2024, 21(10): 3198-3204 Q*B
https://doi.org/10.21123/bsj.2024.9036 -

P-ISSN: 2078-8665 - E-ISSN: 2411-7986 Baghdad Science Jourhal

Principally ss-Supplemented Modules

Ahmed H. Alwan*
Department of Mathematics, College of Education for Pure Sciences, University of Thi-Qar, Thi-Qar, Irag.
*Corresponding Author.

Received 06/05/2023, Revised 08/09/2023, Accepted 10/09/2023, Published Online First 20/03/2024,
Published 01/10/2024

—G)
© 2022 The Author(s). Published by College of Science for Women, University of Baghdad.

This is an open-access article distributed under the terms of the Creative Commons Attribution 4.0 International License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

Abstract

In this paper, we introduce and study the concepts of principally ss-supplemented and principally ss-lifting
modules. These two concepts are natural generalizations of the concepts of ss-supplemented and ss-lifting
modules. Several properties of these modules are proven. Here, principally ss-lifting modules are focused
on. New characterizations of principally ss-supplemented modules are made using principally ss-lifting
modules. Here, weakly principally ss-supplemented is defined. It is proved that a module T is weakly
principally ss-supplemented module if and only if it is principally ss-supplemented. One of the first results
states that every strongly local module is principally ss-supplemented. It is shown that if T be a hollow
module, then T is principally ss-supplemented if and only if it is strongly local. If Rad(T) small in T, then
T is principally ss-supplemented if and only if T is principally supplemented and Rad(T) < Soc(T).
Moreover, if T = T, @®T, with T; and T, principally ss-supplemented modules and T is a duo, then T is
principally ss-supplemented. It is also shown that, if T is indecomposable, then T is principally ss-lifting if
and only if T is a principally hollow module besides if T is a principally hollow module then T is principally
ss-supplemented. In this work, the following results are proved: if T be a module with the property (ss -
PD,), then every indecomposable cyclic submodule of T is either small in T or a summand of T. Also, if T
is a module over a local ring R and T has the property (ss-PD; ), then every cyclic submodule of T is either
small in T, or a summand of T.

Keywords: Principally ss-supplemented module, Principally ss-lifting module, Ss-supplemented module,
Ss-lifting module, Strongly local module.

Introduction

Throughout this paper, R will denote a commutative
ring with identity and T be a unitary left R-module.
A submodule N of an R-module T is called small or
superfluous in T (we write N < T), if any submodule
X <T, with N+X =T involves that X =T. The
radical of T, indicated by Rad(T), is the sum of
small submodules of T. T is called hollow, if any
proper submodule of T is small in T, see for
examplel2. A module T is named local, if it has a
unique maximal submodule, i.e., a proper submodule

which contains all other submodules. T is said to be
simple, if it has no nontrivial submodule, T is called
semisimple if T is a direct sum of simple submodules.
The socle of T, indicated by Soc(T), is the sum of all
simple submodulesin T. Let L and K be submodules
of T. K is named a supplement of L in T if it is
minimal with respectto T = L + K. A submodule K
of T isasupplementof LinT ifandonly if T = L +
K and LNK«KK. A module T is called
supplemented if each L < T has a supplement in T.
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A submodule K < T has ample supplements in T if
every L < T with T = K + L contains a supplement
of K inT. A module T is called amply supplemented
if each submodule of T has ample supplements in T.
Local modules are hollow, and hollow modules are
clearly amply supplemented®. A module T is called
lifting if, for all N < T, there exists a decomposition
T =A®B with A< N and NnB is small in T,
seel3, Kaynar, Calisici and Tirkmen* define ss-
supplemented modules as a proper generalization of
semisimple modules. T is named ss-supplemented if
any submodule U of T has a supplement V in T with
U NV is semisimple (hamely, ss-supplements). Zhou
and Zhang® generalized the notion of socle of T to
Socg(T), Socg(T) = Y{L K T|L is simple}. Clearly
Socs(T) € Rad(T), Socy(T) S Soc(T), where
Socy(T) = Soc(T) N Rad(T). Kaynar et.al* call T
is strongly local if it is local and Rad(T) < Soc(T),
as well T is called ss-supplemented if every
submodule K of T there exists M in T withT = K +
M and K N M <€ Socg(T). For more details on ss-
supplemented modules see®’. Eryilmaz® calls a
module T called ss-lifting if for any A<T, T =
T,®T, withT; < Aand AN T, S Soc,(T).

