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Abstract

In certain mathematical, computing, economic, and modeling issues, the presence of a solution to a
theoretical or real-world problem is synonymous with the presence of a fixed point (Fp) for an
appropriate mapping. Consequently, Fp plays an essential role in a wide variety of mathematical and
scientific contexts. In its own right, the theory is a stunning amalgamation of analysis (both pure and
applied), geometry, and topology. Recent years have shown the theory of Fps is a highly strong and
useful tool in the study of nonlinear events. Fp theorems are concerned with mappings f of a set X into
itself that, under particular conditions, permit a Fp, that is, a point x € X such thatf (x) = x. This work
introduces and proves the Fp theorem for various kinds of contraction mappings in a fuzzy metric space
(FM -space) namely almost Z-contraction mapping and (¥, ®)- almost weakly contraction mapping. At
first, the concept of FM -space and the terms used in the fuzzy setting are recalled. Then the concept of
simulation function is given. The concept of simulation function is used to present the notion of almost Z-
contraction mapping. In addition, this notion is used to prove the existence and uniqueness of the Fp for
this kind of mapping. After that the notion of (¥, ®)-almost weakly contraction mapping is introduced in
the framework of FM -space, as well as the Fp theorem for this kind of mapping. At the end of the paper,
some examples are given to support the results.

Keywords: Almost contraction mappings, Almost Z-contraction mapping, (¥, ®)almost weakly
contraction mapping, Fixed point, Fuzzy metric space.

Introduction

Functional analysis is a discipline of mathematics
that evolved from classical analysis. Presently,
functional analytic methods and outcomes are
crucial in numerous mathematical disciplines and
their applications 1,

Fp theory has its origins in Banach's well-known
study, which was published a century ago. Since the
discovery of this fundamental yet very effective
nonlinear analytical conclusion, the subject of Fp
theory has advanced in several different ways. Ciri °
established the concept of quasi-contraction and
suggested a modification of the Banach contraction
principle in 1974.
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On the other hand, in 1965 Zadeh's groundbreaking
work in 1965 established and analyzed the notion of
a fuzzy set. In 1975, Kramosil and Michalek
initially presented the definition of FM-space. A
large number of papers on FM-space have been
published; see &°. Beginning with the specification
of FM -space, Sihag et al 1°. employed the new idea
of a-series contraction to develop Fp theorems for a
sequence of mappings. Chauhan et al **. established
unified Fp theorems in FM-spaces. Further
significant results on the Fp within the FM -spaces
may be seen in 1214,

This paper aims to investigate the existence of the
Fps in a FM-space, providing an approach to
expanding and fuzzifying results in metric spaces.
To that goal, the definitions of almost Z-contraction
mapping and (¥ ; ®)-almost weakly contraction
mapping is presented and the existence of Fps is
established with regard to these contraction forms.

Preliminaries

The terminologies and outcomes used throughout
the paper are provided in this section. The
terminology employed in the fuzzy context will be
reviewed first.

Definition 1: ® A binary operation ®:[0,1] x
[0,1] — [0,1] is called t-norm if it meets the
requirements below for any uq, u,, us,uy € [0,1]:

(11 Ouy =1uy,
D u; Ouy =uy ©uy,
Bluz O (uz Ouy) = (U Quz) Ouy

@) If uy <uy anduz <uy thenu, Quz <uy, ©
uq,

Definition 2: ° If Q is an arbitrary set, © is a
continuous t-norm, and &, is a fuzzy set on Q2 x
Results and Discussion

Main Results

The notion of almost Z-contraction mapping is
presented then the Fp theorem for this mapping is
established.

(0,0) meet the criteria listed below for

every &#,4,9 € Qand w,7 > 0:

Q) Fve(b,g,w) >0and (&, g, 0)=1if and
onlyif & = g.
(2) Frne (6, a4, 0) = F (g, 6, w);

@) FTud0) OFy®,q,1) <Fn g 0+
7);

(4) Fac (&, g, w): (0,0) - [0,1] is continuous;
Then a 3-tuple (Q, &, ©) is termed as FM -space.

