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Analysing the Performance of M/M(a,b)/1/ MWV
Queuing Model with the Busy Period Breakdown

Lidiya P *, K Julia Rose Mary

Department of Mathematics, Nirmala College for Women, Bharathiar University, Coimbatore, Tamil Nadu, India

ABSTRACT

This paper aims to analyze the M/M(a,b)/1 multiple working vacations queuing model with a breakdown. Instead
of the server being fully idle during the vacation period, the server serves at a different rate during multiple working
vacations. The system has only one server, and the service rate varies depending on the arrival state. Customers’
enter the system to get service with parameter λ_v following the Poisson distribution. The server provides service for
customers’ in regular busy periods with parameter µ and under multiple working vacations, the server provides service
with parameter µ_v with the exponential distribution. In this model, batches of customers are served as a group under
the general bulk service rule, which was introduced by Neuts. In the batch service process, the service times for each
customer within a batch may be independent and random variables. The number of customers’ in each batch can also
vary. Thus, each batch of service contains a minimum of ‘a’ units and a maximum of ‘b’ units of customers’. Suppose
that the number of customers waiting in the queue is less than ‘a’ server begins a vacation random variable V with
parameter η, the breakdown β_v occurs during the busy state. This paper analyzed the steady-state equation, steady-state
solutions, and measures of system performance. Specifically, various performance analyses, namely the mean length
and other characteristics like the probability that the server is idle, regular busy and working vacation periods are
analyzed. Finally, this paper computed the results with the working vacation and the classical multiple working vacation
models.

Keywords: Breakdown, Busy state, Idle, Multiple working vacation (MWV), Working state

Introduction

In the past, numerous papers have been published
on queuing models with server breakdowns and
vacations. For example, Servi and Finn1 introduced
the working vacation policy, in which instead of
the server fully stopping the service during the
vacation period, the server serves at a different
service rate during the working vacation. In addition,
Tian et al.,2 developed a M/M/1 queue model
with a single working vacation. Jain3 analyzed
the queuing models of working vacations with
multiple types of server breakdowns. Choudhury4

analyzed a batch service single vacation Mx/G/1
queuing model with a single server policy. Finally, to

analyse the service time characteristics of fast-food
establishments, Moussa et al.,5 used an M/M/S
queuing model. Abdelmawgoud et al.,6 examined the
impact of lengthy wait times on customer satisfaction
at five-star hotels. Azmi and Namh7 derived the
M/Er/1/N queuing system, which was considered in
equilibrium based on the Erlang study.

Berdjoudj et al.,8 developed the sensitivity analysis
of the M/M/1 retrial queue with working vacations
and vacation interruptions. Chakravarthy and
Rakhee9 analyzed a queuing model with server
breakdowns, repairs, vacations, and backup servers.
Seenivasan et al.,10 developed the performance
analysis of two heterogeneous server queuing model
with intermittently obtainable server using a matrix
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geometric method. A Discrete-Time GIX/Geo/1
Queue with multiple working vacations under late
and early arrival system was presented by Barbhuiya
and Gupta.11 In addition, the cost optimization of
single server retrial queuing model with Bernoulli
schedule working vacation, vacation interruption and
balking developed by Kumar et al.12 the performance
analysis of retrial queuing model with working
vacation, interruption, waiting server, breakdown
and repair analyzed by Gupta and Kumar;13 and
Agrawal et al.,14 suggested the M/M/1 queuing
model with working vacation and two type of server
breakdown. Moreover, Markovian queueing model
with single working vacation and catastrophic is
presented by Seenivasan and Abinaya.15

Ayyappan & Meena16 analyzed server vacation,
repair with breakdown in Phase type queuing model.
Agarwal et al.,17 studied the working breakdown
queuing model for heterogeneous servers using PSO.
Working Breakdown queue with vacation analyzed by
Somasundaram et al.18 Mathew et al.,19 discussed the
server breakdown and impatience customer model.
MAP/PH/1 queuing system with breakdown, setup
time and repair derived by arulmozhi.20 Algorithm
using circular queue data structure developed
by Ibraheem and Hasan,21 which is applicable
in personal information security and network
communication security. Khan & Paramasivam22

analyzed the encouraged arrival vacation queuing
model with breakdown. Working vacation queuing
system with impatient customers with breakdown
developed by Manoharan & Raman.23 Su et al.,24

presented the traffic breakdown and human driven
vehicles. Working vacation and server breakdown
with Markovian queue analyzed by Liu et al.25 Setup
time, Repair and breakdown in retrial queue analyzed
by Tian et al.26

Finally, in this paper, the multiple working vaca-
tion customers are served according to the general
bulk service rule, and there was a breakdown in
busy periods. This paper aims to analyze the steady-
state probability equation and the measures of system
performance.

