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Abstract

This paper is devoted to investigating the Hopf bifurcation of a three-dimensional quadratic jerk system.
The stability of the singular points, the appearance of the Hopf bifurcation and the limit cycles of the
system are studied. Additionally, the Liapunov quantities technique is used to study the cyclicity of the
system and find how many limit cycles can be bifurcated from the Hopf points. Due to the computational
load required for computing Liapunov quantities, some parameters are fixed. Currently, the analysis
shows that three limit cycles can be bifurcated from the Hopf points. The results presented in this study

are verified using MAPLE program.

Keywords: Hopf bifurcation, Jerk system, Limit cycle, Liapunov quantities, Stability.

Introduction

Consider the following differential systems
X=Ax+F(X, 1 1

where X € R3 and u € R3 represent the phase
variables and the parameters, respectively, and F is
an analytic function. Let's assume that the system
above has an isolated singular point at the origin and
the Jacobian matrix of the system (Eq 1) at that point
has a simple pair of pure imaginary eigenvalues.
When the third eigenvalue has a non-zero real part,
the origin is called the Hopf point. However, it is
called a Zero Hopf point when the third eigenvalue
IS zero.
In classical mechanics, a jerk equation is a
differential equation of the form

X=f(xx,%) 2
where x , x , X and X represent the displacement,

velocity, acceleration, and jerk, respectively. It is
appropriate to express Eq 2 in system notation by
introducing two additional phase variables as
y=x and z=y= X 3

Therefore, the status variables x,y,z provide a
mechanical meaning of displacement, velocity, and
acceleration, respectively®. Therefore, Eq 2 can be
transformed into the following jerk system

x =y,
y =z
z=f(xy2).

Many chaotic jerk systems can be found with
various forms of f(x,y, z).
Let us consider the general quadratic jerk system
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X =y
y =z

4

Z=apt+a x+ta,y+tazz+a,x®+agxy+agxz+a;y?+agyz+ aqz?

whereq; fori = 0,---,9 are real parameters. Molaie
et al.2 found twenty-three simple chaotic flows of Eq.
4 and they showed that a single stable singular point
exists when a, = 0. Wei et al. ® showed that Eq. 4
when A= a? — 4as,a, = 0; a, # 0 does not
have classical Hopf bifurcation and has found
coexisting attractors with a single non-hyperbolic
singular point. However, they proved that an
unstable periodic orbit can be bifurcated from the
zero-Hopf singular point. It was proved that the
solution and its derivatives are bounded for the
special case when a, = as = ag = 0 * . Sang
and Huang ° studied some types of bifurcations for
Eqg. 4 such as transcritical, and saddle-note, and also
showed that at most two periodic solutions bifurcate
from a zero-Hopf singular point °. Some examples of
zero-Hopf bifurcation analysis can be found in%2°,
Salih et al.!* studied bifurcated periodic orbits from
the centre for the general quadratic jerk system (Eq
4) when a, = 0. The inverse Jacobi multiplier was
used to obtain sufficient conditions for the existence
of a centre. They showed that three limit cycles can
be bifurcated from the origin under two sets of
conditions and four limit cycles can bifurcate under
the other sets of conditions.

Sang*? presented a chaotic jerk system for the
Genesio-Tesi system and they carried out a
substantial simplification for the classical Hopf
bifurcation formula. The results of that it can be
extended to multi-dimensional quadratic systems.
The dynamics of the system are investigated by using
bifurcation diagrams, Liapunov exponents, and
Poincare maps. They exhibited that the system can
generate chaos using a Hopf bifurcation and period
doubling cascade as the control parameter change.
Liu et al.® investigated the general quadratic jerk
system when ay = a, = ag = a; = ag = 0.
In their work, the chaotic attractors were studied by
using Hopf bifurcation analysis, bifurcation
diagrams, Liapunov exponents, and cross sections.
They found self-exited and hidden chaotic attractors
by using Hopf bifurcation and period-doubling
cascades. The authors in 14 investigated an ecological
model that includes the Allee effect and intra-

specific predator competition. They studied
the equilibrium points and their stability with the
help of the prey and predator nullcline. In their work,
they established the conditions for encouraging Hopf
bifurcation around the equilibrium  points.
Furthermore, they studied the nature of Hopf
bifurcation around the equilibrium point. Finally,
they performed a thorough numerical simulation to
confirm their analytical results.

This paper is organized as follows: Firstly,
the singular points of the system described in Eq 4
are identified, and their stability is also studied.
Then, conditions for the occurrence of Hopf
bifurcations are examined. Additionally, to
investigate the cyclicity of the system, the Liapunov
quantities technique is applied to obtain the number
of limit cycles that can be bifurcated from the Hopf
points. A numerical example is used to confirm the
analytical results. Finally, the conclusions are
presented at the end of the paper.

Singular Points with Their Stability

In this section, the singular points with their
stability are studied.

Proposition 1: Consider the three-dimensional
quadratic Jerk system described in Eq 4.

Let A= a?—4a,a,.

1. If A< 0, then the system has no any
singular point.

2. When A > 0 and

(@) a4 # 0, then the system has two
single singular points, E; =
(—ai\/Z 0 0)

2 Ay
(b) a4, = 0 (inthiscase a; # 0), then
the system has a single singular point
(- 22,0, 0).
1

3. WhenA= 0and
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(@) ag # 0, then the system has a single
singular point.

(b) a4 = 0 (in this case a; = 0), provided
that a, # 0, then the system has no any
singular point.

(¢) a, = 0 (inthiscasea, = 0)anday, = 0,
then the system has a line of singularity which
is located on the x- axis.

Proof: In order to find the singular points of Eq 4,
the right-hand sides of these equations are set to
zZeros:

y =0,

z =0,
ap + a,x + a,y + azy + a, x*> + asxy +
agxz + a; y*> + agyz + agz?> = 0. 5

By substituting the values of y = 0,z = 0 into
Eq.5, it becomes

asx®> + a;x + ag =

—at VA
ay

4a, a, . Let's assume that the real root x = x, of
Eq. 6 is the singular point (x, , 0, 0) of the system,
which is located on x — axis.

