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Introduction 

Functional analysis is a discipline of mathematics 

that evolved from classical analysis. Presently, 

functional analytic methods and outcomes are 

crucial in numerous mathematical disciplines and 

their applications 1-4. 

Fp theory has its origins in Banach's well-known 

study, which was published a century ago. Since the 

discovery of this fundamental yet very effective 

nonlinear analytical conclusion, the subject of Fp 

theory has advanced in several different ways. Ciri 5 

established the concept of quasi-contraction and 

suggested a modification of the Banach contraction 

principle in 1974.  

Abstract 

In certain mathematical, computing, economic, and modeling issues, the presence of a solution to a 

theoretical or real-world problem is synonymous with the presence of a fixed point (Fp) for an 

appropriate mapping. Consequently, Fp plays an essential role in a wide variety of mathematical and 

scientific contexts. In its own right, the theory is a stunning amalgamation of analysis (both pure and 

applied), geometry, and topology. Recent years have shown the theory of Fps is a highly strong and 

useful tool in the study of nonlinear events. Fp theorems are concerned with mappings f of a set 𝑋 into 

itself that, under particular conditions, permit a Fp, that is, a point 𝑥 ∈ 𝑋 such that𝑓(𝑥) = 𝑥. This work 

introduces and proves the Fp theorem for various kinds of contraction mappings in a fuzzy metric space 

(𝐹ℳ-space) namely almost 𝒁̂-contraction mapping and (Ψ̃ , Φ̃)- almost weakly contraction mapping. At 

first, the concept of 𝐹ℳ-space and the terms used in the fuzzy setting are recalled. Then the concept of 

simulation function is given. The concept of simulation function is used to present the notion of almost 𝒁̂-

contraction mapping. In addition, this notion is used to prove the existence and uniqueness of the Fp for 

this kind of mapping. After that the notion of (Ψ̃ , Φ̃)-almost weakly contraction mapping is introduced in 

the framework of 𝐹ℳ-space, as well as the Fp theorem for this kind of mapping. At the end of the paper, 

some examples are given to support the results. 
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On the other hand, in 1965 Zadeh's groundbreaking 

work in 1965 established and analyzed the notion of 

a fuzzy set. In 1975, Kramosil and Michalek 

initially presented the definition of 𝐹ℳ-space. A 

large number of papers on 𝐹ℳ-space have been 

published; see 6-9. Beginning with the specification 

of 𝐹ℳ-space, Sihag et al 10. employed the new idea 

of 𝛼-series contraction to develop Fp theorems for a 

sequence of mappings. Chauhan et al 11. established 

unified Fp theorems in 𝐹ℳ-spaces. Further 

significant results on the Fp within the 𝐹ℳ-spaces 

may be seen in 12-14. 

 
This paper aims to investigate the existence of the 

Fps in a 𝐹ℳ-space, providing an approach to 

expanding and fuzzifying results in metric spaces. 

To that goal, the definitions of almost 𝒁̂-contraction 

mapping and (Ψ̃ ; Φ̃)-almost weakly contraction 

mapping is presented and the existence of Fps is 

established with regard to these contraction forms.  

 

Preliminaries  

The terminologies and outcomes used throughout 

the paper are provided in this section. The 

terminology employed in the fuzzy context will be 

reviewed first. 

Definition 1: 15 A binary operation ⊙∶ [0, 1]  ×

[0, 1]  → [0, 1] is called t-norm if it meets the 

requirements below for any 𝑢1, 𝑢2, 𝑢3, 𝑢4  ∈ [0, 1]:  

(1) 1 ⊙ 𝑢2 = 𝑢2,  

(2) 𝑢2⊙𝑢4  = 𝑢4⊙𝑢2,  

(3)𝑢2⊙ (𝑢3⊙𝑢4)  = (𝑢2⊙𝑢3)  ⊙ 𝑢4 

(4) If 𝑢2 ≤ 𝑢4 and 𝑢3 ≤ 𝑢1 then 𝑢2⊙𝑢3 ≤ 𝑢4⊙

𝑢1, 

Definition 2: 16 If  Ω is an arbitrary set, ⊙ is a 

continuous t-norm, and 𝔉ℳ is a fuzzy set on Ω2 ×

(0,∞)  meet the criteria listed below for 

every 𝒷, 𝓆, ϑ ∈ Ω and 𝜔, 𝜏 >  0: 

(1) 𝔉ℳ(𝒷, 𝓆, 𝜔) > 0 and  𝔉ℳ(𝒷, 𝓆, 𝜔) = 1 if and 

only if 𝒷 =  𝓆. 

(2) 𝔉ℳ(𝒷, 𝓆, 𝜔) = 𝔉ℳ(𝓆,𝒷, 𝜔); 

(3) 𝔉ℳ(𝒷, ϑ, 𝜔)⊙ 𝔉ℳ(ϑ, 𝓆, 𝜏) ≤ 𝔉ℳ(𝒷, 𝓆, 𝜔 +

𝜏); 

(4) 𝔉ℳ(𝒷, 𝓆, 𝜔): (0,∞) → [0,1] is continuous; 

Then a 3-tuple (Ω, 𝔉ℳ ,⊙) is termed as 𝐹ℳ-space.   