Methodology

In this model, this paper assumes the arrival Pois-
son process with parameter λv. The exponential
service process µ and the service offered during the
vacation is µv. When the vacation is over, server
switches his service µv to µ. The model denoted
as M/M(a, b)/1/MWV with breakdown. In addition,
batches of customers are served under the general

bulk service rule. Thus, each batch of service con-
tains minimum ‘a’ units of and maximum ‘b’ units.
Moreover, this model supposes that the number of
customers waiting in the queue is less than ‘a’ server
begins a vacation random variable V with parameter
η. Finally, the steady states are analyzed and the mea-
sures of system performance are derived, considreing
that the breakdown denoted as βv occurs in the busy
period.

Let NQ(t ) = the number of customers in the queue
at time t and J(t ) = 0, 1 or 2 according to whether
the server is idle, working vacation or regular busy
on vacation state respectively.

RIn (t ) = Pr
{
NQ (t ) = n, J (t ) = 0

}
;0 ≤ n ≤ a− 1

QVn (t ) = Pr
{
NQ (t ) = n, J (t ) = 1

}
; n ≥ 0

PBn (t ) = Pr
{
NQ (t ) = n, J (t ) = 2

}
; n ≥ 0

J(t ) = 0, the size of the queue and the system are
same. J(t ) = 1 or 2, the size of the queue and systems
are a ≤ x ≤ b customers.

Probabilities of the steady state are;

QVn = lim
t→∞

QVn (t ) ; RIn = lim
t→∞

RIn (t ) ;

PBn = lim
t→∞

PBn (t )

Exist, the Chapman Kolmogrove equations satisfied
by them in the steady state are given by;

λvRI0 = µP
B
0 + µvQ

V
0 (1)

λvRIn = λvR
I
n−1 + µP

B
n + µvQ

V
n ; 1 ≤ n ≤ a− 1 (2)

(λv + η + µv)QV0 = λvR
I
a−1 + µv

b∑
n=a

QVn (3)

(λv + η + µv)QVn = λvQ
V
n−1 + µvQ

V
n+b; n ≥ 1 (4)

(λv + µ+ βv)PB0 = µ
b∑
n=a

PBn + ηQ
V
0 (5)

(λv + µ+ βv)PBn = (λv + βv)PBn−1

+ µPBn+b + ηQ
V
n ; n ≥ 1 (6)
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Steady state solution

To solve the steady state equation, the forward
shifting operator E on PBn and QVn are introduced as;

E
(
PBn
)
= PBn+1;E

(
QVn
)
= QVn+1; for n ≥ 0

Thus the Eq. (4) gives homogeneous difference
equation;[
λv + µvQVb+1 − (λv + µv + η)E

]
QVn = 0; n ≥ 0 (7)

The characteristic equation of the difference equa-
tion is given by;

h (z) = λv + µvzb+1
− (λv + µv + η) z = 0

By taking f (z) = (λv + µv + η)z & g(z) = λv +
µvzb+1, here |g(z)| < | f (z)| on |z| = 1. By Rouche’s
theorem h(z) has unique root rv inside the contour
|z| = 1. The solution of the homogeneous difference
Eq. (7) is given by;

QVn =
(
rnv
)
QV0 (8)

From Eq. (6) can be written as;

[
λv + βv + µEb+1

− (λv + µ+ βv)E
]
PBn = −ηr

n+1
v QV0

(9)

Again by Rouche’s theorem, the equation λv + βv +
µzb+1

− (λv + µ+ βv)z = 0 has a unique root r with
|r| < 1 provide λv

bµ < 1.
The solution of the non-homogeneous difference

Eq. (9) is given by;

PBn =
(
Zrn + Z∗rnv

)
QV0 (10)

Where;

Z∗ =
ηrv

λv (rv − 1)+ β (rv − 1)+ µrv
(
1− rbv

) i f rv 6= r
(11)

The expression for RIn is obtained by adding Eqs. (1)
and (2) and substitute PBn and QV0 value to get;

