the set S5. The proof is similar to the other set.

supp(v,) = degv
VEN (V)
=deg v, +deg Vs + -+ deg v,
+deg v,
=n-2)+(n—-2)+--+Mn-2)
+(n—1)+3
=n-4)n-2)+(n-1)+3
=n?-5n+10

supp(v3) = degv
VEN(v3)
=deg v, +deg vs +deg vg +
+deg v, +deg v;
=n-D+nM-2)+(n-2)+-
+(n—-2)+(n—-1)+3
=n?—-5n+11

supp(vy) = degv
VEN (vy)
=deg v, + deg v,
supp(v,) = deg v
VEN (V)
=deg v; +deg vs + deg v,
=3+3+n—-2=n+4
Similarly supp(ve) = supp(vg) = -
supp(Vp-z) =n+4
supp(vy) = degv
VEN(vy)
=deg v,_1 +deg v,
=3+(n—-1)=n+2
Hence supp a® (B, B,) = Yves, Supp (v)
=2n? —8n +17

Therefore supp at(B,) + supp a® (B, B,) =
gnz —6n+ 14

Now when =2 suppa*(B,B,)=5 Hence
supp at(P,) + supp a*(P,P,) =6

when =4 suppat(P, Pn) =24.  Hence
supp a*(P,) + supp at (P, P,) = 29
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Also supp a* (P, B,) = [lyes, mult(u)
= mult(v, ) X mult(v; ) X mult(vy) X mult(v,)
X mult(vg) X ... X mult(vy,)

=m-2)"*%x3n—-1Dn—-2)"%x%x3(n-1)>?

n—4
3 —Dm—-2)]07) x3m—-1)
5n
=(m-2)z "x3"x(n-1)>5
Therefore supp a*(P,) + supp a*(P, B,) =
5n

2" 24 (n—-2)z M x3"x (n—1)°

Now when =2 suppa*(P,P,) =4 Hence

supp a*(P;) + supp a*(P, P;) =5

when =4 supp a*(B,B,) = 6561.

supp a*(P,) + supp a™ (P, P,) = 6565.

Hence

Conclusion:

In this paper, Nordhaus-Gaddum type
relations on the open support independence number
of some path related graphs under addition and
multiplication are studied.
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