Inspired by these results, here, the notion of
principally ss-supplemented (principally ss-lifting)
modules is introduced and studied. Section 2 is
devoted to introducing the notion of principally ss-
supplemented modules. Here, for a projective
module T with Rad(T) « T and Rad(T) € Soc(T),
T is principally ss-supplemented if and only if
T/Rad(T) is principally semisimple are proved.
Section 3 discusses principally ss-lifting modules.

Principally ss-Supplemented Modules

In this section, principally ss-supplemented
modules which generalize principally supplemented
modules and ss-supplemented modules are
introduced.

For the local Z-moduleT =Zg, Soc(T) c
Rad(T). So T is not a strongly local module.

Proposition 1: Every factor module of strongly local

module is strongly local.
Proof: See Proposition 8 in*. o

Lemma 1: Suppose that T is an R-module.
Then Soc(Rad(T)) K T.

Proof: See (2.8(9))*. ©

Lemma 2: Let T be amodule and x € T (X < T).

Then

(1) If Rx is a semisimple submodule in T with Rx <
Rad(T). Then Rx < T.

(2) If X is a semisimple submodule in T with X <
Rad(T). Then X < T.

Proof: Suppose Rx is a semisimple submodule of T.

Then Soc(Rx) =Rx and since Rx S Rad(T),

Soc(Rx) € Soc(Rad(T)). By

Soc(Rad(T)) « T. By Lemma 5.1.3 of °, Rx < T.

Lemma 1,

O

Lemma 3: Let T be a module. Then Socs(T) =
Rad(T) n Soc(T).

Proof: See Lemma 2 of*. o

Definition 1:'° A module T is called a principally
supplemented module if forall t € T there exists A <
T, T=Rt+Aand (Rt)NA KA. A module T is
called a weakly principally supplemented module if
for all t € T there exists a submodule A with T =
Rt+Aand (Rt)NAKT.

Now one gives the definition of principally ss-
supplemented modules.

Definition 2: A module T is called principally ss-
supplemented if for every cyclic submodule U in T,
there exists a submodule V of T with T =U +V,
UNV K VandU NV issemisimple. Also, a module
T amply principally ss-supplemented if every cyclic
submodule of T has ample ss-supplements in T.

Lemma 4: Let T be a module and U, V be
submodules of T. Then the following statements are
equivalent:

QD T=U+VandUNV S Socs(V).

2 T=U+V and UNnV KV and UNV is
semisimple.

@ T=U+V, UNnV <Rad(V) and UNV is
semisimple.

Proof: See Lemma 3 of*. o
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By* one says that V an ss-supplement of U in T if
the equal conditions in the above lemma are satisfied.
It is clear that the following implications on
submodules in a module hold*:

Direct summand = ss-supplement =
supplement = Rad-supplement.

One call T ss-supplemented if every submodule
of T has ss-supplement in T.

Definition 3: Let N be a cyclic submodule of T. A
submodule L <T is called a principally ss-
supplement of N in T if N and L satisfy the
conditions in Lemma 4 and the module T is called
principally  ss-supplemented if every cyclic
submodule of T has a principally ss-supplement in T.

Ss-supplemented module is supplemented, so
principally ss-supplemented module is principally
supplemented. A module T is called a weakly
principally supplemented module if for all t €T
there exists a submodule A with T =Rt + A and
(R)NAKT and (Rt)NA is semisimple. By
Lemma 4, T is weakly principally ss-supplemented
if and only if it is principally ss-supplemented.

Example 1: Consider Q as a Z-module of rational
numbers, Q contains no maximal submodules. If F <
Q is cyclic then F «< @, and so Q is principally ss-
supplemented. Note that Q is not supplemented and
it is not ss-supplemented.

Proposition 2: Let T be a module and U be a
maximal submodule in T. V < T is ss-supplement to
UinT ifand only if T=U+V and V is strongly
local.

Proof: Suppose V is an ss-supplement to U. Note U
is local and U NV = Rad(V) is unique maximal
submodule of V. As UNV is semisimple, now
Rad(V) € Soc(V). Thus V is strongly local.
Conversely, since V local and T = U + V, one can
write U NV € Rad (V). The hypothesis give LNV
is semisimple. Thus V is an ss-supplement of U. o

Lemma 5: (Lemma 13 of%) Let T be an ss-
supplemented module and N < T. Then N C
Soc(T).