 Definition 3: 16 Let (Ω, 𝔉ℳ ,⊙) be Fℳ-space and 

{𝒷𝑗} be a sequence in Ω. Then  

(i)    {𝒷𝑗} in Ω is termed as convergent to a point 

𝒷 ∈ Ω if 𝑙𝑖𝑚 𝔉ℳ(𝒷𝑗, v, 𝜔) = 1 as 𝑗 → ∞. 

(ii) {𝒷𝑗}  is termed as Cauchy, if for each 0 <  𝜉 <

 1 and 𝜔 > 0, there is 𝑗°  ∈ ℕ such that 

 𝔉ℳ(𝒷𝑚, 𝒷𝑗, 𝜔) > 1 − 𝜉, ∀𝑚, 𝑗 ≥ 𝑗°  

Definition 4: 17 Let  𝛇̂ ∶ [0,∞) × [0,∞) → 𝑅 be 

function. Then  𝛇̂ is termed a simulation function if 

the conditions listed below are fulfilled: 

(a)   𝛇̂(0,0) = 0. 

(b)    𝛇̂(𝜔, 𝜏) < 𝜏 − 𝜔 for each 𝜔, 𝜏 > 0. 

(c)   If {𝜔𝑗}, {𝜏𝑗} are sequences in (0,∞) such 

that  lim
𝑗→∞

𝜔𝑗 = lim
𝑗→∞

𝜏𝑗 > 0, then 

lim
𝑗→∞

𝑠𝑢𝑝 𝛇̂(𝜔𝑗, 𝜏𝑗) < 0                                                                                                                  

1 

(d)  If {𝜔𝑗}, {𝜏𝑗} are sequences in (0,∞) such 

that  lim
𝑗→∞

𝜔𝑗 = lim
𝑗→∞

𝜏𝑗 > 0 and  𝜔𝑗 < 𝜏𝑗, then Eq 1 is 

fulfilled.  

Results and Discussion 

Main Results 

The notion of almost 𝒁̂-contraction mapping is 

presented then the Fp theorem for this mapping is 

established. 

Consider  𝒁̂   to represent the set of all simulation 

functions  𝛇̂: [0,∞) × [0,∞) → 𝑅. 

Definition 5: Let (Ω, 𝔉ℳ ,⊙) be 𝐹ℳ-space and 

 𝛇̂ ∈  𝒁̂. A mapping Γ: Ω →  Ω is called an almost 

https://doi.org/10.21123/bsj.2024.9288
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𝒁̂-contraction (briefly" al- 𝒁̂C map")  if there exists 

constant 𝛽 with 

 𝛇̂ [𝔉ℳ(Γ𝒷, Γϑ, 𝜔), 𝔉ℳ(𝒷, ϑ, 𝜔) + 

𝛽(1 −ℋ(𝒷, ϑ))] ≥ 0                                      2 

for all 𝒷, 𝓆, ϑ ∈ Ω and 𝜔 >  0,  

where  

ℋ(𝒷, ϑ) = max{𝔉ℳ(𝒷, Γ𝒷,𝜔), 𝔉ℳ(ϑ, Γϑ, 𝜔), 𝔉ℳ(𝒷, Γϑ, 𝜔), 𝔉ℳ(ϑ, Γ𝒷,𝜔)} 

A Fp of an al- 𝒁̂C map is shown to be unique by the 

subsequent lemma. 

Lemma 1: Let (Ω, 𝔉ℳ ,⊙) be a 𝐹ℳ-space. If  al- 

𝒁̂C map possesses a Fp in (Ω, 𝔉ℳ ,⊙)  then this 

point is unique. 

Proof: Consider Γ: Ω →  Ω be an al- 𝒁̂C map with 

respect to  𝛇̂ ∈  𝒁̂. Assume 𝒹,𝓋 ∈ Ω be two 

different Fps of Γ. As a result of Eq  2 and (b)  

0 ≤  𝛇̂[𝔉ℳ(Γ𝒹, Γ𝓋,𝜔), 𝔉ℳ(𝒹,𝓋,𝜔) + 𝛽(1 −
ℋ(𝒹,𝓋))]  

     = 𝛇̂[𝔉ℳ(Γ𝒹, Γ𝓋,𝜔), 𝔉ℳ(𝒹,𝓋,𝜔) + 𝛽(1 −

max {𝔉ℳ(𝒹, Γ𝒹,𝜔),  

         

𝔉ℳ(𝓋, Γ𝓋,𝜔), 𝔉ℳ(𝒹, Γ𝓋,𝜔), 𝔉ℳ(𝓋, Γ𝒹,𝜔)}] 

     =  𝛇̂[𝔉ℳ(𝒹, 𝓋,𝜔), 𝔉ℳ(𝒹,𝓋,𝜔)]  

     < 𝔉ℳ(𝒹,𝓋,𝜔) − 𝔉ℳ(𝒹,𝓋,𝜔) = 0  

but this is a contradiction. As a result, the Fp of Γ in 

Ω is unique. 

