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Hopf and Zero-Hopf Bifurcation of the
Four-Dimensional Lotka-Volterra Systems

Sirwan A. Mustafa® ', Niazy H. Hussen® '

1 Department of Mathematics, Faculty of Science, Soran University, Erbil, Iraq
2 Department of Mathematics, College of Education, Salahaddin University, Erbil, Iraq

ABSTRACT

In this work, the four-dimensional Lotka-Volterra model (4DLV) involving four species in a constant environment is
considered. The objective of this investigation is to study the local bifurcations occurring in the system. This system
has at most sixteen possible equilibrium points. One of the equilibrium points is considered in order to investigate
the periodic solutions that bifurcate from the Hopf and the zero-Hopf equilibrium points, respectively. It has been
proven that, five families of sufficient conditions exist on the parameters of the system in which the Jacobian matrix at
equilibrium point has a pair of purely imaginary + iw, ® > 0 and two non-positive eigenvalues. Moreover, eight families
of sufficient conditions exist on the parameters in which the Jacobian matrix at the equilibrium point has a pair of purely
imaginary eigenvalues +iw and at least one of the other eigenvalues is zero. Next, this investigation reveals that certain
four-dimensional Lotka-Volterra subsystems exhibit one periodic solution bifurcating from the Hopf equilibrium point
and three periodic solutions bifurcating from the zero-Hopf equilibrium point respectively. The averaging method in any
order for computing periodic solutions consists of providing sufficient conditions for the existence of periodic solutions
in polynomial differential systems by studying the equilibrium points of their associated averaged systems. Then, the
main tool utilized is the first-order averaging method to compute periodic solutions that bifurcate from the Hopf and
zero-Hopf singular points of the four-dimensional Lotka-Volterra system under certain conditions. Finally, the obtained
theoretical results are supported and verified by numerical examples.

Keywords: Averaging theory, Lotka-Volterra system, Periodic solutions, Quadratic polynomial differential system, Zero-
Hopf bifurcation

Introduction

In biological populations theory, Alfred Lotka and Vito Volterra separately proposed the Lotka-Volterra
systems in 1925 and 1926, respectively. These systems describe the interaction of n species. There are n
first-order differential equations in them.

dx; (t) . )
T:xi(t) bi+ Y aixit)|.i=1.....n 1)

j=1

where b; > 0 is the growth rate of the i th population, a; ;/b; are interaction coefficients that determine how
much the j th species affects the i th population’s growth rate, and x;(t) represents population’s size at time t.
Numerous mathematical models in fields like as physics, ecology, economics, etc. have used this framework as
their foundation.' This system provides a simplified model of prey-predator interactions.
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Our consideration is started with the following 4DLV system: 2

X (al + a1 x + a2y + a13z + 6114W) )
¥ (b1 + b11x + bigy + b13z + biaw)
2 =2(c1 + C11X + €12y + €132 + C14W)

w=w(d1 + di1x + dioy + di3z + diaw)

(2

as a model for the competition of the four biological species (x, y, z and w are written instead of x(t), y(t), z(t)
and w(t), respectively). In this model, each of variables x, y, z and w describes the number of individuals of
species (so that x,y,z,w > 0), also aj, b1, ¢1,d1, a1, b1j, ¢1j, dyj for j=1,2,3,4 are real parameters which
are the interaction coefficients, and the a;, by, c¢;, d; are parameters that depend on the environment. For
instance, if one of a;, by, c1, d; is greater than zero, it means that this species is able to increase with food
from the environment, while if one of a;, b1, c1, d; is smaller than zero, it means that this species cannot
survive when left alone in the environment. One can also have some of a;, by, ¢1, d; be zero, which means
that the population stays constant if the species do not interact.

The Hopf bifurcation in a differential system happens when a complex conjugate pair of eigenvalues of a Jaco-
bian matrix at a singular point becomes purely imaginary eigenvalues. As a result, a Hopf bifurcation can arise
only in systems of dimension two or higher. The crucial aspect is that Hopf bifurcation is concerned with the
birth or death of a periodic solution as it emanates from or shrinks onto a singular point, the focus. Hopf bifurca-
tion has been vastly investigated by many researchers. >~ Hopf bifurcation, as is well known, produces periodic
solutions, which are characteristic oscillatory behaviors of many nonlinear systems. °® Here, the first object is
studying the Hopf bifurcation in system (2). A singular point of system (2) having eigenvalues +iw and nonpos-
itive real numbers «, 8 with nonpositive «, 8 € R such that a8 # 0 is called the Hopf equilibrium. The second
object is studying a zero-Hopf bifurcation in system (2). So, a singular point of system (2) having eigenvalues
+iw and other eigenvalues which are zero is called the zero-Hopf singular point. Such a kind of bifurcation is
described in. ! It is known that Lotka—Volterra systems can demonstrate zero-Hopf singular points. '°