0, 6

,Where A = a? —

Its roots are x =

1. When A < 0, Eq 6 has no any real root. Thus,
the system does not have any real roots, this
indicates that the system has no any singular point.

2.a) When A > 0 and a, # 0, the system will
have two singular points at (x =

_ai\ﬁ,y= 0,z = 0).

2a,

(b) If A>0,a, =0anda, # 0, the system will

have a single singular point at (x = —? ,
1
y =0, z=0),a1¢0.
3. WhenA= 0
a) Ifa, # 0, the system will have a single
singular point (x = —:71,3/ =0,z=0).
4

b) Ifa,= a; = 0anday, # 0, the system
has no any singular point.

c) Ifa,= a; = ay = 0, the system will
have a line of singularity at (x = x,y = 0,
z = 0). [

The stability of singular points of Eq 4 are
determined by the following proposition.

Proposition 2: For the quadratic Jerk system
described in Eq 4 with A = a? — 4a, a, .

1. If A> 0anda, # 0, then the singular point

E, is always unstable and E_ is
asymptotically stable if and only if the
following conditions hold
—VA ag—-aga,+2az a, < 0and

2ay

(—VA ag—aga; +2azay) (—Vb as -
asa; +2aza, ) > 4aiVh.

2. If A> 0and a, = 0, then the singular point
(— %,O. 0). a, # 0 is unstable when a; > 0
1

and it is asymptotically stable if and only if a; <
0,a,a; > agag and (ayas —a, aq) (ag ag —
asa; ) > —aj .

2
3. If A=0 (aoszl) and a, # 0,then the
4

singular point (—;71 ,0,0) is non-hyperbolic and
4

is unstable if one of the following conditions is
satisfied:

L (ay,> 3%y or(a, < =2 and
2a, 4
as > ;Zjl ).
. a,< 31 and gy < -84,
20, a,
Proof: The Jacobian matrix of the
system at (x*,0,0) is given by
J(&x*) =
0 1 0
0 0 1 ,
2a,x"+a; asx"+a, agx"+az
and its characteristic equation is
AB—(agx*+az)1? —(asx*+ay) 1 —
(2a4x"4+a;)=0, 7
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1.  Whenx* = # , the characteristic
4
Eq7is
13 _ i\/Z a6—a6a1+2a3 Ay 2_2 _
2a4_
i\/z a5—£zlza1+2a2 Ay A _ ( i\/Z) — 0’ 8
4

At E ., the determinant of the Jacobian matrix is

VA > 0, then at least one of the eigenvalues is
positive. Then, the singular point E, is unstable.

AtE_, fromEq8, T = VA G6-d601 420504 p

2(14
- A as—asa;+2a, a,

= and D = —/A. By the Routh

-Hurwitz stability criterion, the singular point E_
asymptotically stable if and only if

-va as—a26:1+2a3 %  ~0and ( —VA ag -
4

aga, + 2as ay )(—\/Z as —asa; +
2a, a4 ) > 4a3 VA,

2. Whena, = 0andx" = —>2, the
1

characteristic Eq 7 is

AgQp — A30aq asAg — Az0aq

A%+
a; a;

/13+ A_a]_:O.

X=Yy1+tY, +Y¥3,

From Eq 9 the determinant of the Jacobian matrix is
a;. When a; > 0, then at least one of the
eigenvalues is positive. Therefore, the singular

point (—‘;—0 ,0,0) is unstable. However, by the
1

Routh-Hurwitz stability criterion, the singular point

is asymptotically stable if and only if a; < 0,

a;a; > apgag and  (apas — aya;)(agag —
aza;) > —as.
a% * a
3. When ag =— andx* = —— ,a4 # 0, the
4a, 20,4

characteristic Eq 7 can be written in the form:
1 (/12 _2a304—0¢ 04 1+ asaq— 2a, a4) —0. 10

2a, 2a,
From Eq 10,
L If(ap> =22 or (a;< =2 and a3 >
Asaq N

» ), then at least one of the roots is positive or
4

has a positive real part. Thus, the singular point is
unstable.
1. 1. Ifay < and a; < -4
Ay 2a,

non-zero roots are negative or have negative real
parts. Therefore, the complete stability of the
singular point depends on the behavior of the
dynamics on the center manifold.

asaq

, then the two

By scaling x — x — 2“71 and the following
4

transformation,

—aq1a¢ + 2a3a4 + /A 4486 — 2aza, + A
Y2 4a, Y

Ay — (ajag — 2a3a4)/A; + 4a,a,a5 — 8a,a?

3

N Ay + (ayag — 2a3a4)\/A, + 4a,a,a5 — 8ayaj

zZ =

(

| y=

{ 4a,
l 8a3

where A= a?a? — 4 a;azasaq + 4a3 a2 —

8 a,a, as + 16 a,a2, Eq 4 is transformed to the
following canonical form

dy; _

- = 0(2),

dy, _ —a1ag+2a3a,+ /Ay

prai e, y2 +0(2), 11
% _ —a1a6+2a3a4—\/A—1

Qo 2a, y3 + 0(2)

2 2
8aj

The one-dimensional local center manifold of that
system near the origin can be expressed as the
following set:

W ={(y1,y2y3) € R®: y, = hy(y1),y3 =
h;(y1), ly1l < 1, withhy(0) = Dhy(0) =
h,(0) = Dh,(0) = 0}. Then hy(y;) =
a, v +0(3) and hy(y,) = a, y? + 0(3) where
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4a (agai-2az as+./A; )

a4 =

1 ((—agas+2az ay) JA; +(4a3+16a;)aZ—4a,(azas+2as)as+a?a2 )(asa;—2aza, )’
a 4a} (asai;—2az as—JA; )

2

The vector field is restricted to the
center manifold which is given by the
following equation

dy; 2a2
dt asaq,—20; Ay

y2 + 0(3). 12

2

— 2% 50 andy, = 0isunstable for
asa;—2a; a,

0,0)

is unstable. ]

Since

a;

Eqg.12. Therefore, the singular point ( ~

Hopf Bifurcation

It is well known that Hopf bifurcation is a
common phenomenon associated with the
appearance or disappearance of a limit cycle around
the singular point. It can be investigated by using
some techniques: such as bifurcation formulas®®,
Liapunov quantitiest®, and focus quantities®’ 8, The
appearance or disappearance of Hopf bifurcation for
the Prey-Predator Model and SIR Epidemic Model
has been studied 2.

