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Abstract

This article studies the competition between cancer cells within the human body depending on Gompertz’s
growth. This model depends on two types of cancer cells, which grow to a certain extent, termed the
carrying capacity. The carrying capacity is taken into account and defined as the number of cancer cells in
which a certain density of cells eventually reaches stability. When this happens, the growth rate fluctuates,
either it goes a little above or a little below the carrying capacity. This paper will cover the mathematical
modeling aspects of Gompertz growth and a means to determine how competition creates growth and
whether it leads to stability or instability. The paper includes growth equations that show two competing
species which lead to extinction, coexistence or the emergence of one species superior to the other.

Keywords: Competition, Coexistence, Equilibrium points, Extinction, Gompertz model.

Introduction

Cancer is a condition that affects the body, invades
surrounding cells and tissues, and creates malignant
tumors!. These tumors expand uncontrollably and
can infect any organ in the body?. Humans can get
cancer at any age, and the chance of infection rises
as people age®. The malignant tumor may turn out to
be benign, and it may be removed with no chance of
recurrence, as surgery eliminates it. However, it
develops into a cancerous tumor if it is not removed.
Malignant tumors expand throughout the body and
multiply between cells; these cannot be fully gotten
rid of. Human growth and healthy life require the
cooperation of more than 10 million cells for the
health of the organism* This cooperation is
maintained by signals and cell checkpoints that
prevent cell division, death, and differentiation. The
phenomenon of cancer can be defined at different
levels. At the most basic level, cancer is the collapse

of cooperation. This leads to an uncontrolled state of
cells in the body, as it multiplies and eventually leads
to the death of the organism®. Cancer is generally
thought to be a DNA-related disease. In other words:
the uncontrolled proliferation of cells is the result of
changes or mutations in the genetic material®. This
indicates that, in order for cancer to have developed,
multiple mutations will have accumulated,
destroying cells. This is a regulatory network that
ensures cooperation’.

A cancer cell is created and can undergo a process
called clone expansion®®. According to current
statistics, in the USA, one in three women and one in
five men will develop cancer at some time in their
life.1° Many areas of biology use the well-known and
popular Gompertz model!. It has been employed
numerous times to characterize bacterial population
growth, plant and animal growth, as well as the
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quantity of cancer cells'>. Regarding usage
frequency, the Gompertz model is possibly only
second to the logistic model among sigmoid models
fitted to growth data and other data. From the
expansion of wildlife, including aquatic species,
terrestrial species, and plants to the growth of tumors
and bacteria, the Gompertz model has been utilized
by scientists as a growth model for all types of
growth, more so than its particularly popular
counterpart, the logistic model 3. The Gompertz
equation generally offers a more suitable fit than the
logistic equation ** when the data encompass a broad
spectrum of sizes. Given that the Gompertz curve is
sigmoid, it seems reasonable that the equation would
operate more accurately when the data are plotted.
As such, it becomes evident that the Gompertz
equation is far better than the various other models*®.
Self-limited growth expansion is simulated using the
Gompertz equation and its related differential
equation.

The rise of mathematical functions like the Gompertz
and logistic models for analyzing population growth,
alongside the investigation of countless clinical and
scientific research, amply demonstrates the evolution
of this discipline. These models have functioned well
for many different growth curves. In population
biology, the Gompertz function is a crucial
concept'®. It is especially useful for explaining how
an organism or population grows rapidly. When the
carrying capacity has been obtained, the function
may be utilized for illustrating its ultimate horizontal
asymptote. The Gompertz model has been modified
by several scientists to take into consideration
anything from bacterial to plant and animal growth?®,
This paper is laid out as follows: in the second
section, the Gompertz growth pertaining to a single
species of cells is presented and a linear stability
analysis s performed. In the third section, this model
is extended to explain the competition between two
different cancer cell types. In the fourth section, the
behavior of the two-species model is elucidated by

implementing simulations and linear stability
analysis. The fifth section contains the numerical
solutions. Finally, the conclusions are presented.