Corollary 1: (Corollary 14 of%) Let T be an ss-
supplemented module and Rad(T) < T. Then
Rad(T) € Soc(T).

Proposition 3: Every strongly local module is

principally ss-supplemented.

Proof: Assume T is local as a result it is principally
supplemented. Since Rad(T) < Soc(T), so T is
principally ss-supplemented. o

The converse of Proposition 3 is not true in

general as in Example 3.

Proposition 4: (Proposition 16 of?) Let T be a
hollow module. Then T is ss-supplemented if and
only if it is strongly local.

Now, the following main result is proved:

Theorem 1: Let T be a hollow module. Then T is
principally ss-supplemented if and only if it is
strongly local.

Proof: Suppose T is principally ss-supplemented.
Let x € Rad(T). Now, by Lemma 5.1.4 of°, Rx «
T. As T is principally ss-supplemented, by Lemma
5, Rx € Socs(T). So x € Soc(T), and so Rad(T) <
Soc(T). Suppose T = Rad(T). Since T =
Rad(T) = Soc(T), and the radical of a semisimple
module is zero, one gets T = 0, a contradiction since
T is hollow. So T # Rad(T), thatis, T is local. So T
is strongly local. The converse is clear from
Proposition 3. o

Example 2: For p is prime integer, r > 3. Let T =
Z, be a Z-module. Socs(Zyr) = Soc(Z,r) = Z,
and Rad(T) = pZp", T is not strongly local and so
it is not (principally) ss-supplemented.

Lemma 6: Let T be a principally supplemented
module and Rad(T) < Soc(T).Then T is principally

ss-supplemented.

Proof: Let L < T. As T is principally supplemented,
there exists M < Twith T=L+M and LN M <
M. Then LNM S Rad(M) € Rad(T) € Soc(T).
Thus L N M is semisimple. So M is a principally ss-
supplemented of L inT. o
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Theorem 2: If Rad(T) K T, then the following

statements are equivalent.

(@) T is principally ss-supplemented,

(b) T is principally supplemented and Rad(T) has a
principally ss-supplement in T,

(c) T is principally supplemented and Rad(T) <
Soc(T).

Proof: Now (a)=(b) Obvious. (b)=(c) By Lemma

5. (c)=(a) By Lemma 6. o

Theorem 3: Let T = @®;¢,;T;, where each T; is a
strongly local module. Then T is principally ss-

supplemented.
Proof: By using Theorem 27 in*. o

Now we give an example of a principally ss-
supplemented (ss-supplemented) module which is

not strongly local.

Example 3: The Z-module T =Z,0Z, is ss-

supplemented as a sum of strongly local modules see

Example 25 of*. So, T is principally ss-

supplemented. However, M is not (strongly) local by
Example 25 of*,

A submodule N < T is called fully invariant if
for each endomorphism f to T, f(N) < N. Ozcan,
Harmanci and Smith™! call a module T is called a duo
module provided any submodule of T is fully
invariant. A module T is distributive if for all
submodules X, X, and P, PN (K +X)=Pn
K+PnX or P+(EKNX)=(P+KX)n(P+
X) (see for example©).

A finite direct sum of ss-supplemented modules
is ss-supplemented, but this is not the case for
principally ss-supplemented. However, it is the case
to certain classes of modules.

Theorem 4: Let T=T,@T, with T; and T,
principally ss-supplemented modules. If T is duo,
then T is principally ss-supplemented.

Proof: Analogous to proof of Theorem 9 of%°. o

Theorem 5: Let T be a principally ss-supplemented
and duo. Then any direct summand to T is a
principally ss-supplemented.

Proof: Analogous to proof of Theorem 10 of™°. o

Lemma7: LetT =T,@T, =K+ Nand K <T;. If
T is distributive and K N N « N, then KN N «
T;NN.