In order to analyze Hopf bifurcation of Eq 1, some
conditions are needed. The Hopf bifurcation occurs
when the Jacobian matrix of the system at the origin
has a simple pair of pure imaginary eigenvalues,
A2 = *w,withanon-zero real eigenvalue. For Eq
1, a sufficient condition for occurring a Hopf
bifurcation is explained. Assume that

P(A) =23 —-TA*> — KA-D 13

be the characteristic polynomial at the origin, where
T,K, and D are the trace, sum of diagonal minors,
and determinant of the Jacobian matrix of the system
decribed in Eq 1 at the origin, respectively. Then, the
Hopf bifurcation occurs at the origin if and only if

TK + D =0,K < 0andT # 0. 14

T ((agas—2as ay) By +(4a2+16a,)a2—4a,(azac+2as)as+aza? )(asa—2a,a, )

Here, the Liapunov quantity technique is used to
evaluate cyclicity in the three-dimensional system as
follows. Let us introduce a function of the form

F(x,y,2) = x* + y* + ¥i3 Fe(x,y,z; 1), 15

where Fy is a polynomial in x, y and z of degree
k and the coefficients of F;, satisfy

X(F) = mor? 4 mur* + ner® + -
+r? .., 16

wherer? = x2 + y2orx?ory?or(x? + y?)%or
other suitable forms and y is the vector field of the
canonical form of the system. The n,;,i = 1,2,
are polynomials in the parameter u of the system and
are called i" the Liapunov quantity or focal values.
The origin is said to be a fine focus of order k if n, =
Ny == Ny = 0butnye,, # 0.Inthiscase, at
most k limit cycles can be bifurcated from the origin
under perturbation and its exact number is obtained
by the independence of the Liapunov quantities. For
more detail about this technique®-®,

Proposition 3: The characteristic equation
corresponding to the linearization of Eq 4 at the

singular point E+=(%Z’ 0,0) (for E_ =
4
(_azl;ﬂ, 0,0) issimilar by changing the sign of vA)
4

where A = a? — 4a,a, >0 and a, # 0 has two
pure imaginary with non-zero solutions if and only if
the following conditions are satisfied, in this case,

. A .
the solutions are 4, = w—‘/z_ ,Ad12 = *iw where

w = \/ —as VA +ajas—2a,a, |

2a,

i. aﬁ(al— \/Z) # 2a3a,,

A—aq)+2
as(\/_ a1) Az04 < 0,
20,
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iii.  (4a2 + (2ay ag + 2as az)a, —
2a; asag)VA + 4a, az ai — 2 a,(ay ag +
asaz) as + as ag (a? + A) = 0.
. —a;+VA
Proof: By scaling x — x + py , the singular

point E, is moved to the origin. The characteristic
equation of the Jacobian matrix of system (Eq 4) at
the origin is given by

23— (agVA —aga;+2as ay) 22
2a,
(asvh —a;Zl+2a2 as) _JE=o. 17
4

By comparing the above equation with Eq 13, the
following values of T, K, and D are found:

(agVh —agas+2az a,)

2a,
:(a5\/Z —a5a1+2a2a4)’ D=vA.
2a,

Since the polynomial defined in Eq 17 has two pure

imagines with non-zero solutions (which is called a

Hopf point) if and only if its coefficients satisfy

conditions (14). Then, when
i. T # 0implies that

2azay,

T =

)

VA) #

a6(a1—

ii. K <O implies that %‘t)”aza“
4

iii. TK + D = 0impliesthat (4aZ +
(2ay ag + 2as az)a, — 2a; asag )VA +
4a, az a3 — 2 a,(a, ag + asaz) a, +
as ag (a? + A) = 0.
This completes the proof. ]

<0,

Proposition 4: Assume that A > 0anda, = 0, the
characteristic equation  corresponding to the
linearization of the system (Eq 4) at the singular

point (—— ,0 0) a; # 0 has two pure

imaginaries with non-zero solutions if and only if the

following conditions are satisfied, in this case, the

solutions are A, :%, dyz = tiw where o=
[l I

ai

i. agay+a as,
. asapg—aqa
1. Z5707 12 >O’

a;

iii. a3 asag—aga, aga, —

apa,az as + a? ay az + a3 = 0.

Proof: By applying the translation x — x — =2,
1

the singular point is moved to the origin. The
characteristic equation of the Jacobian matrix of
system (Eq 4) at the origin is given by

ag ap—as a as ag —a,a
A3 4 %6%7dsd1 42 | Gs5do 7daty 5
a; ay

—a = 0.
18

By comparing Eq 18 with Eq 13, the following
values of T, K, and D are obtained:

K =— Qs Qg —A244
a; ’ - a,

T _ —Qg a0+a3 aq

,D=a1. 19

Since the characteristic Eq 18 has two pure

imagines with non-zero solutions (which is called a

Hopf point) if and only if its coefficients satisfy

conditions (14). Then, when
i. T # 0implies that

ii. K <0 implies that "
1
iii. TK + D = 0impliesthat a3 as ag —
Ay, Agd, — Aga10a3 As + a? a, az +
a3 =0.
This completes the proof. ]

ag Qg * a, az ,
asap—a,az
—-——— <0,

In general, the cyclicity bifurcated from the above
Hopf points for the three-dimensional quadratic jerk
system (Eq 4) cannot be investigated due to the
limited capacity of computers. Therefore, in the
next theorems, some special cases are given.

Theorem 1: For system (Eq 4) when A> 0 and
a, # 0, three limit cycles can be bifurcated from

a1+‘/5, 0,0) when the
4

parameters satisfy the conditions of Proposition 3
with

the singular point at (

i. Q= 0,whichisdefined in Eq
27.