Theorem 1: Suppose that (Ω, 𝔉ℳ ,⊙) is complete 

Fℳ-space , Γ: Ω →  Ω be al- 𝒁̂C map with respect 

to  𝛇̂ ∈  𝒁̂. Then, Γ possesses Fp. 

Proof: Consider 𝒷° ∈ Ω and the sequence 𝒷𝑛 =

Γ𝑛𝒷° = Γ𝒷𝑛−1 . If 𝒷𝑛° = 𝒷𝑛°+1 for some 𝑛° then 

𝒷𝑛° is Fp for Γ. If 𝒷𝑛° ≠ 𝒷𝑛°+1 , the proof is 

bifurcated into two steps. 

Step1: to demonstrate that lim
𝑛→∞

𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔) =

1                                                                    3 

Since ℋ(𝒷𝑛−1, 𝒷𝑛) =

max {𝔉ℳ(𝒷𝑛−1, Γ𝒷𝑛−1, 𝜔), 𝔉ℳ(𝒷𝑛, Γ𝒷𝑛, 𝜔), 𝔉ℳ(𝒷𝑛−1, Γ𝒷𝑛 , 𝜔), 𝔉ℳ(𝒷𝑛, Γ𝒷𝑛−1, 𝜔)} 

ℋ(𝒷𝑛−1, 𝒷𝑛)

= max {𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔), 𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔), 

𝔉ℳ(𝒷𝑛−1, 𝒷𝑛+1, 𝜔) , 𝔉ℳ(𝒷𝑛, 𝒷𝑛, 𝜔)}  

= max {𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔), 𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔), 

𝔉ℳ(𝒷𝑛−1, 𝒷𝑛+1, 𝜔) ,1} =1 

utilizing Eq 2, for each  𝑛 ∈ 𝑁, one gets 

0≤ 𝛇̂[𝔉ℳ(Γ𝒷𝑛−1, Γ𝒷𝑛, 𝜔), 𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔) +

𝛽(1 −ℋ(𝒷𝑛−1, 𝒷𝑛))] 

 

  = 𝛇̂[𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔), 𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔)] 

 

< 𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔) − 𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔)           4 

It follows that, 

0 < 𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔) < 𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔) for each 

𝑛 ∈ 𝑁. Thus, {𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔)} is decreasing, so 

𝓇 ≤ 1 such that lim
𝑛→∞

𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔) = 𝓇. To 

prove that 𝓇 = 1 for each 𝜔 > 0. Assume that 𝓇 <

1. Take {𝜔𝑛}, {𝜏𝑛} as  𝜔𝑛 = 𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔) and 

𝜏𝑛 = 𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔). Since lim
𝑛→∞

𝜔𝑛 = lim
𝑛→∞

 𝜏𝑛 =

𝓇 and 𝜔𝑛 < 𝜏𝑛 for each 𝑛, by (d) and Eq 4, deduce 

0≤

lim
𝑛→∞

𝑠𝑢𝑝 𝛇̂[𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔), 𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔)] <

0, but this is a contradiction hence 𝓇 = 1. 

Step2: To demonstrate that {𝒷𝑛} is a Cauchy. 

Assume that {𝒷𝑛}  is a Cauchy and considers 

{𝒮𝑛} ⊂ (0,∞) specified by  

𝒮𝑛 = sup {𝔉ℳ(𝒷𝑖, 𝒷𝑗, 𝜔): 𝑖, 𝑗 ≥ 𝑛} 

Then {𝒮𝑛} is a positive decreasing; consequently, 

some 𝒮 ≥ 1 exists with lim
𝑛→∞

𝒮𝑛 = 𝒮. If 𝒮 > 1 Then 

by definition of 𝒮𝑛 for each 𝑘 ∈ 𝑁, there is  

𝑛 𝑘   and 𝑚 𝑘 such that 𝑚 𝑘 > 𝑛 𝑘   ≥ 𝑘 and 

𝒮𝑘 −
1

𝑘
< 𝔉ℳ(𝒷𝑚 𝑘 , 𝒷𝑛 𝑘 , 𝜔) ≤ 𝒮𝑘 

Thus  

https://doi.org/10.21123/bsj.2024.9288
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lim
𝑘→∞

𝔉ℳ(𝒷𝑚 𝑘 , 𝒷𝑛 𝑘 , 𝜔) = 𝒮                                             

5 

Now Eq 2 yields the following results: 

𝔉ℳ(𝒷𝑚 𝑘 , 𝒷𝑛 𝑘 , 𝜔) ≤ 𝔉ℳ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘−1, 𝜔)                                                                             

However  

𝔉ℳ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘−1, 𝜔)

≥ 𝔉ℳ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘 , 𝜔)

⊙ 𝔉ℳ(𝒷𝑛 𝑘 , 𝒷𝑛 𝑘−1, 𝜔) 

                                       ≥ 𝔉ℳ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘 , 𝜔)⊙

𝔉ℳ(𝒷𝑛 𝑘 , 𝒷𝑚 𝑘 , 𝜔)⊙ 𝔉ℳ(𝒷𝑚 𝑘 , 𝒷𝑛 𝑘−1, 𝜔)  