Definition 3: % Let (Q, F,©) be FM -space and
{4} be a sequence in Q. Then

(i)  {6;}in Q is termed as convergent to a point
& € Qiflim§u(6,v,w) =1asj - co.

(ii) {65} is termed as Cauchy, if foreach 0 < ¢ <
1 and w >0, there is jo € N such that
e (bm, ), 0) > 1—&,Vm,j > jo

Definition 4: Y Let T:[0,00) x [0,00) - R be
function. Then T is termed a simulation function if
the conditions listed below are fulfilled:

() ¢(0,0) =o0.
(b) Yw,1) <T—wforeach w,7 > 0.
(o) If {w;},{r;} are sequences in (0,%) such
that lim w; = lim 7; > 0, then
_]—)00 ]—)00
lim sup Z(wj,rj) <0
Jj—ooo
1

(d) If {w;},{r;} are sequences in (0,o) such
that limw; = lim 7; > 0 and w; < 7;, then Eq 1 is

j—00 J—00

fulfilled.

Consider Z to represent the set of all simulation
functions T: [0, ) x [0,) = R.

Definition 5: Let (Q, &, ©) be FM-space and
(€ Z. A mapping T: Q - Q is called an almost
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Z-contraction (briefly” al- ZC map") if there exists
constant £ with

Z [%M (F’&! F19, 0)), %M (’6/; 19; 0)) +

Bl —H(£,9)]=0 2
forall #,g,9 € Qand w > 0,

where

H(,9) = max{Fy (&, T4, 0), Fpc (9,19, w), Far (6,19, ), Farc (O, T4, w)}

A Fp of an al- ZC map is shown to be unique by the
subsequent lemma.

Lemma 1: Let (Q, &, O) be a FM-space. If al-
ZC map possesses a Fp in (Q,F,O) then this
point is unique.

Proof: Consider I': @ — Q be an al- ZC map with
respect to C€ Z. Assume d,v €Q be two
different Fps of I'. As a result of Eq 2 and (b)

0 < YT (Td,Tv,w),Frp(d v, 0) + L1 -
H(d, v))]

= YFn (T, Tv, 0), Frc(d, v, w) + B(1 —
max{F (4, Td, w),

g’]\’[ (’U’, F/U" (1)), i}]\/[ (d' F’U’, (JJ), %M (U' Fd' (1))}]
= 2[8’]\’[ (d' v, (1)), ?f]\/[ (d, v, (1))]
< Fmld,v,w) —Fpu(d,v,0) =0

but this is a contradiction. As a result, the Fp of T in
Q is unique.

Theorem 1: Suppose that (Q, T, ©) is complete
FM-space , I': Q — Q be al- ZC map with respect
to { € Z. Then, T possesses Fp.

Proof: Consider 6. € Q and the sequence 4, =
Mbo =Tb,_, . If b, = b, for some n. then
by, is Fp for T. If b, # 6,.,.1 , the proof is
bifurcated into two steps.

Stepl: to demonstrate that lim &y, (64, bt @) =
n—-oo
1 3

Since H (b1, b7) =

= maX{%M(/gVn_l’/E"n’ (1)), 8:]\/[(/5'71, /6'n+1, (4))’
%M(’&n—l!&n+1! (1)) ;1} =1

utilizing Eq 2, for each n € N, one gets

0< qUFac(Thn_1, T, ), Fag (g, by @) +
ﬁ(l - H([”n—l' [”n))]

= Z[%M([”nr{"n+1: W), Fare (Bn_1, b, 0)]

<y bno1, bn0) — Far (b, b1, w) 4
It follows that,

0 <Fne (b, bns1, w) < Fap (b1, by, w) for each

n € N. Thus, {& (b, bnye1, @)} is decreasing, so

7 < 1suchthat lim &y (&, bpe, @) = 7.T0
n—oo

prove that »~ = 1 for each w > 0. Assume that » <
1. Take {w,}, {tn} as w, = Far (b, bneq, w) and
Tn = & Bp1, O, w). Since lim w, = lim 7, =

n—-oo n—-oo

7 and w, < T, for each n, by (d) and Eq 4, deduce

0<
%msup Z[%M(’&n:’&rwlr w): g’]\/[(’&n—ll &n: 0))] <
0, but this is a contradiction hence » = 1.