. M4 lp,=b; pe=pz3 * 0.

Proof: Under the linear transformation x — x +
—a; +VA
2a,

and system (Eq 4) becomes

, the singular point is moved to the origin,
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(%=
|y =2
2
Z'=a0+a1(x+ _a1+ﬂ)+a2y+a3z+a4 (x+ —a1+\/Z) +a5(x+ mhal )y 20
2a, 2a, 2a,
+ag (x + _azl;‘/z )z +a; y* + agyz + aq z°.

The Jacobian matrix of system (Eq 20)

Its characteristic equation at the origin

at the origin is is given by
0 1 0 (agVA —aga;+2az a,)
— 13 _ 6 601 3 Ay 2
J- o 0 1 fAas) =4 20a A
VA as(—;;:' D) +a, ae(—;h:m +a, (asvA —a;Zl+2a2 a) VA =0. 21
4
The conditions of Proposition 3 leads to
= Aasag—2VAa,as ag + 2 VA aya, ag + a? asag — 2a,a, asas + 4 VA a2
: ; 2a, (as VA - as a; + 2a2a4)
and a, = a5 = — 2w? ag+as VA-asa, Where w = J—as VA+as a;—2a; a,

2a4
and the characteristic Eq 21 has a non-zero

eigenvalue Z)—é with a pair of purely imaginary
eigenvalues +iw.

In order to verify the transversality condition, by
using the implicit function theorem, the derivative of
the complex eigenvalue A(a3) with respect to a; can
be found for the singular point as follows:

2a4

Substitutinga; = a;z and 1 = iw
into Eq 22, to obtain

dRe(2 w®
dRe(z) | =9 S
{az=a3,a;=a; A=iw} 2(wb+A)

23

da3

which implies that the transversality condition is
satisfied. Thus, Hopf bifurcation occurs at a; =
az, a, = a;. By using the transformation

dA _ -0f/das _
das _ of/ax 1 0 1
as f/ 12 x 0 \/Z yl
312— (a6VA —agai+2az ag)d  (asVh —agai+2azaq) * 22 Y| = w w?||Y2 24
as 2a4 Z —0)2 0 A V3
(1.)4
and the new system can be written as
dy
|{d_t1= —wy; + by ¥ + by y1 ¥ + b3 yi ¥3 + by yF 4 bs y2y3 + beys3,
dy VA
d_t2= Y1~ 3 (byyf + by y1y2 + b3 y1 y3 + by y5 + bs y,y3 + bey3), 25
ay: VA
d_:= o2 V3~ (by yf + by y1 2 + b3 y1 y3 + by ¥5 + bs yoy3 + by3),
where he = © (as w*+2w? a;VA-4 aga, ag+aga?) and
b= — w*(w* ag—w? agtay) b, = — w3 (w?ag—as) 57 wb—4a, ag+a?
wb-4a, ag+a? '’ wb—4a, ayg+a? _ 1 8 6 _
' be = —— (wbaa; agra?) ( a0+ VA w® as
bs = 4 w*agasag — 4 whay ag a; + wta? ag +

wlag+ VA wrag—2w*a,—8 w?ay asast+2w?aas—VA w? astiazagag—aiag
wb—4a, apg+a? ’

w® a,

b4=_

wb—4a, ap+a? ’

w*a? a, — 4/A w?agazag + VA w? a?ag +

16 aq a3 a3 — 8 agasaga? + aqaf)
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1. n = 0,
N_ow, due to th_e.corpputatlonal Ioad_ for calculating 2. n,= 4w7(4wi+ o (8w15 by by + 4B wi2b,b, —
Liapunov quantities, it cannot be obtained them, more 12 12 912
. . . 10 VA w'? byibs +2 VA w'? by by +8 A w’b? +
powerful computing devices are required. Thus, the . . E
- - - 5A w b1b3 + 3 Aw bzbs —3Azw ble -
parameter a, is fixed and vanished to make the s s Y ag s
. . . . . 2 w® — AZ 8 — Az
calculation simpler, in this case, the value of b, is also A2 0°bybs — A2 @°byby + 2 A by — Az byb, )

disappeared. For investigating the number of limit 3. n; = ! 3
cycles bifurcated from the singular point, the 96w™S ( 9w+ 4) (wo+4) (4w+ )2 A2
following Liapunov function is defined: A where Gy is a function of bl(; bz, b3, bs, bs, w and A
F(y1,¥2,¥3) M 9216073 ( w6+ 8)? (406+8)* (16w6+ D) (9wS+ A)? (w+44) A3
n k J
=y +yi+ Z Z Z Crjjoii Y2y k. where G, is a function of by, b,, b, bs, bg, w and A.
k=3 j=0i=0
which is satisfying the following equation The origin is a weak focus of order three for system
Eq 25) if and only if the following conditions are
XE) = 1y 7 + YD) + 1 07 + ¥3)? + (B 29) y .
satisfied.
26
1. b,=b; =
where y is the vector field of the system (Eq 25). By @8 15a-10VE ? bs+ B wS by +54 WO by ~82 w? bs 4282, )
using the computer algebra package MAPLE, and 4VE @2 by+2 VE@'? by+3 AwO bg—3 AZ woby— A3 wby—A3 by
solving Eq 26, the following linearly independent 2. bg=b; = _% ., where

terms of Liapunov quantities are obtained:

G5 = —13824 A2 w®b5bs — 576043w °bSbs — 7683w °b3bE + 28272 A* w5*bShs — 25920 A* w5*b3b3
—70564%w5*bsbE + 177004°w*bSbs — 5133645w*b3b3 — 1256445w*Bh;bS — 56584°w*2bSbs