Taking 𝑘 → ∞ in the above inequality and using Eq 

3 and Eq 5, obtain 

lim
𝑘→∞

𝔉ℳ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘−1, 𝜔) = 𝒮                                                                                                          

6 

Since Γ is an almost 𝒁̂-contraction then: 

𝔉ℳ(𝒷𝑛 𝑘 , 𝒷𝑚 𝑘 , 𝜔) < 𝔉ℳ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘−1, 𝜔) +

𝛽 (1 −ℋ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘−1))                                  7 

with the assistance of Eq 3, obtain: 

lim
𝑘→∞

ℋ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘−1) = 1                                  8                                                                         

Taking the sequences {𝜔𝑘 = 𝔉ℳ(𝒷𝑛 𝑘 , 𝒷𝑚 𝑘 , 𝜔)}  ,

{𝜏𝑘 = 𝔉ℳ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘−1, 𝜔) + 𝛽(1 −

ℋ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘−1))}  

and considering Eqs.5–8, lim
𝑘→∞

𝜔𝑘 = lim
𝑘→∞

𝜏𝑘 = 𝒮  

and  𝜔𝑘 < 𝜏𝑘  for each 𝑘. Then, by Eq 2 and (d), 

obtain 

0 ≤ lim
𝑛→∞

𝑠𝑢𝑝 𝛇̂

[
 
 
 

𝔉ℳ(𝒷𝑛 𝑘 , 𝒷𝑚 𝑘 , 𝜔),

𝔉ℳ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘−1, 𝜔) +

𝛽 (1 −ℋ(𝒷𝑚 𝑘−1, 𝒷𝑛 𝑘−1))]
 
 
 
< 0  

which is a contradiction and so 𝒮 = 1.  As a result 

{𝒷𝑛} is a Cauchy and because (Ω, 𝔉ℳ ,⊙) is a 

complete there is 𝑤 ∈ Ω with lim
𝑛→∞

𝒷𝑛 = 𝑤. 

As the last step, it should be shown that the point 𝑤 

is a Fp of Γ. Assume that Γw ≠ w. 

Eq 2, (b), and (d) provide the following results, 

0 ≤ lim
𝑛→∞

𝑠𝑢𝑝 𝛇̂[𝔉ℳ(Γ𝒷𝑛, Γw,𝜔), 𝔉ℳ(𝒷𝑛, 𝑤, 𝜔) +

𝛽(1 −ℋ(𝒷𝑛, 𝑤))]  

   ≤ lim
𝑛→∞

𝑠𝑢𝑝 𝛇̂[𝔉ℳ(𝒷𝑛, 𝑤, 𝜔) + 𝛽(1 −

ℋ(𝒷𝑛, 𝑤)) − 𝔉ℳ(𝒷𝑛+1, Γw,𝜔)] 

   = 1 − 𝔉ℳ(𝒷𝑛+1, 𝛤𝑤,𝜔) 

which indicate that 𝔉ℳ(𝒷𝑛+1, Γw,𝜔) = 1. This 

means 𝑤 is a Fp of Γ. 

Following that, the notion of (Ψ̃ , Φ̃)-almost weakly 

contraction mapping is presented, as well as the Fp 

theorem for this kind of mapping. 

Consider Φ̃ , Ψ̃ ∶ [0,1] → [0,∞) be mappings such 

that Ψ̃  is continuous, monotonically decreasing 

and Ψ̃(𝛿) = 0 if and only if 𝛿 = 1 for each 𝛿 ∈

 [0, 1] and Φ̃  is continuous, Φ̃ (𝛽) =0 if and only if 

𝛽 = 1 for each 𝛽 ∈  [0, 1] 

 

Definition 6: Let (Ω, 𝔉ℳ ,⊙) be a 𝐹ℳ-space and 

Γ: Ω →  Ω satisfying the inequality∶    

 Ψ̃(𝔉ℳ(Γ𝒷, Γ𝓆,𝜔)) ≤ Ψ̃(𝔉ℳ(𝒷, 𝓆, 𝜔)) −

Φ̃(𝔉ℳ(𝒷, 𝓆, 𝜔)) + 𝔇(1 −  𝒜(𝒷, 𝓆))                   9             

 

where 𝒜(𝒷, 𝓆) = max {𝔉ℳ(Γ𝒷,𝒷,𝜔), 𝔉ℳ(Γ𝒷, 𝓆, 𝜔), √𝔉ℳ(Γ𝓆,𝒷,𝜔)𝔉ℳ(Γ𝓆, 𝓆, 𝜔)}   

 

for all 𝒷, 𝓆 ∈ Ω ,  𝔇 ≥ 0, and 𝜔 > 0, then Γ is 

termed as (Ψ̃ , Φ̃)-almost weakly contraction 

mapping on Ω. 

Theorem 2: Let (Ω, 𝔉ℳ ,⊙) be complete  Fℳ-

space and Γ: Ω →  Ω be (Ψ̃ , Φ̃)-almost weakly 

contraction mapping. Then, Γ possesses a Fp in Ω 

which is unique. 
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Proof: Consider {𝒷𝑛} in Ω such that Γ𝒷𝑛 = 𝒷𝑛+1. 