Step2: To demonstrate that {6,} is a Cauchy.
Assume that {6,,} is a Cauchy and considers
{S,.} c (0, ) specified by

Sn = sup{ac (1, 6;,0): i,j = n}

Then {S,,} is a positive decreasing; consequently,
some § > 1 exists with limS,, =S§. If § > 1 Then

n—-oo

by definition of &, for each k € N, there is
ny, andm suchthatm, >n, =kand

max{Fr (bn_1, Tbn_1, ), Far (b, Ty, ), Far (bn—1, Ty, @), Far (b, T _q, 0)}

%(&n—llﬁn)
= max{F (bn-1, bn, @), Far (b, i1, 0),

e b1, bns1, ), e (b, b, )}

Sk —E < %M(/&mk,/&’nk,w) < Sk

Thus

Page | 3207


https://doi.org/10.21123/bsj.2024.9288

2024, 21(10): 3205-3213
https://doi.org/10.21123/bsj.2024.9288
P-ISSN: 2078-8665 - E-ISSN: 2411-7986

g

Baghdad Science Journal

Ill—l;gogm(/&m k’ ’6'n k’ 0)) = ‘S
5

Now Eq 2 yields the following results:

%M(’&m K’ ’6'n K’ 0)) < %M(’&m k—l’/&n k=1 (1))
However
i}M (&m k=1 &n k1 (1))

= %M ('6’771 k=1 ﬁn K’ (l))
@ %]V[ (’&n K’ ’Kyn k=1 (1))

= %M(’E/m k—lJ/&n ka) O
gM(&nk"B'mk:w) © %M({mG"g”nk—l'w)

Taking k — oo in the above inequality and using Eq
3 and Eq 5, obtain

lim %]V[ (’g"m k=1 '6’71 k=1 0)) =3

k—oo

6

Since T is an almost Z-contraction then:

?;M(Zvn o Bm a)) < ?;M(lrm w—1Un 1 w) +

B (1= (b -1, b0, 1)) 7
with the assistance of Eq 3, obtain:

Ili—)nc}og-[(/&mk_l,/&nk_l) =1 8

Taking the sequences {wy = (b7 bm o )}
{Tk = <i}]\’f(/gyﬁl =1 ’g"n =1 0)) + B(l -
}[(’&m k—l'/gyn k—l))}

and considering EQgs.5-8, Ilim Wy = Ilim =39S

and w, < 1), for each k. Then, by Eq 2 and (d),
obtain

[ %]V[('&/Tl k"&m Kk’ w)l ]
%M(/&’m k—lr’&n k=1 (l.)) + | <0

18 (1 — H (b 1,60 k—1))J

which is a contradiction and so § = 1. As a result

{6} is a Cauchy and because (Q, &, ©O) is a
complete there is w € Q with lim 4, = w.
n—oo

0 < limsup {

n—oo

As the last step, it should be shown that the point w
isa Fp of I'. Assume that T'w + w.

Eq 2, (b), and (d) provide the following results,
0 < lim sup & (T6, Tw, ), Far (b, w, ) +
B(1 = H (bn,w))]

< gi_l;rolosup Z[g]\/[(ﬁ/nf w, a)) + ﬁ(l -
}[(’&n; W)) - g]\’[(’&n+1f I'w, w)]

=1- %]V[(/B/n+1f1—'w; (I))

which indicate that &, (64,41, Tw,w) = 1. This
means w isa Fp of I.

Following that, the notion of (¥, ®)-almost weakly
contraction mapping is presented, as well as the Fp
theorem for this kind of mapping.