—320824w*2b3b3 — 57244%w*2b;bE — 353447 w36bbs — 610247 w3b3bE — 3647 w3b;bS — 39048
EE 1 13
w3bSbs — 19848w3°b3b3 + 18048w3 b,bS + 2731542 w*Sh2b? + 3345042 w*Sh2bt + 1490447 w3°
13 15 15 17 17
bb? + 8367 A2 w*°b2bf + 222347 w3 bib2 + 33642 w33b2bf + 5447 w27 b2 — 57 AZ w?’b2bE
5 7 7 9
—64°w2*bSbs + 64°w2*b3b3 — 29952A2w3b2b2 — 5788842w57bbZ + 1406442w” b2bE — 1335642
9 9 1 13
wS1b¥bZ + 395404Zw51b2bE — 5A'3btb,bs + 10413b3bs + 183642w5 bE + 153947 w*ShE — 48647 w3°
15 5
be — 18947 w33b¢ + 54w 2b2bsb3 — 11942 wSbtbsbs — 2142w b3b2bs + 3379242053 b3 by b2
5 5 7 7 7
—1440042w53b?b2b2 — 34080A420w53b, b3bZ — 843204205 b3bsbZ + 8467242w% b2b2b2 — 3937642057
7 9 9 9
b,b3b2 — 397684205 bbbt + 2053924205 b3bsbZ + 451212 AZ w5 b2b2b2 + 8633442w5 b, b3 b2
9 1 1 1
—4159842w5 b, bybd + 82746647 w*Sh3bsb2 + 78043847 w*Sh?b2b2 + 21264047 w*Sh, b3 b2

11
+3364247 w*Sb, byb? — 26979045w*2b3b2bs — 12127845w*2b2b3bs — 3500824°w*2b2b,bE — 3876946
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w*2b,btbs — 207267 A%w*2b, b2bE — 44263447 w30btbsbs — 47226147 w35b3b2bs — 21941347 w36b2b3 by
—21324347 w36b2b;b3 — 4971447 w36b, btbs — 7917847 w3, b2b — 27815548 w3 btbsbs — 27985748
w*°b3b2bs — 10086048w3°b?b3bs — 7361648w3°b2bb3 — 1382448 w3, bibs — 1305648 w3b, b2b3
+8448042w b3b2bs + 215044%wCb2b3bs + 2342442w5 b, bbs + 14344045 w*Bbib,bs + 8835245
5 7
w*b3b2bs + 16417245w*b?b3 b, — 39876445w*b2b,b3 + 460842w3bE + 61924757 bS — 1764
9 1 13 15 17 25 15
AZw5 S — 338447 w*ShE + 27947 w3°bS + 342472 w33bS + 2747 w?7bE + 2042 w bEb2 + 513342
17 17 17 17 17
w33b,bS + 3295647 w27 bibs + 4009647 w? bib2 + 3855042 w?’b3b3 + 1257147 w? b?bt + 14394
19 19 19 19 19
w?"b,bS + 1875247 w?'bSbs + 2316047 w?'b¥b2 + 1264047 w?'b3b3 + 233942 w?'b2bt + 101472
21 21 21 21 23
Wb, bS + 452847 w'Sh3b; + 539642 w'ShibZ + 177647 w'*b3b3 + 14147 w'Sh2b? + 50042 w°bib,
23 23 25 3 3 5
+55447Z w®b¥b? + 8747 w?b3b3 + 2042 w?b5b, — 3072042w5b3b3 + 15360420 b2bt — 3072042
5
w®3b5by — 6374442053 bb2 — 10713643 w °b2bsb3 + 35232435, btbs — 13708843 w0 b, b2b3
+1916164*w5*bibsbs + 1448324%w5*b3b2bs + 1959204%w5*b2b3bs — 3066724%w *b2b,b3 + 923924%
w%*b,bibg — 2700884%w5*b, b2b3 + 7895445 w*Bh,btbs — 27346245w* b, b2bE — 236656
A6w*2bbbg — 861414°w2*bibsbs — 778864°w2*b3b2bs — 192784°w**b2b3bs — 118624°w2*b2b,b3
—12724°w** by bbs — 6724°w?**b, b2bE — 146864°w 8bib,bs — 1084441°w Bb3b2bs — 1486410 18h2

bgbs - 630A10w18bfb3b§ - 23A10w18b1b§b5 + 11A10w18b1b§b53 - 1556A11(1)12bfb3b5 - 733A11w12bfb§b5
19 19 19 21
—334"w'2b2b3bs + 6270472 w?'h2b2bZ + 21847 w?*b,b3b2 — 87472 w? b b3bd + 3042472 w' b3 b;b?
21 23 13 13 13
+288472 w'b?b2b2 + 147472 w’bibsb? + 788984472 w3°bibsbZ + 639312472 w3°b?b2bZ + 16532242
13 15 15 15
w3°b b3bZ + 47193472 w3 b b3bE + 382053472 w33b3bsbZ + 261420472 w33bZb2b2 + 50118472 w33h, b3b?
15 £V £V £V 7
+1221347Z w33h,b3b2 + 119190472 w?”b3b;b2 + 56388472 w?”b2b2bZ + 6024472 w?" b, b3bZ + 405472 w?’
19
bibsb? + 2505447 w?'*b3b;b2 + 488964°w®°bibsbs + 13132843 w °bib2bs + 683524%w®°bZb3bs — 1403
13 15 15 15 15
A7 03°b, b3 + 340447 033b7 by + 4630472 w3 bib2 + 41457472 w33b3b3 + 2138147 w3 b?bs — 468408
9 9 9 1 u
Azw5h3b3 — 24369642w5 b2bs — 920442w5 b, b3 — 36064472 w*Sh]b; — 71128472 w*°bib? — 258936
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11 11 11 13 13
A7 w*b3b? — 16174047 w*®h2b% — 2378642 w*Sbh, b — 5129642 w3°bShs — 4303242 w*°bibZ — 47326
13 13 s s s
A7 w*°b3b3 — 2990047 w3°b2b — 4339242053 b3b3 — 460164z 3b?b} — 12832423 b, bS
7 7 7 7 7
—465924Zw5"bPbs — 26521642057 bb? — 28332842w5"b3b3 — 1842404Zw5 b?b} — 34484257 b, bS