Proof: LetT; NN = (KNN)+ LwithL <T;nN.
Since T is distributive, N=T; NN @ T, N N. One
hasT=K+N=K+T,NN+T,NN=K+L+
(TnN)andN =KnNN+L+ (T, nN). Now
N/LD(TNN)=((NNT) D (NNTy))/
(LB (T,NnN))=(NNnT;)/L. Hence N = L@
(TyNN). Thus N = (NNT,)® (N nT,) and
L<Ty;NNimplyL=T;NN.SOKNN <K T;NN.
O

Theorem 6: Let T be a principally ss-supplemented
distributive module. Then every direct summand of
T is a principally ss-supplemented module.

Proof: Assume T = T;®T, and x € T;. Now, there
iSN<T, T=Rx+Nand Rxn N is small in N.
Then T; = Rx+ (T; n N) and by Lemma 7, Rx N
(TyNnN)issmallinT; N N. o

Proposition 5: Let T; and T, be principally ss-
supplemented modules and T =T, ®T,. If T is
distributive, then T is principally ss-supplemented.

Proof: Let T = T, ®T, be a distributive module and
Rx <T. Then Rx = (RxNT;) @ (Rx N T,). Since
Rx N Ty and Rx N T, are cyclic submodules of T; and
T, respectively, there is M < T; with T; = (Rx n
T))+Mand M N (RxNT;) =Mn Rx is small in
M, M n Rx is semisimple, and N < T, such that
T,=(RxNT,)+N, NN(RxNT,)=NNRx is
small in N, N n Rx is semisimple. Then T = Rx +
M+ N.

One now claims that RxN (M + N) = (Rx N
M) + (Rx N N). The inclusion (Rx N M) + (Rx N
N) < Rxn (M + N) always holds. For the inverse
inclusion, RxN (M +N)<MnN(Rx+N)+Nn
Rx+M)=MnN((RxNT)+T,)+Nn (T, +
(Rx N Ty)). On the other hand M N ((Rx N T;) +
T)<SRxNTH)NM+T,)+T,Nn((RxNTy)+
M) = Rxn M. Similarly, Nn (T, + (RxNT,)) <
RxNN. Hence (RxN(M+N)<RxNM+RxnN
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N. Therefore, the claim (RxNn (M + N)=Rxn
M + Rx n N is defensible. Since Rx N M «< M and
RxNN < N,so,onehasRxNn (M +N) K M+ N.
But Rxn (M + N) is semisimple. Hence T is
principally ss-supplemented. o

A module T is named a principally semisimple if
any cyclic submodule is a direct summand to T.
Seel®. However, one can say that (semisimple
module = principally semisimple module). Any
principally semisimple module is principally ss-
lifting, and as a result principally ss-supplemented.

Lemma 8: Let T be a principally ss-supplemented
distributive module. Then T /Rad(T) is a principally
semisimple module.

Proof: Take @ € T/Rad(T). There exists N* < T,
T = Ra+ N% besides RanN* K N*, so Ran
N* KT and RanN%* is semisimple. The
distributivity of T implies Ra N (N% + Rad(T)) =
(RanT)+ RanRad(T) = Rad(T). Since Ran
N%* < Rad(T). Thus

T/Rad(T) = [(Ra + Rad(T))/Rad(T)] +

[(N* + Rad(T))/Rad(T)] =

[Ra/Rad(T)]|® [(N* + Rad(T))/Rad(T)]. Also,
thus every principal submodule in T/Rad(T) is a
direct summand. o

A module T is called refinable if for submodules
U,V of T with T = U + V there is a direct summand
U' of T with U'<U and T=U"+V (See for
instance©).

Theorem 7: Let T be a projective module with
Rad(T) is small in T and Rad(T) S Soc(T).
Consider following conditions:

(1) T is principally ss-supplemented.
(2) T/Rad(T) is principally semisimple.

Then (1) = (2). If T is refinable module then (2) =
(D).

Proof: (1) = (2) Since T is a principally ss-
supplemented module, so T/Rad(T) is principally
semisimple by Lemma 8.

(2)= (1) Let Rt be any cyclic submodule of T.
Using (2) There exists U < T with

T/Rad(T) =
[(Rt + Rad(T))/Rad(T)] ®[U/Rad(T)].