The Basic Dynamics of the Gompertz Growth
of One Species

The basic equation for the model of Gompertz
growth is

aw D

E =rWln (W)' 1
where r is the intrinsic growth rate and D is the
carrying capacity. In order to solve the above
nonlinear equation with the initial condition W (0) =

W,, through separation variables and partial
fractions, it is deducted that

W() =D [e'(‘“(wio)e_”)]. 2

The fixed points of Eq.1 are given by W = 0 and
W = D. Inspecting this stability of W (fixed root
point), it has been observed that there is an upward
slope at W =0 and a negative slope at W = D.
Consequently, the point W = D is stable and the
point W = 0 is unstable.

Dynamics of Competition in Two-Dimensions
for Gompertz Growth

Based on the Gompertz model of single species Eq.
1, the deterministic two-dimensions competition
model with Gompertz growth 192 can be written as,

X=nrX [ln (L)] , 3
Uex X+ 0yY

Y = nY [ln (Lﬂ . 4
Uy Xt+ayyY

The variables in the above system and their
descriptions are summarized in Table 1.
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Table 1. Summary of the key quantities and model parameters of the Gompertz model Eqs 3-4

Quantity Description Dimensions Effect

X(t) The densities of species  Number When X(t) disappears, the model becomes a single model and
X Y grows as a Gompertz growth

Y(t) The densities of species  Number When Y (t) disappears, the model becomes a single model and
Y X grows as a Gompertz growth

Ty The growth rates 1/time Increase in 7, leads to the X(t) reaching to carrying capacity
relative to species X faster

Ty The growth rates 1/time Increase in r;, leads to the Y(t) reaching to carrying capacity
relative to species Y faster

D, The carrying capacities  Number Increased D, leads to an increased number of cancer cells of
of species X species X

D, The carrying capacities ~ Number Increased D, leads to an increased number of cancer cells of
of species Y species Y

Ay The inhibitory effect of ~ Dimensionless Increase in a,, leads to a negative impact on X and a positive
species Y on X impact on Y

Ay The inhibitory effect of ~ Dimensionless Increase in a,, leads to negative impact on Y and positive
species X on' Y impact on X

o The strength of Dimensionless  Negative effect on X species only
intraspecific
competitions inside
species X

ay, The strength of Dimensionless  Negative effect on Y species only

intraspecific
competitions inside
species Y

The longer-term behaviors of its solutions will be
examined by conducting a linear stability analysis of
its fixed points, when a,, = a,,,, = 1, which means
the intraspecific competitions will be ignored in this
study. Finally, the carrying capacities of different
species will take the same value as a special case
D, = D, = D, then the system of Eqgs 3-4 becomes,

X=rxX[ln( D )], 5
X+ay,Y

Y = er [ln (—)] 6
Uy X+Y

Linear Stability Analysis of Competition for
Gompertz Growth

The equilibrium points can be found by making the
right- hand sides of Eqs 5 and 6 equal to zero as a first

step, X =Y =0.
7 X [ln <X+a Y)] =0, 7
yx
7, Y |In =0. 8
y AxyX+Y
For Eq. 7, n,X = 0, this leads to either X =0 or

D
<ln (X+any)) =0,50D—-X—a,, Y=0.

For Eq. 8, ,¥ = 0 and this leads to either Y=0 or

D
(ln (axyx+y)> =0,50,D=Y = ay X=0.
Three fixed points are found, S, = (D,0),S, =
(0, D) and Sxy = (D(l_ ayx) D(l_“xY))

1=y Oy 1=y Ayx

Now, to find the Jacobin matrix for the nonlinear
system (5) and (6), f(X,Y) = X [ln( y)] and
Ayx

gxXyY) = er[ln< = )] is used. For the first
Ay

I_. | b —
ax % | "M\ xray.y

of _ _ Yyx

ay X (x+ ayxy)'