Consider & ,¥ : [0,1] - [0, o0) be mappings such
that ¥ is continuous, monotonically decreasing
and P(8) = 0 if and only if § =1 for each 6§ €
[0,1] and & is continuous, ® (B) =0 if and only if
B =1foreachp € [0,1]

Definition 6: Let (Q, &, ©) be a FM-space and
I': Q — Q satisfying the inequality:

(T (6,9, ) + DA — AL, 4) 9

Where Uq(’&' Q‘) = maX{%M(F&I 5‘: w)r %]V[ (F/g”, %r (1)), \/%JV[ (Fq)l ’6/1 (1))%]\/[(1—‘%, bl, 0))}

for all 6,4€Q, =0, and w >0, then T is
termed as (¥, ®)-almost weakly contraction
mapping on Q.

Theorem 2: Let (Q,&p,©O) be complete FM-
space and I:Q - Q be (P,d)-almost weakly
contraction mapping. Then, T’ possesses a Fp in Q
which is unique.
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Proof: Consider {6} in Q such that 'é;,, = 6,,41.
If &,, = &,.,, then the theorem is obvious. Suppose
that &, # 6,41

Now,
LT’(%]vf (bn bns1 w)) = qj(g]v[ (Tby_q, Ty, w))

< L?(%M(&n—plyn: a))) -
as(%]\/[(’&n—l"&n' w)) + ®(1 - c,q(,&«n_ll,ﬁfn))
10

where A(by,_1, b7) =
max{g‘M(F&n—lJ ﬂ’n—lJ (1)), Ll}JV[ (F’Eyn—li ’EVTU (1)),

VB T, by, )T (T, b, 0))

= max{%]\/[ ('6,71' /&Tl—l' (U), %M (’&n' ’6/11' (l)),
\/?f]vl'(’g'n+1: b1, 0)En g1, by 0)}
= max{Fr (b, bn_1, w), 1,

VB i1, bt @) Fe Brngr, by )}
=1

Thus A(H,_1,4,) = 1. Hence

P(F (b, b1, @) < P(Far b1, b, @) =
D(Far (b1, b0 w)) 11
By using the property of &, one gets

P(Far b bngr, ) < P(Fae by, by w)) 12

Now, using ¥ 's monotonically decreasing property,
one gets

T (B, bns1, ) > Far (b, by, ) 13

Hence {& (64, U441, w)}is increasing. Then there
is 7 € (0,1) such that Fur (b, bny1, w) = 7 aS
n — co. Now letting n — oo in the inequality (11),
thus obtain the following:

Pr) <P(r) —d(r)
=>P(r)<0

and ®(#) = 0 therefore one get ®(#) = 0. Then
by property of & , conclude that +~ = 1, that is
mean,

8:M(’E"n:’g"n+1: (l)) -1 as
14

Next, to prove that {4,,} is a Cauchy. Conversely, if
{6+,} is not Cauchy then for any € > 0 it is possible
to find a subsequence {6, },{6m,}of {6y} with
ny > my = k such that

%]V[( ng’ mkvw)sl_ €
15

Now select nj such that it is the smallest integer
with n,, > m,, and satisfying Eq 15. Then,

e (-1, b w) >1— € and
Fae (b1, bmp—1, @) >1— € 16

Now
gM (/&nk' &mk’ a))

= gM (’&nk) ’&nk—li %)

O Bac (-1 bms)
> Fac (b bn-12) O 1— €

and from Eq 14 obtain &y, (I}nk,& ng—1r )=
1 as k — oo, then

Fae (b bmppw) >10O1— €

Thus lim Fae (b bmyp @) >1 — € 17
From Egs 15 and 17 conclude that:

llm 3]\/{( e mk,w) =1 - e

Now consider,

($M( ny’ mk’ ))

= (3]\/{ (Tby—1, Tl -1, a)))

< P (Fae (bnyms b1, 0) ) —

& (Fac (b1 Bimy-1.0)) + D (1 -

I ——) 18

where

A(bny—1, Fmy-1) =max{Far (T, -1, by -1, ®),
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%M (F/&le—ll &mk—lv (1)),

\/%M (F&mk—lv /&nk—ll (A))%M (F{"mk—lv /&mk—l' (1))}

= max{%]\’[ (’&nk' /&le—ll (1)),

g]"f(/&nk' l&mk_l’ w)'