9 9
—1548842w51bSbs — 2467364205 bb2 — 233120 A* w5*b3b3 + 151924*w5*b, bS + 1094445w*bSbs
+16731245w*8b3b3 + 55264°w*Bb, bE — 916324°w*2b5bs + 2344624°w*2b3b3 — 12528A4°w*?b, bE
—11282447 w36b5bg — 415047 w36b3b3 — 208847 w36b, bE — 4249848 w3°b5 by — 7302848w3°b3 b3

+93648w3%b, bE + 43864°w**bShs — 281644°w2*b3bE + 1624°w? b, bS + 754841°w 8h5hs — 3914410
5 7
w'Bb3bE + 2124411 w12b5hs — 16641 1w 2b3bE + 24642w0b5hs — 1382442053 btb2 — 3283242057 bb?
7 9 9 1 1
—1630564Zw5” b2bf + 1861124205 hb2 — 2812604Zw5 b2bt + 31570847 w*Sb*bZ — 7995647 w*Sh?
13 13
b + 1536043w5°bShs — 21043243w5b3bE + 463364*w *bSbs + 8852042 w3°bb? + 7745447 w3 b2 bl
15 15 17 17 19
—3471147 w33b2b? + 4625547 w33b2b — 672947 w?7bb? + 713747 w?’b2b} + 929847 w?Lbibh?
19 21 21 23 25
+574Z w?'b?bY + 389847 w'®hb? — 3147 w'Sh2bt + 53747 w?bib? + 2347 wbib?
and
7 11 3 5 7
G, = 01)3b1(—40964\7005%{l + 19629A7w42b§ — 20736A7w66b§ — 21408A7w60b§ — 16704A5w54b§
7 9 9 1 17 17
+5011242w5*bE — 14310420* b + 6728442w*bE + 5073472 w*?b% + 21472 w?*b? + 2747 w?*b?
15 15 13 13 23 15
+459472 w3°bt + 567472 w3'bt + 288947 w3€bE + 389742 w3bt + 57642 wtbi + 140256472 w3b}
17 19 21 9 1
+111780472 w?*b} + 37632472 w'8b} + 6552472 w?b} + 4147242w*8bf — 154368472 w*?bf — 29232
13 5
A7 w3b* — 11059242w5°b# — 2252247 w*3b, b3 — 2626804%w?”b3bs — 8704%w?”b, b3 — 19353642
17 17 15
w®3b3bs + 23004045w*Sb3bs + 442w 3b3bg + 8592047 w2*b3b, + 2291047 w?4b2b2 + 14454842
15 15 15 21 21
w3°b2b2 + 1338642 w*°b, b + 18716842 w*°b3b, + 8373642 w3°b?b2 + 15347 w'?b2b2 — 2347
23 13 13 19 19
w'2b2b2 + 9647 wOb3bs + 65918547 w36b2bZ + 3494247 w30b, b3 + 3247 w'b2b? + 98AZ w b, b

13 13 21 3 3
+204124472 w36b3b, + 15666542 w36b2b2 + 222847 w'2b3b, + 55296420 6b3b, — 829444205 b2 b2
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3 5 5 5 5
—41472420w5b, b3 — 3878404205 b3b; — 339328420 °b?b2 — 470016420w°b2b2 — 91456A20w°°
7 7 7 7 9
b,b3 — 477760A2w5*b3b, — 38115242w5*b2b2 — 39788842w5*b?bZ — 18860842w5*b, b3 + 4356842
9 9 9 EE
w*Bb3b; — 9180042w*8b2b2 + 86584042w*3h2bZ — 169620A420w*8b, b3 + 16335642 w*2b3b, + 125914
u u u E 17
A7 w*2b2b2 + 132070842 w*?b2bZ — 760447 w*2b, b3 + 1241447 w?**b?b% + 1934472 w?*b, b3 + 19844

19 19
A7 w'Bb3bs + 3046 AZ wBh2b2 — 7077924%w5th, b + 4876843 w57 b3bs — 28483243w57 b b + 705248
A*wSth3bg + 7425643w57 b3bs — 14241643 w5 bybE + 609604*wS1h3bs — 3253684*wS1hb3 — 5475945
w*b3bs — 2358814%w*Shyb3 — 410524°5w3b3bs — 5778045w3b,b3 — 80644%wS3b3bs — 810647 w33
9
b3bs — 509447 w33bybE — 44448w?7 b3bs — 25248w? byb3 + 9A°w?Lb3bs — 9A°w?b,b3 + 2316664Zw*8
FEY 13 15 17 5
b2b? + 15922247 w*?b2b? + 35778472 w36b2bZ + 249042 w3°b2bZ + 1247 w?*b2b? — 82656 AZ w®°b?
7
b2 + 2308842w5*b2bZ — 58993845w*5h, b3 — 488444°w? b3bs — 1084°w?1h, bE — 409041°w 53 b
—8410w15p, b3 — 78411 wb3bs — 7009464°w*°b3bs — 1887304%w3°b, b3 — 68588647 w33 b3 bs
—51418747 w33b2bsbs — 12032247 w33b, b2bs — 5027243w5” b, b2bs + 648804* w5 b2bsbs + 797444
@%b, b2bs — 5646284%w*Sh?bsbs — 262374A%w*Sh, b2bs — 8975054°w3°b2bsbs — 312932A°w3°b, b2bg
+6912042w%3b2bsbs — 1820164%w53b, b2bs + 195904 A% w57b2b,bs — 13440248 w27 b2bsbs — 18618
A8w?7 b, b2bs — 155064%w? b2bsbs — 8324°w? b, b2bs — 4934w b2 b bs + 224°wSh, b2bs + 1741 w°
9 1 15 17
b2b;bs + 97758042w*8b, b3bZ + 876702472 w*2by b3bZ + 46494472 w3b,byb2 + 2046472 w?*b, bybZ