RIn =

[
µ

λv

(
Z
(
1− rn+1)
(1− r)

+
Z∗
(
1− rn+1

v
)

(1− rv)

)

+
µv

λv

(
1− rn+1

v
)

(1− rv)

]
QV0 (12)

Now to calculate Z, consider Eq. (5) and substitute
PBn and QVn value to get;

Zµ (1− ra)
(1− r)

=
η

(1− rv)
−
Z∗µ

(
1− rav

)
(1− rv)

(13)

Hence the steady state queue size probability of the
model are expressed in terms of QV0 and are given by;

QVn =
(
rnv
)
QV0 ; n ≥ 0 (14)

PBn =
(
Zrn + Z∗rnv

)
QV0 ; n ≥ 0 (15)

Where;

Z =
(1− r)
µ (1− ra)

[
η

(1− rv)
−
Z∗µ

(
1− rav

)
(1− rv)

]
(16)

Z∗ =
ηrv

λv (rv − 1)+ β (rv − 1)+ µrv
(
1− rbv

) (17)

And;

RIn =

[
µ

λv

(
Z
(
1− rn+1)
(1− r)

+
Z∗
(
1− rn+1

v
)

(1− rv)

)

+
µv

λv

(
1− rn+1

v
)

(1− rv)

]
QV0 = 0;0 ≤ n ≤ a− 1 (18)

By using normalizing condition and calculate the
value of QV0

∞∑
n=0

QVn +
∞∑
n=0

PBn +
a−1∑
n=0

RIn = 1.

It obtain, (QV0 )−1
= ω(rv, µv)+ Zω(r, µ)+

Z∗ω(rv, µ).
Where, ω(x, y) = 1

(1−x) (1+
y
λv

(c− x(1−xa)
(1−x) )).

Performance measures

Mean queue length

The expected queue length is given by,

Lq =
∞∑
n=1

n
(
QVn + P

B
n
)
+

a−1∑
n=1

nRIn (19)

Substituting the values of QVn , PBn and RIn to get;

Lq = Zω∗ (r, µ)+ Z∗ω∗ (rv, µ)+ ω∗ (rv, µv)
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Where, ω∗(x, y) = x
(1−x)2 +

y
λv(1−x) {

a(a−1)
2 +

axa+1(1−x)−x2(1−xa)
(1−x)2 }.

and Z & Z∗ are given by Eqs. (16) and (17).

Other characteristics

If Pr(wv), Pr(busy) and Pr(idle) denote the probability
that the server in idle, regular busy and working
vacation period then;

Pr(idle) =
a−1∑
n=0

RIn

Where the RIn is given by Eq. (18).

Pr(busy) =
∞∑
n=0

PBn =
(

Z
(1− r)

+
Z∗

(1− rv)

)
QV0

Pr(wv) =
∞∑
n=0

QVn =
QV0

(1− rv)

Where Z & Z∗ are given by Eqs. (16) and (17).

Particular cases

Case 1: M/M/1 model

Letting a=b=1 and βv = 0 in Eqs. (14) to (18). It
obtain,

QVn =
(
rnv
)
QV0 ; n ≥ 0

PBn =
Z∗

rv
(
rn+1
v − rn+1)QV0 ; n ≥ 0

and RI0 =
QV0
rv

Where r = λv
µ
= ρv, Z = −Z∗ρv

rv

And Z∗ = ηrv
µ(1−rv)(rv−ρv) .

The above equations gives the probabilities of
M/M/1 working vacation queuing model analyzed by
Liu et al.27

Case 2: heterogeneous arrival M/M(a, b)/1/MWV
model with breakdown in busy period

In this study considered homogeneous arrival, sup-
pose arrival process is hetetogeneous. Hetetogeneous
arrival refers each stage has differend arrival rate,
that is λv = λiv in idle sate, λv = λwv in working vaca-
tion sate, and λv = λbv in busy sate. The probabilities

of the queue of the form;

QV0 =
(
rnv
)
QV 0

and

PBn =
(
Zrn + Z∗rnv

)
QV0 ; n ≥ 0

RIn =

[
µ

λiv

(
Z
(
1− rn+1)
(1− r)

+
Z∗
(
1− rn+1

v
)

(1− rv)

)

+
µv

λiv

(
1− rn+1

v
)

(1− rv)