If 𝒷𝑛 = 𝒷𝑛+1 then the theorem is obvious. Suppose 

that 𝒷𝑛 ≠ 𝒷𝑛+1.  

Now, 

Ψ̃(𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔)) = Ψ̃(𝔉ℳ(Γ𝒷𝑛−1, Γ𝒷𝑛, 𝜔)) 

  ≤ Ψ̃(𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔)) −

Φ̃(𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔)) + 𝔇(1 −  𝒜(𝒷𝑛−1, 𝒷𝑛))                                          

10                                                                                                             

where 𝒜(𝒷𝑛−1, 𝒷𝑛) =

max {𝔉ℳ(Γ𝒷𝑛−1, 𝒷𝑛−1, 𝜔), 𝔉ℳ(Γ𝒷𝑛−1, 𝒷𝑛, 𝜔), 

 √𝔉ℳ(Γ𝒷𝑛, 𝒷𝑛−1, 𝜔)𝔉ℳ(Γ𝒷𝑛, 𝒷𝑛, 𝜔)}   

                       

= max {𝔉ℳ(𝒷𝑛, 𝒷𝑛−1, 𝜔), 𝔉ℳ(𝒷𝑛, 𝒷𝑛, 𝜔),  

√𝔉ℳ(𝒷𝑛+1, 𝒷𝑛−1, 𝜔)𝔉ℳ(𝒷𝑛+1, 𝒷𝑛, 𝜔)}   

           = max {𝔉ℳ(𝒷𝑛, 𝒷𝑛−1, 𝜔), 1,  

√𝔉ℳ(𝒷𝑛+1, 𝒷𝑛−1, 𝜔)𝔉ℳ(𝒷𝑛+1, 𝒷𝑛, 𝜔)}   

          = 1 

Thus  𝒜(𝒷𝑛−1, 𝒷𝑛) = 1. Hence  

Ψ̃(𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔))  ≤ Ψ̃(𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔)) −

Φ̃(𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔))                                           11 

By using the property of  Φ̃, one gets 

Ψ̃(𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔)) < Ψ̃(𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔))   12                                                                                      

Now, using Ψ̃ 's monotonically decreasing property, 

one gets 

𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔) > 𝔉ℳ(𝒷𝑛−1, 𝒷𝑛, 𝜔)                13                                                                                     

Hence {𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔)}is increasing. Then there 

is 𝓇 ∈ (0,1) such that 𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔) → 𝓇 as 

𝑛 → ∞. Now letting 𝑛 → ∞ in the inequality (11), 

thus obtain the following: 

Ψ̃(𝓇)  ≤ Ψ̃(𝓇) − Φ̃(𝓇) 

⇒ Φ̃(𝓇) ≤ 0 

and Φ̃(𝓇) ≥ 0 therefore one get Φ̃(𝓇) = 0. Then 

by property of Φ̃ , conclude that 𝓇 = 1, that is 

mean, 

 𝔉ℳ(𝒷𝑛, 𝒷𝑛+1, 𝜔) → 1 as 𝑛 → ∞                                                                                                              

14 

Next, to prove that {𝒷𝑛} is a Cauchy. Conversely, if 

{𝒷𝑛} is not Cauchy then for any 𝜖 > 0  it is possible 

to find a subsequence {𝒷𝑛𝑘}, {𝒷𝑚𝑘
} of {𝒷𝑛} with 

𝑛𝑘 > 𝑚𝑘 ≥ 𝑘 such that  

𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑚𝑘
, 𝜔) ≤ 1 −  𝜖                                                                                                                        

15 

Now  select 𝑛𝑘 such that it is the smallest integer 

with 𝑛𝑘 > 𝑚𝑘 and satisfying Eq 15. Then, 

𝔉ℳ(𝒷𝑛𝑘−1, 𝒷𝑚𝑘
, 𝜔) > 1 −  𝜖 and 

𝔉ℳ(𝒷𝑛𝑘−1, 𝒷𝑚𝑘−1, 𝜔) > 1 −  𝜖               16 

Now  

𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑚𝑘
, 𝜔)

≥ 𝔉ℳ (𝒷𝑛𝑘 , 𝒷𝑛𝑘−1,
𝜔

2
)

⊙ 𝔉ℳ (𝒷𝑛𝑘−1, 𝒷𝑚𝑘
,
𝜔

2
) 

                              > 𝔉ℳ (𝒷𝑛𝑘 , 𝒷𝑛𝑘−1,
𝜔

2
)⊙ 1 −  𝜖 

and from Eq 14 obtain  𝔉ℳ (𝒷𝑛𝑘 , 𝒷𝑛𝑘−1,
𝜔

2
) =

1  𝑎𝑠 𝑘 → ∞, then 

𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑚𝑘
, 𝜔) > 1⊙ 1 −  𝜖 

Thus lim
𝑘→∞

𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑚𝑘
, 𝜔) >1 −  𝜖                    17 

From Eqs 15 and 17 conclude that: 

lim
𝑘→∞

𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑚𝑘
, 𝜔) =1 −  𝜖. 