19 5 13 25
—2047 w'8h, ;b2 — 44352420 b, b3b2 + 327424 Az w*b,b;bZ + 315326472 w3®h, b3bZ + 20472 b}).
Since the Jacobian determinant of the functions 7,, 15 with respect to b,, bg is given by
ony 0y
0b, 0bg

on; ans
ob, 0b,

=00,

where

9 11 11 3 5
0 = —(b2(67284420*® bt + 507347 w*2b? + 1962947 w*?bt — 2073642w6b} — 21408420w°b} + 3897
13 7 7 9 13 15
A7 w3b? — 167044Zw5*b? + 50112420w54b — 1431042w*®b? + 288947 w36bE + 56747 w3°b? + 459
15 5 7 17 19 15
A7 wb? — 11059242w%°b} — 4096420w54b? + 11178047 w?*b + 3763247 w'8b? + 14025642 w3°b}
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21 23 9 11 13 17
+6552472 w'2b? + 576472 wb + 4147242w* b — 15436842 w*2b} — 29232472 w3tb} + 21472 w?* b}
17 17 17 17 19 21
+2747 Wbt + 1247 w**b2b2 + 1241447 w?*b2b? + 193447 w?*b, b3 + 1984447 w'®b3b, — 23472 w'?
b2b2 — 23588145w*hb3 — 410524%w3°b3bs — 577804%w3%bsb — 806442w 3 b3bs + 7425643w5” b3bs
—14241643w57bsbE + 609604* w5 b3bs — 3253684%w5hsb3 — 5475945w*Sb3bs + 9A°w?Lb3bs — 9A°w??
23 19 19 19 21 21
bsb3 + 96472 w®b3bs + 304642 w'Bb2b2 + 3247 w'Bh2bZ + 9847 w'®h, b3 + 222847 w'2b3bs + 15342 w!?
1 1 1 1 3
b2b? + 16335642 w*2b3b, + 12591442 w*2b?b? + 132070847 w*2b2b2 — 760447 w*2b, b3 + 55296A20w5°
3 3 5 5 5
b3bs — 829444205 b2b2 — 4147242w5%b, b3 — 38784042w°b3b, — 33932842 °b2b2 — 470016A420w°b?
5 7 13 13 13
b2 — 9145642w5°b, b3 — 477760420w5*b3bs + 20412442 w36b3b, + 15666542 w3b2b2 + 659185 AZ w36h?
13 7 7 7 9
b2 + 3494247 w36b, b3 — 38115242054b2b2 — 39788842w**b?bZ — 18860842w5*b, b3 + 4356842w*3h3 b,
9 9 9 15 15
—9180042w*8b?b2 + 8658404Zw*b2b? — 16962042w* b, b3 + 18716847 w3'b3bs + 8373647 w3'h2h2

15 15 17 17
+14454847 w3°b?b2 + 13386472 w3°b, b3 + 8592047 w?*b3b, + 2291047 w?*b2b? — 44448w? b3b, — 252
A8w?7byb3 — 810647 w33b3bg — 509447 w33 bsb3 — 19353642053 b3bs — 1084%w3Lb, b3 — 409041°w'5h3 b,
—840w15h, b3 — 7841w b3 bs + 4412w3b3bs + 4876843w5 b3bs — 68588647 w33b3bs — 2252247 w33, b3

—2626804%w27b3bg — 8704%w?7 b, b3 — 488444°w2 b3 b — 28483243w57 b, b + 7052484 w51b3bs — 707792

11
2

15
A*wSth,bE + 23004045w*5b3bs — 58993845w*Sh, b3 — 7009464°w3°b3bs — 188730 AS w3b,bE + 249042

13 5 7 9
w3°b2b2 + 3577847 w3°h2bZ — 8265642w b2bZ + 2308842w5*b2b2 + 23166642Zw*Bh2b2 + 1592224

w*2b2b2 — 514187 A7 w33b2b3bg — 12032247 w33b, b2bs + 224w b, b2bs + 17 A w°b2b;bs 4+ 691204203
19
b2bsbs — 2047 w'®b, byb? — 89750545w3°b2bybs — 312932A%w3%b, b2bs + 19590443 wS” b2bybs — 5027243w"”
15
b,b2bs + 648804*w5 b2bsbs + 797444%w5 b, b2bs — 56462845w*Sb2bsbs — 26237445w*Sh, b2bs + 46494472
17 13 9 1
@3°b; b3b? + 204647 w?*by bsbZ + 31532642 w3°b, b;b2 + 9775804Zw*b, b2 + 87670247 w*2b, b b?
5 7
—8324°w? b, b2bs — 4934w 5h2b,bs — 4435242 b, bsbZ + 327424A2w5*b,bsbE — 13440248 w?"b?b bs
25
—1861848w27 b, b2bs — 155064°w2 b2bsbs — 1820164%w3b,b2bs + 2042 b))/ (96w’ (9w® + A)(w® +A)
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2

3 3 5
(40° + 2)°4? (4VAw'2b, + 2VAw'?b; + 34wbs — 3A7w5h; — M20by — A2b) ) 27

and n, at the values b, = b, and bg = bg IS non-

zero. Then, by suitable perturbation of the
coefficients of Liapunov quantities, three limit

cycles can be bifurcated from the origin of system

(Eq 4) in the neighborhood of the singular point.

b3 ( 54 w'® b,—171 W' bs—71 w'2a?b,—18 w'? aZbs+20 w®atb,+9w® af bs+alh, )

Theorem 2: For system (Eq 4) when A> 0 and

a, = 0, three limit cycles can be bifurcated from

the singular point at (—%,O, 0); a; # 0 when the
1
parameters satisfy the conditions of Proposition 4 with

* 0,

. Nalpy=ps be=bz1 # 0.

Proof: At first, the singular point is moved to the
origin by applying the translation - x + _a—a" , then
1

system (4) can be changed into
X =y,
y =z
Qo

Z'=a0+a1<x—a—)+a2y+a3z+a5(

1
l +a; y? + agyz + aq z2,

The Jacobian matrix of the system
above at the origin is

0 1 0
_]o 0 1
] = —ay as —ayae
a, +a, + az
a, a,
and its characteristic equation is
3 (asap—aza,) ,2 (asap—a; aq) _ _
A+ o A+ o A—a, =0.
29

The conditions of Proposition 4 leads to

a3 as agtao (w? a;—as ag )ag+ai

az; =a; = and

2,2
ajw
2
w®ay—as agy

— *_
a, =a; = .