For the second function g(x, y), Pl

D
-nY <Y+ xyX) and =7 [ln (axyxw)] —

Ty X
X+ayY

function f(X,Y), and

According to the definition of the Jacobin
matrix?!2?
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or of
_|lox oy
](X: Y) - 6_g a_g ’
dx oy
- ](X' Y) =
Tx [ln (X+0[: Y)] - X:;;X Y X (X+a;x )
yx yx yxY

a
-1Y 24
Y+, X

For the first equilibrium point S, = (D, 0),

—Tx rxayx
D, 0) = ( 0 mnln (L>>
Axy

The first eigenvalue is —r,, < 0 and to ensure another

negative eigenvalue, 7, In (%) should be < 0 and
xy

this occurs when a,,, > 1, as shown in Figs 1(a) and
(c).

For the second equilibrium point S,, = (0, D),

J(o,D)=<rx1“($) 0 )

Thyyxy Ty

The second eigenvalue is —7;, < 0, and to ensure the

first  negative  eigenvalue, the  condition

Tln (i) should be less than 0; this

Ayx
when a,,, > 1, as shown in Figs 1(a) and (d).

happens

For the third coexistence equilibrium point, S,, =

(0(1— Ayx) D(1—ayy)

)
1=0xyQyxy  1=QxyQyx

), the Jacobin matrix is

J (D(l— ayx) D(1—axy)> _

)
1-0xyQyx  1=QxyAyx

—Tx (1-Qyyx) Tx ayx(l_“yx)
1-Qyxlxy 1—0yxQxy
Ty Qxy(1—axy) —1y (1-0xy)
1=y x Ay 1—0yxQxy

The characteristic equation for the matrix A=

D _ Ty
y [m (axym)] ey X+Y [Z Z] is f()=42 — (a + d)A + (ad — bc).

Assume that f(1)=A%-BA+C, where B=
_ [rx (1-ayx)+ry (1-axy) c="2 (1-ayx)r (1-axy)
1=Qyxlxy ! 1=Qylyy

Ifa,, <landay, <1 ThisleadstoB>0and C>
0; this ensures negative eigenvalues and coexistence
for the species, as shown in Fig 1(b).

Finally, the explanation of these equilibrium points
is as follows:

* The first and second fixed point is where the
extinction of one of the species occurs.

* The third fixed point is where both species can
coexist.

The numerical simulations are performed for the
system of Eqs 5 and 6 to clarify the analytic
behavior in order to provide a picture of the phase-
plane??4, As a result, the model can be predicted as
to how it will behave given a variety of initial
conditions but for a predetermined set of parameter
values. Following the curve (a trajectory) from the
initial values in the direction of the arrows is shown
in Fig 1. The direction field generated by the
differential equation for each value of X and Y is
where the arrows originate by  using
MATHEMATICA?26, The green points represent
the stable points and the red points refer to unstable
points?.
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Figure 1. MATHEMATICA-generated phase-plane diagram (Gompertz model) for

a) Ifoay, > 1anday, > 1 Coexistence of two stable exclusion equilibria.

b) If oy, < 1andayy <1 Stable coexistence of an internal equilibrium.

¢) Ifay, > 1anday, <1 Species extinction, type one survival, type two extinction.
d) Ifoay, <1landay, > 1 Species extinction, type two survival, type one extinction.

Results and Discussion
Numerical Results and Discussion

In this section, competition between two types of
cells is also studied. Using the MATLAB? code to
solve the model in Egs 3 and 4, MATLAB 2015b is
used to see the shape of the solution, where the blue
curve refers to the first type of cell and the red curve
to the second type of cell. Programming the
Gompertz model is utilized for the use of Egs 3 and
4. Drawing phase portraits can graphically portray
each of these situations. It is seen from the numerical
results in Fig 2 that the species are stable, and there

is the coexistence of two stable exclusion equilibria.
This is consistent with the analytical side of the
problem, which is the linear stability analysis® in Fig
1(a). It is seen that in (b) of Fig 2, the species are
stable, thus able to coexist, and that corresponds to
Fig 1(b) of the stability analysis, where there is a
stable coexistence of an internal equilibrium. The
analysis in Fig 2(c) is supported by our observation
that species extinction occurs in Fig 1(c), where only
species 1 survives. In a similar vein, Fig 3(d) depicts
the extinction of a species, but this time, species 2
survives.
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Figure 2. MATLAB numerical results of Gompertz model for the competition dynamics in a two-
species system with intrinsic growth rates r, = 0.125 and r,, = 0.075. Initial condition is (100, 100).