\/%M(/&mk’ /&le—li (l))g']v[ (’6'ka &mk—lv (1))}
Taking k — oo in the above inequality,

"A(/&le—l’ &mk—l) =

1; %M (/&nk’ /&mk—l’ (1)),
max

\/%M(Ig"mk, ’&nk—l' (D) 1

11 %M ({Vnk' 'Blmk—ll (1)),
= max =1
\/%M (’K"mk' ’K"nk—lt 0))

Therefore A (64,1, bm,—1) = 1 as k - oo

So,

P (Frc(bryo b)) < P — €) =B - €) +
b(l - c/l(/5/1’1.k—1''f)y?’nk—l))

P(1-¢) <
as k — oo,

P1-e)—P(1—-e)+DA-1)

=SP1-¢e) <PA-e)—-P(1- ¢

=d(1-€) <0

as well as by the definition of ® acquire ®(1 — €)
> 0, then ®(1 — €) = 0. Agaian by property of a
function & conclude that 1 — e =1 = € = 0, but
this a contradiction, then {4} is a Cauchy. Because
Q is complete, thus there is 4 € Q such that 4,, -
dasn — oo,

Next to prove that & is Fp of " in Q.

Now consider

IT’(TS‘M (60, Td, 0))) = lTJ(g—M (Tby-1,Td, (U))
< qj(cl}M([rn—l' dr (1))) -
5(‘5‘]\/[(1771—1'61' a))) +D(1 - A(bp-1,4))

Let n — oo in the above inequality one get,

‘?(%M(d, I'd, w))
<P(Fp(d d,w))
- B(Frp(d, d,w)) +D(1
— A(d,d))

where
max{Fy (T'd,d, w),FnTd, 4, w),

A(d,d) =

=max{y Id, 4, w),Fy (Td, 4, w),

%M (Fdr dr (IJ)}

= %]Vf (Fd, d, (I))
So,

<P -d(1)+D01

<0+ D1 — Fp(Td, d, w))
= P(Fp(d,Td, w)) <D — Fp(Td, d, w))

which is possible if and only if ), (Td, 4, w) =1
= I'd =d. Thusd isFpofI'in Q.

The last stage is to demonstrate the Fp's uniqueness.
Take into account that & and 9 are two Fps of T in
Qwhere 4 # 9.

Then,
(Sr(d,9,w)) = P(Fp (T2, T, w))

<P(Fp(d, 9 w)) —
D(Frc(d,9,0)) + D(1 — A(d,9))

where
max{F (I'd,d, ), Fy(Td, 9, w),

=max{Fy(d, 4, w),Fu (4,9, ),

V& O, d, )T (9,9, )}

A(d,9) =

=max{l, Fy (4,9, 0), V&, 4, w)} =1.
So,
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(§r(d,9,0)) < P(Fpc(d, 9, w))
—O(Fp(d,9,w))+ DA - 1)

B(Frp(d, 9 0) <P (Fp(d,9,0)) —
B(Fac(d, 9, w))

= P(Fac(d,9,w)) <0, and hence
P(Fr (4,9, w)) = 0. Again by property of & one
get (4,9, w) = 1. Henced =9, which means
the Fp is unique.

Example 1:
Consider Q =Nwith Fp: QAXQXR-[0,1]
specified by:

&

— if 4<gqg
gM(,{fy, 4!w) = Z .

- if g<4t

&

Vé,g€Q andw > 0. Let T:Q - Q be self-

mapping defined by
T4 =472

Let &, % : [0,1] — [0, ) be mappings defined by
P@B)=1-62 and &) =1—-+5 . Then T
satisfies inequality (9) with © = 0. Thus Tis
(P, ®)-almost weakly contraction mapping on Q.

Conclusion

In this work, the idea of almost Z-contraction
mapping and (¥, ®)-almost weakly contraction
mapping is presented in a FM-space. The fixed
point theorem for these various contraction
mappings is then verified. Several examples are
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