]
QV0 = 0

Where, Z = (1−r)
µ(1−ra)[

η

(1−rv ) −
Z∗µ(1−rav )

(1−rv ) ]
and Z∗ = ηrv

λbv(rv−1)+µrv(1−rbv )
Further;(
QV0
)−1
= ω (rv, µv)+ Zω (r, µ)+ Z∗ω (rv, µ)

where, ω(x, y) = 1
(1−x) (1+

y
λiv

(c− x(1−xa)
(1−x) )) and

Lq = Zω∗ (r, µ)+ Z∗ω∗ (rv, µ)+ ω∗ (rv, µv)

where, ω∗(x, y) = x
(1−x)2 +

y
λiv(1−x) {

a(a−1)
2 +

axa−1(1−x)−x2(1−xa)
(1−x)2 }

These above equation gives the queue probabilities
of heterogeneous arrival onM/M(a, b)/1/MWV queu-
ing model with breakdown that analysed by Lidiya
and Mary.28

Results and discussion

Here the M/M(a, b)/1/MWV queuing system with
breakdown in the busy period is analyzed, for this
model the steady state equations and mean queue
length are calculated. When a=b=1 and βv = 0
this model deduces to M/M/1 working vacation
model and when βv = 0 this model coincides with
the classical M/M(a, b)/1/MWV model. When a
breakdown occurs during a busy period it can have
an impact on the system’s operations and it may
increase the waiting time. It leads to customers
losing trust in the system. Understanding the
queuing model with breakdown it may predict
the customer’s behaviour and improve the system’s
performance.

Conclusion

This paper analyzed the M/M(a, b)/1/MWV model
with a breakdown. The arrival rate varies depending
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on the server’s state. Whereas, the breakdown
occurs during the busy state. In addition, this paper
developed the steady-state probability equation and
the measures of system performance. In specific,
various performance analysis namely the mean
length and other characteristics like the probability
that the server is idle, regular busy and busy vacation
periods are analyzed. Finally, it computed the results
with the working vacation and classical multiple
working vacation models.
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Mءادأةسارد / M)ب،أ(/ 1 / MWVلمعلاةرتفيفمیسقتلاعم

كيرامزورایلوج،فایدیل

.دنھلا،ودانلیمات،روتابمیوك،رایتاراھبةعماج،تانبلللاامرینةیلك،تایضایرلامسق

ةصلاخلا

Mلیلحتبموقن،ةقرولاهذھيف / M)ب،أ(/ 1 / MWVمدخی،ةزاجلإاةرتفللاخامًامتًلاماخمداخلانوكینأنمًلادب.رایھنلااعم

عبتیλ_vةملعملاعمماظنلاىلإلیمعلالصی.لوصولاةلاحبسحةمدخلارعسفلتخی.ةددعتملالمعلاتازاجإءانثأفلتخملدعمبمداخلا

.يسلأاعیزوتلاعمμ_vةملعملاعمةمدخلارفویلماعلاةددعتملاتازاجلإامداختحتوμةملعملاعمةمدخلارفویيذلاPoissonعیزوتمداخ

"أ"تادحوىلعةمدخلانمتاعفدلكيوتحتيلاتلابو.ةعمجملاةمدخللةماعلاةدعاقلابجومبءلامعلاتاعفدمیدقتمتی،جذومنلااذھيف

انھ.ηةملعملاعمةلطعللVاًیئاوشعارًیغتمأدبیمداخنملقأراظتنلااةمئاقيفنیرظتنملاءلامعلانأضرتفنل."ب"ىصقأدحوىندأدحك

لوطلاطسوتميأ،فلتخمءادألیلحت.ماظنللءادلأاسییاقموةرقتسملاةلاحلاةلداعملیلحتبانمق.لاغشنلااةلاحءانثأβ_vرایھنلااثدحی

مادختسابجئاتنلاباسحباضًیأموقن.ةمحدزملاةزاجلإاو،مظتنملالاغشنلااو،لومخلاةرتفيفمداخلالیلحتلامتحالثمىرخأصئاصخو

.ةددعتملالمعلاتلاطعوةیكیسلاكلاةددعتملاتازاجلإاجذامن

.لمعلاةلاح،(MWV)ةددعتملمعةزاجإ،لومخلا،لاغشنلااةلاح،رایھنلاا:ةیحاتفملاتاملكلا
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