Now consider, 

Ψ̃ (𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑚𝑘
, 𝜔))

= Ψ̃ (𝔉ℳ(Γ𝒷𝑛𝑘−1, Γ𝒷𝑚𝑘−1, 𝜔)) 

 ≤ Ψ̃ (𝔉ℳ(𝒷𝑛𝑘−1, 𝒷𝑚𝑘−1, 𝜔)) −

Φ̃ (𝔉ℳ(𝒷𝑛𝑘−1, 𝒷𝑚𝑘−1, 𝜔)) + 𝔇(1 −

 𝒜(𝒷𝑛𝑘−1, 𝒷𝑚𝑘−1))            18                                                     

where  

𝒜(𝒷𝑛𝑘−1, 𝒷𝑚𝑘−1) =max {𝔉ℳ(Γ𝒷𝑛𝑘−1, 𝒷𝑛𝑘−1, 𝜔), 
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 𝔉ℳ(Γ𝒷𝑛𝑘−1, 𝒷𝑚𝑘−1, 𝜔), 

 √𝔉ℳ(Γ𝒷𝑚𝑘−1, 𝒷𝑛𝑘−1, 𝜔)𝔉ℳ(Γ𝒷𝑚𝑘−1, 𝒷𝑚𝑘−1, 𝜔)} 

= max {𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑛𝑘−1, 𝜔),  

𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑚𝑘−1, 𝜔), 

 √𝔉ℳ(𝒷𝑚𝑘
, 𝒷𝑛𝑘−1, 𝜔)𝔉ℳ(𝒷𝑚𝑘

, 𝒷𝑚𝑘−1, 𝜔)}   

Taking 𝑘 → ∞ in the above inequality,  

𝒜(𝒷𝑛𝑘−1, 𝒷𝑚𝑘−1)  = 

max{

1, 𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑚𝑘−1, 𝜔),

 √𝔉ℳ(𝒷𝑚𝑘
, 𝒷𝑛𝑘−1, 𝜔). 1

}  

= max{

1, 𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑚𝑘−1, 𝜔),

√𝔉ℳ(𝒷𝑚𝑘
, 𝒷𝑛𝑘−1, 𝜔)

}   =1 

Therefore 𝒜(𝒷𝑛𝑘−1, 𝒷𝑚𝑘−1) = 1 as 𝑘 → ∞. 

So, 

Ψ̃ (𝔉ℳ(𝒷𝑛𝑘 , 𝒷𝑚𝑘
, 𝜔)) ≤ Ψ̃(1 −  𝜖) − Φ̃(1 −  𝜖) +

𝔇(1 −  𝒜(𝒷𝑛𝑘−1, 𝒷𝑚𝑘−1))    

Ψ̃(1 −  𝜖)  ≤  Ψ̃(1 −  𝜖) − Φ̃(1 −  𝜖) + 𝔇(1 −  1)               

as   𝑘 → ∞. 

 ⟹ Ψ̃(1 −  𝜖)  ≤  Ψ̃(1 −  𝜖) − Φ̃(1 −  𝜖) 

⟹ Φ̃(1 −  𝜖)   ≤  0 

as well as by the definition of Φ̃ acquire  Φ̃(1 −  𝜖)  

≥ 0, then  Φ̃(1 −  𝜖) = 0. Agaian by property of a 

function Φ̃ conclude that 1 −  𝜖 = 1 ⟹ 𝜖 = 0, but 

this a contradiction, then {𝒷𝑛} is a Cauchy. Because 

Ω is complete, thus there is  𝒹 ∈ Ω such that 𝒷𝑛 →

 𝒹 as 𝑛 → ∞. 

Next to prove that 𝒹 is Fp of Γ in Ω.  

Now consider  

Ψ̃(𝔉ℳ(𝒷𝑛, Γ𝒹, 𝜔)) = Ψ̃(𝔉ℳ(Γ𝒷𝑛−1, Γ𝒹, 𝜔)) 

                                ≤ Ψ̃(𝔉ℳ(𝒷𝑛−1, 𝒹, 𝜔)) −

Φ̃(𝔉ℳ(𝒷𝑛−1, 𝒹, 𝜔)) + 𝔇(1 −  𝒜(𝒷𝑛−1, 𝒹))    

Let 𝑛 → ∞ in the above inequality one get, 

Ψ̃(𝔉ℳ(𝒹, Γ𝒹,𝜔))

≤ Ψ̃(𝔉ℳ(𝒹, 𝒹, 𝜔))

− Φ̃(𝔉ℳ(𝒹, 𝒹, 𝜔)) + 𝔇(1

−  𝒜(𝒹, 𝒹)) 

where 𝒜(𝒹, 𝒹) =

max {𝔉ℳ(Γ𝒹, 𝒹, 𝜔), 𝔉ℳ(Γ𝒹, 𝒹, 𝜔), 

 √𝔉ℳ(Γ𝒹, 𝒹, 𝜔)𝔉ℳ(Γ𝒹, 𝒹, 𝜔)}   

                         