Then T=(Rt)+U and (Rt+Rad(T))NU =
(Rt) N U + Rad(T) = Rad(T). Since T = (Rt) +
U, being T refinable there exists a direct sumand A
toTwithA<Uand T=Rt)+U=(Rt)+A=
B@® A. (Rt)NU K T soitissmallin U since U is
summand. But, (Rt) N U < Soc(T). This completes
the proof. o

Principally ss-Lifting Modules

In this section, principally ss-lifting modules
which generalize principally lifting modules are
introduced. In 2006, Clark, Lomp, Vanaja and
Wisbauer?! introduced the concept of principal lifting
modules. In 2007, the principally lifting modules
were considered by Kamal and Yousef'? as follows:

Definition 4: A module T is called principally lifting
(orhas (PDy)) ifforalla e T, T =N @ S withN <
RaandRanS K T, (Seeh).

Similar to (22.7)! the following definition is
introduced.

Definition 5: A module T is called principally ss-
lifting (or has (ss-PD,) for short) if for all a € T,
T=N@S with N<Ra and Ran S < Socy(T),
where Soc,(T) = Soc(T) N Rad(T).

Definition 6: A nonzero module T is called a
principally hollow (P-hollow) if every proper cyclic
submodule is small in T. Observe that every P-
hollow module satisfies the condition (ss-PD;), (See
for example®1?),

Similar to Proposition 2.7 of'?, the following
proposition is introduced.

Proposition 6: The condition (ss-PD,) is inherited
by summands.

Proof: Let T have condition (ss-PD;) and B a direct
sumand to T, if k € B, now T has a decomposition
T=N&GS,N<RkandRkNnS < T. It follow that
B=N®BnS), and RkNn(BNS) <RkNS K
T,so Rk N (B NS) < B (dueto B asummand of T).
So, B has (ss-PD,). o

It is known that an indecomposable module is
lifting if and only if it is a hollow module; the next
Lemma gives an similarity to this fact.
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Lemma 9: The following are equivalent for an
indecomposable module T

(1) T has (ss-PD;).

(2) T is a P-hollow module.

Proof: Follows directly from the defining condition
of (ss-PD,). o

Lemma 10: The following are equivalent for a
module T.

(1) T has (ss-PD;).

(2) Every cyclic submodule € in T can written by
C = N @ S with N is adirect summand in T and
SKT.

(3) For each a € T, there is principal ideals I and J
in R with Ra = Ia @ Ja, where Ia is a direct
summand inT and Ja < T.

Proof: (1)= (2) It is obvious.

(2)= (1) Lease C be a cyclic submodul of T, now
by (2) C = N @ S with N is a sumand in T besides
SKT.WriteT =N @ N', it folows that C = N @
CNN' . Now take m:N @ N’ - N’ be a natural
projection, one get CNN' =n(C) =n(N@ S) =
m(§) K T.SoT has (ss-PD,).

(2)= (3) Obvious. O

Clearly, all ss-supplemented module and all ss-
lifting module, and so any principally ss-lifting
module is principally ss-supplemented. However,
there is principally ss-supplemented (ss-lifting) but
not ss-supplemented.

Results and Discussion

Some results are proved, such as if T; and T, are
principally ss-supplemented modules with T =

Conclusion

In this paper, a principally ss-supplemented and
principally ss-lifting modules was introduced and
studied. Here, observed that if T = T, ®T, with T;
and T, principally ss-supplemented modules and T is
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Lemma 11: Let T be an indecomposable module.
Consider following conditions:
(1) T is principally ss-lifting.
(2) T is a principally hollow module.
(3) T is principally ss-supplemented.
Then (1) & (2) and (2) = (3).
Proof: (1) & (2) Using Lemma 9.

(2> (3) Let a€T. Using (2) every cyclic
submodule is hollow. Now T = Ra + T and (Ra) N
TKT.o

Reminder that Lemma 11 (3) = (2) does not hold
in general since there is an indecomposable
principally supplemented but not principally hollow
as in Example 15 of'°.

Lemma 12: Let T be a module with (ss-PD,). Then
every indecomposable cyclic submodule C of T is
either small in T or a summand of T.

Proof: Similar to proof of Lemma 2.16 in*2. o

Proposition 7: Let T be a module over a local ring
R. If T has (ss-PD,), then every cyclic submodule is
either small in T, or a summand of T.

Proof: The proof follows from Lemma 12, and the
fact that every cyclic module over a local ring is a
local module. o

T,@®T, and T is distributive, then T is principally ss-
supplemented.

a duo, then T is principally ss-supplemented.
Besides, if T is indecomposable, then T is principally
ss-lifting if and only if T is a principally ss-
supplemented module.
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