2
96 w* (4wb+a?)” (9wb+a?)

28
Qo

)y resee- 2
xm )y vagG- 2z

1

where w = As5Ap=A14dz
a;

and Eqg.29 has a simple pair of purely imaginary
roots, +iw, with a non-zero root % . An application
of the implicit function theorem yields the following

transversality condition:

dRe(1,,) _ w® >0
das |{a3=a§ Jax=a5 A=l w} — 2w5+2a? :
30

Thus, Hopf bifurcation occurs at a; = a3 ,a, =

a5 . Introducing the transformation

X L 0 Yy

_ a1
[Y] = 0 w5 IYZ
Z —w?2 0 ai [ |ys

w
and the new system is given by

N

d
(ﬂ= —w Yy + by ¥ + by y1 Y2 + b3 y1 Y3 + by Y5 + bs yays + beys,

dt
{%zw%_% (byyf + by y1 ¥z + b3 y1 y3 + by ¥§ + bs 2¥3 + bey3), 32
%: %3’3— (by ¥ + by y1 y2 + b3 y1 y3 + by 3 + bs y2y3 + bey3),
Where WS (wag — as )
b, = (0 amas) b= T v

6+q2
wb+af
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w® ag + wajag + 2 w?a? ag — w? ajas — a? ag

b, =
3
w®+ af
b, = w® a, _ w(w*as+2w?ajas+aiag) q
4 wb+a? > wb+a? an
b, = a; (0 as+ w* a; ag+waa;+ w? a1 c18+a1 ag)
6= —

w* (wb+a?)

At present, due to the computational load for
computing Liapunov quantities, it cannot be found
them, more powerful computing devices are needed.
Therefore, to make the calculation easier, the
parameters aq, a; and aq are fixed and vanished, in
this case, the value of b, and b, are also vanished.
For studying the number of periodic orbits
bifurcated from the singular point, the following
Liapunov function is introduced

by F,

F(y1,y2,¥3)

K— .
+YZ+ Zzzck —j,Jj- ii V1 ]yzj lyé-

=3j=01i=0
which is satlsfylng the following equation

X(F) =010 +y) +n.(vF +y3)* + - 33

where y is the vector field of the system (Eq 32). By
solving Eq 33 and using computer algebra MAPLE,
the following linearly independent terms of
Liapunov quantities are obtained:

1. n = 0,
5 _ by 2w® b3+3w? asbs—a? bs)
- M2 20 (4w5+a? ) '
_ b, Fy
3. n3=

96 w° a; (9wS+a? ) ( wb+a?) (4wb+a?)’
where F; is a polynomial of by, bs, bs, bg, a; and w
of degree 33.

4. TI4 =
where F, is a polynomial of b,, b3, bs, bg, a; and w
of degree 78.

The origin is a weak focus of order three for Eq 32
under our conditions if and only if the following
conditions are held.

—3w3a;b
1. — * 1Y5
bs = bs 2w6—a? "’
aq bg F.
2. bg=b; = —~=23 where
6 6 w3 by F,’

9216 a2 w'7(16 wS+a? ) (wb+a?)’ (4wb+a?)’ (wb+4a?) (9wb+a?)’

and

F, =216w3° b, — 684 w3 by —

500 w?*a? b, + 612 w?*af bs +

418 w18 4b2 — 63w®af bs —
147w'? alb, — 54 w'? albs + 16 w®alb, +
9 wbadbs + ai® b,.

Since the Jacobian determinant of the
functions n,, n5 with respect to b5, b

5 =120 w3°b2 — 1020 w3° b, bs + is given by
1812w3°bZ — 152w%*a? b7 + 372 w?*a?b, bg + o, any
549w?*a?b? — 98w®aib? + 117w®af b, bg + dbs  dbs| _ 1, g

36w18 b2 + 1440)12 b3 + 6 w'? alh, bs + s I

3 6

2 ob alb? — 32w®a8 b2 — 15 w® al b,bs — where

a; o;

Q= b3 ( 54 w'® b;—171 w8 bs—71 w'2a2b,—18 w'? afbs+20 w®ath,+9w® af bs+alh, ) 34

96 w* (4w6+a1) (Qwb+a?)

and 774|{b3=b; be=b} is non-zero. Then by suitable
perturbation of the coefficients of Liapunov
quantities, three limit cycles can be bifurcated from
the origin of system (Eq 4) in the neighborhood of
the singular point. ]

Remark: In this research, a computer with the
following specifications was used: CPU = Core i7-
8700K 3.70GHz, Memory (RAM) = 48GB, and
Total GPU = 22 GB.

A numerical example for a special case of
the quadratic Jerk system (Eq 4) was carried out by
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fixing some of the parameters, such as a, = 0,a; =
l,a, =-1,a,=1,a,=0,a3=0 and ag =1 to
verify the analytical results. As a result, the Jacobian
matrix of system (4) at the origin has two pairs of
purely imaginary with non-zero eigenvalues when
az = 1, which makes the origin of the system a Hopf
point. To investigate how many limit cycles can
bifurcate at the origin, the Liapunov quantities
technique is applied. It can be seen that all the
conditions of Theorem 1 are satisfied. The origin is a
weak focus of order three if the following condition
holds.

Results and Discussion

The three-dimensional quadratic jerk system is
investigated and the local stability of singular points
of the system is examined in the paper. The existence
of Hopf bifurcation is studied and the number of limit
cycles that can bifurcate from the Hopf points is
determined by computing the Liapunov quantities. It
is confirmed that three limit cycles can bifurcate

Conclusion

In this paper, the three-dimensional quadratic jerk
system has been investigated. The local
stability of singular points of the system has been
examined by analyzing the characteristic equations.
The existence of Hopf bifurcation has also been
studied under certain conditions on the parameters.
Additionally, to investigate the cyclicity of the
system, the Liapunov quantities have been computed
to determine the number of limit cycles that can
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