= max {𝔉ℳ(Γ𝒹, 𝒹, 𝜔), 𝔉ℳ(Γ𝒹, 𝒹, 𝜔), 

 𝔉ℳ(Γ𝒹, 𝒹, 𝜔)}   

             = 𝔉ℳ(Γ𝒹, 𝒹, 𝜔)   
So, 

Ψ̃(𝔉ℳ(𝒹, Γ𝒹,𝜔))

≤ Ψ̃(1) − Φ̃(1) + 𝔇(1
− 𝔉ℳ(Γ𝒹, 𝒹, 𝜔)) 

                             ≤ 0 +𝔇(1 − 𝔉ℳ(Γ𝒹, 𝒹, 𝜔))  

⟹ Ψ̃(𝔉ℳ(𝒹, Γ𝒹,𝜔)) ≤ 𝔇(1 − 𝔉ℳ(Γ𝒹, 𝒹, 𝜔)) 

which is possible if and only if 𝔉ℳ(Γ𝒹, 𝒹, 𝜔) = 1 

⟹  Γ𝒹 = 𝒹. Thus 𝒹 is Fp of Γ in Ω. 

The last stage is to demonstrate the Fp's uniqueness. 

Take into account that 𝒹 and ϑ are two Fps of Γ in 

Ω where  𝒹 ≠ ϑ. 

Then, 

(𝔉ℳ(𝒹, ϑ, 𝜔)) = Ψ̃(𝔉ℳ(Γ𝒹, Γϑ, 𝜔)) 

                        ≤ Ψ̃(𝔉ℳ(𝒹, ϑ, 𝜔)) −

Φ̃(𝔉ℳ(𝒹, ϑ, 𝜔)) + 𝔇(1 −  𝒜(𝒹, ϑ))    

where 𝒜(𝒹, ϑ) =

max {𝔉ℳ(Γ𝒹, 𝒹, 𝜔), 𝔉ℳ(Γ𝒹, ϑ, 𝜔),  

√𝔉ℳ(Γϑ, 𝒹, 𝜔)𝔉ℳ(Γϑ, ϑ, 𝜔)}  

                         = max {𝔉ℳ(𝒹, 𝒹, 𝜔), 𝔉ℳ(𝒹, ϑ, 𝜔), 

 √𝔉ℳ(ϑ, 𝒹, 𝜔)𝔉ℳ(ϑ, ϑ, 𝜔)}   

             

= max {1, 𝔉ℳ(𝒹, ϑ, 𝜔), √𝔉ℳ(ϑ, 𝒹, 𝜔)}     = 1. 

So, 
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(𝔉ℳ(𝒹, ϑ, 𝜔)) ≤ Ψ̃(𝔉ℳ(𝒹, ϑ, 𝜔))

− Φ̃(𝔉ℳ(𝒹, ϑ, 𝜔)) + 𝔇(1 −  1) 

Ψ̃(𝔉ℳ(𝒹, ϑ, 𝜔)) ≤ Ψ̃(𝔉ℳ(𝒹, ϑ, 𝜔)) −

Φ̃(𝔉ℳ(𝒹, ϑ, 𝜔))  

⟹ Φ̃(𝔉ℳ(𝒹, ϑ, 𝜔)) ≤ 0, and hence  

Φ̃(𝔉ℳ(𝒹, ϑ, 𝜔)) = 0. Again by property of Φ̃ one 

get 𝔉ℳ(𝒹, ϑ, 𝜔) = 1. Hence 𝒹 = ϑ, which means 

the Fp is unique. 

Example 1: 

Consider  Ω = Ν with 𝔉ℳ: Ω × Ω × ℝ → [0,1] 
specified by: 

𝔉ℳ(𝒷, 𝓆, 𝜔) = {

𝒷  

𝓆
                       𝑖𝑓   𝒷 ≤  𝓆 

𝓆

𝒷
                       𝑖𝑓    𝓆 < 𝒷

  

∀𝒷, 𝓆 ∈ Ω and 𝜔 > 0. Let  Γ: Ω →  Ω be self-

mapping defined by 

Γ𝒷 = 𝒷2 

Let Φ̃, Ψ̃ ∶ [0,1] → [0,∞) be mappings defined by 

Ψ̃(𝛿) = 1 − 𝛿2  and Φ̃(𝛿) = 1 − √𝛿 . Then Γ 

satisfies inequality (9) with 𝔇 ≥ 0. Thus Γ is 

(Ψ̃ , Φ̃)-almost weakly contraction mapping on Ω. 

Hence Γ satisfies the hypothesis of Theorem 2 and 

so, possesses a unique Fp. In this example  𝒷⋆  = 1 

is the Fp of Γ. 