a) Coexistence of two stable exclusion equilibria: a,, = 1.5 and a,,, = 2.
b) Stable coexistence of an internal equilibrium: a,,, = 0.75 and a,, = 0.5.

¢) Only species 1 survives: ay, = 1.5 and a,,, = 0.5.
d) Only species 2 survives: ay, = 0.5and a,, = 1.5.

As seen in Fig 3, when the initial conditions change
from (100,100) to (50,50) and all the other
parameters remain at the same values, the solution
changes for case (a) because there are two stable
equilibrium points. This means that X species wins
against Y species, as shown in Fig 3(a) counter to Fig

2(a) when Y species wins against X species. For the
rest of the three cases (b-d), choosing the initial
conditions does not affect the solution as there is only
one stable solution®, as shown in Fig 3 (b-d), and this
matches with Fig 2 (b-d).
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Figure 3. MATLAB numerical results of Gompertz model for the competition dynamics in a two-
species system with intrinsic growth rates r, = 0.125 and r,, = 0.075. Initial condition is (50, 50).

a) Coexistence of two stable exclusion equilibria: a,, = 1.5 and a,, = 2.
b) Stable coexistence of an internal equilibrium: a,,, = 0.75 and a,,,, = 0.5.

¢) Only species 1 survives: ay, = 1.5 and ay, = 0.5.
d) Only species 2 survives: ay, = 0.5and a,, = 1.5.

As seen in Fig 4, changing the intrinsic growth rates,
for example, changing r, from 0.125 to 0.25 and r,
from 0.075 to 0.15, does not affect the numerical

solution or the behavior of the solution. However, it

affects the speed at which the solution is reached.

The higher the growth rate, the faster the solution is
reached. From Figs 2 and 4, it is observed that, for
cases (a), (b), (c), and (d), the speed to reach the
solution changed from 160 to 80 days, 40 to 20 days,
140 to 70 days, and 120 to 60 days, respectively.
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Figure 4. MATLAB numerical results of Gompertz model for the competition dynamics in a two-
species system with intrinsic growth rates r, = 0.25 and r,, = 0.15. Initial condition is (100, 100).

a) Coexistence of two stable exclusion equilibria: a,, = 1.5 and a,,, = 2.
b) Stable coexistence of an internal equilibrium: a,, = 0.75 and a,,, = 0.5.

¢) Only species 1 survives: ay, = 1.5 and ay, = 0.5.
d) Only species 2 survives: ay, = 0.5and a,, = 1.5.

Conclusion

In this paper, tumor growth was discussed; how it
originates and spreads in cells and then to the organs
as well as how to use the Gompertz model to solve a
mathematical model. The mathematical model was
defined and the stabilization points were found. In
Gompertz’s growth, there were three fixed points. In
addition, numerical applications were used to see
what the solution looks like and where stability
happens. This was illustrated in a number of forms.

From the work of special programs in MATLAB and
MATHEMATICA applications, it was found that if
both ay, > 1 and ayy > 1, the coexistence of two
stable exclusion equilibria occurs. Whereas if oy, <
1 and ayy < 1, then stable coexistence of an internal
equilibrium occurs. If ay, > 1 and ayx <1, then
species extinction occurs, type one survival, and type
two extinction. Finally, it was found that if oy, <1
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and ayy > 1, species extinction takes place, wherein
type two survival and type one extinction. The
Gompertz model is the most accurate sigmoid model
to use for growth tumor data. The research can be
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