Example 2: 

Let   Ω = [0,1] and  𝔉ℳ: Ω × Ω × ℝ → [0,1] 
defined by: 

𝔉ℳ(𝒷, 𝓆, 𝜔) =

{
1                                  𝑖𝑓   𝒷 = 0 or 𝓆 = 0 

max{𝒷, 𝓆}                  𝑖𝑓   𝒷 ≠ 0 and 𝓆 ≠ 0
  

∀𝒷, 𝓆 ∈ Ω and 𝜔 > 0. Let  Γ: Ω →  Ω be self-

mapping defined by 

Γ𝒷 =

{
 
 

 
 

1

4
              𝑖𝑓   𝒷 = 0 

4𝒷         𝑖𝑓   0 < 𝒷 <
1

2

1          𝑖𝑓   
1

2
≤ 𝒷 ≤ 1

    

Let Φ̃, Ψ̃ ∶ [0,1] → [0,∞) be mappings defined by 

Ψ̃(𝛿) = 1 − 𝛿2  and Φ̃(𝛿) = 1 − 𝛿 . then Γ 

satisfies inequality (9) with 𝔇 ≥ 0. Thus Γ is 

(Ψ̃ , Φ̃)-almost weakly contraction mapping on Ω. 

On the other hand, it is clear that (Ω, 𝔉ℳ ,⊙) is 

complete  𝐹ℳ-space , therefore Γ satisfies the 

hypothesis of Theorem 2. In this example  𝒷⋆  = 1 

and 𝒷⋆  =
1

4
  are  Fp of Γ. 

Conclusion 

In this work, the idea of almost 𝒁̂-contraction 

mapping and (Ψ̃ , Φ̃)-almost weakly contraction 

mapping is presented in a 𝐹ℳ-space. The fixed 

point theorem for these various contraction 

mappings is then verified. Several examples are 

offered to demonstrate the usefulness of the 

obtained results. This work provides the framework 

for future research on additional new forms of 

almost weakly contraction mappings and their 

applications in fuzzy metric spaces. 
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 نتائج النقطة الصامدة لدوال الانكماش القريبة في الفضاء المتري الضبابي 

 2 دمن أحسة عبد الحنبثي، 1رغد ابراهيم صبري

 0فرع الرياضيات وتطبيقات الحاسوب، قسم العلوم التطبيقية ، الجامعة التكنولوجية، بغداد، العراق.

 1 قسم الرياضيات، كلية العلوم، جامعة بغداد، بغداد، العراق.

 

 ةالخلاص

 مرادفاً الحقيقي العالم في مشكلة أو نظرية لمشكلة حل وجود يكون والنمذجة، والاقتصادية والحاسوبية الرياضية المسائل بعض في 

 السياقات من واسعة مجموعة في أساسياً دورًا تلعب Fp نظرية النقطة الصامدة فأن  ،وبالتاليمناسبة. دالة ل (Fp) صامدة نقطة لوجود

والتحليل  التحليل الصرف) التحليل من مذهلاً مكون مزيجًا ذاتها حد في  Fp نظرية النقطة الصامدة تعتبر. والعلمية الرياضية

 في للغاية ومفيدة قوية أداة هي Fp النقطة الصامدة  نظرية أن الأخيرة السنوات أظهرت والطوبولوجيا. لقد والهندسة، ،(التطبيقي

 ظل في والتي نفسها X الى المجموعة  X من المجموعة f بدالة Fp نظريات النقطة الصامدة تهتم. الخطية غيرالحالات  دراسة

 بحيث X  (x∈X)موجودة في المجموعة  x بعبارة اخرى انه بمعنى  لكل نقطة ، Fp صامدة نقطة بوجود فأنها تسمح معينة، ظروف

 الفضاء المتري الضبابي     في الانكماش دوال من مختلفة لأنواع  Fp الصامدة النقطة يةنظر ويثبت العمل هذا يقدم .  f(x)=x أن

(FM-space) الانكماش بدالة والتي تسمى 𝒁̂  الانكماش ودالة القريبة ( الضعيفة القريبة Ψ̃ ,Φ̃ .)بمفهوم التذكير تم البداية، في 

بعد ذلك تم اعطاء مفهوم دالة  ثم. الضبابي الإطار في المستخدمة وبعض المصطلحات (FM-space)الفضاء المتري الضبابي

 إلى بالإضافة. الفضاء المتري الضبابي إطار في القريبة Z̃ الانكماش دالة تعريف هذا لتقديم المحاكاة دالة مفهوم استخدام يتم. المحاكاة

 من النوع لهذا الصامدة النقطة ووحدانية الصامدة وجود النقطة القريبة( لبرهان Z̃ الانكماش لقد تم استخدام هذا المفهوم)دالة ذلك،

 ، (FM-space)الفضاء المتري الضبابي إطار في(  Ψ̃ ,Φ̃ الضعيفة القريبة ) الانكماش دالة فكرة تقديم تم ذلك بعد ثم.الدوال

 النتائج. لدعم الأمثلة بعض تقديم تم البحث نهاية وفي. الدوال من من النوع لهذا Fp الصامدة النقطة تقديم نظرية إلى بالإضافة

، ةصامدال النقطة ،(Ψ̃ ,Φ̃ ة القريبة )الضعيف الانكماش دالة القريبة، Z̃ الانكماش دالةالدوال الانكماشية القريبة،  الكلمات المفتاحية:

 .ضبابيال المتري الفضاء
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