A closed orbit I'. of system (2) bifurcates from the singular point if it tends to it as ¢ — 0. The study will
explore the existence of periodic orbits of system (2) in the neighborhood of the singular point when ¢ equal to
zero. The zero-Hopf and Hopf bifurcations are the bifurcations in a neighborhood of an isolated singular point.
It is common for a small-amplitude periodic orbit to either appear or disappear around this kind of singular
point if the stability type of this point changes when it varies near zero. Such a kind of bifurcation is described
in.!! Then a natural question is: how many periodic orbits can bifurcate from system (4) with a zero-Hopf or
the Hopf singular point inside the class of all Lotka-Volterra systems (2). Therefore, the existence of the number
of periodic orbits which can bifurcate from a zero-Hopf singular point as well as the Hopf singular point when
this is perturbed inside the class of all systems (4) is studied, see Theorems 1 and 2 which are the main results
in this investigation.

There are a few investigations on system (2); Kowgier? showed that how survival probabilities of four
populations alter with an assumption that they arrived an equilibrium level given by the same member of
individuals. Farhan et al. '? investigated the stability of the four-dimensional Lotka-Volterra model. Wang and
Xiao'® explore the method of occurrence of chaotic behavior and studied numerically that a periodic orbit by
Hopf bifurcation can undergo successive period doubling cascade of system (2).

Computing the periodic solutions may be done in a variety of methods, such as using the bifurcation theory,
Melnikov integral, and Poincare return map, the Center manifold theorem and Normal forms. To find the
number of the periodic solutions which bifurcate from a zero-Hopf and the Hopf point, the first-order averaging
technique is used. As you can see in,'*'> one of the most crucial methods for analyzing periodic orbits for
second- and higher-order differential systems is the averaging technique. The publications written by Djedid
et al.'® have further information on the averaging theory.

The focus is on the existence of periodic solutions for the differential system (2) that bifurcate from a single
singular point with eigenvalues +iw and two zeros.

Hopf and zero-Hopf singular points

System (2) has sixteen E;, i = 1, ..., 16 singular points which are calculated in.° Only the following equilibria
E; can have a pair of purely conjugate complex eigenvalues
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,0

bici3 — bisc bici2 — biac
1413 1371 1712 1271 ) such that bioc13 — b13c12 # 0,

biac13 — bisciz” biaciz — biscrz

— 0 ,0

a;C13 — a13€1 a;Ci1 — a11€1
such that ai1€13 — aA13C11 75 0,

b b
a;i1€13 — aisCii a;i1€13 — aisCi1

bio —aisb bi1 —ai1b
— @112 — Q1251 1511 — A1t , 0, 0) s such that (a;1b12 — ajab11 #0,

9
a11bi2 — a12b11 " aibiz — aizbu

s such that ci3di4 — c14d13 #0,
c13d14 — c14d13” c13d14 — C1adi3

E, = <0’ 0. — c1dis — c14dq c1diz — ci3dq

b1d14 — b14d1 b1d12 - b12d1 )
Es=1(0, — , 0, s such that byod14 — b14dio # 0,
° biadig —bradiz’  biadis — biadys ’
a1dy4 — ay4d a;dy; — and
Fg= -4 71481 o 71T 1T ) , such that a;1d14 — ay4dy; # 0,
a11di4 — aiadiy a11dis — a1adin
E; = o (—(a1b12c13 — a1bisciz — aizbicis + arzbiscr + aizbiciz — aisbiact), (@ibiicis — aibiscrn — annbicis
1

+ aiibizcy + aisbicin — aisbiicr), —(arbiici2 — aybiacir — anrbiciz + arnbizcr + arzbicir — aizbiicy), 0) )

1
Eg = (0, _U_(b1C13d14 — biciadis — biscidis + bisciady + biscidis — biscisdy),
2
1
E(blclzdm — biciadiz — biacidig + biaciady + biscidiz — bisciady),

1
- E(blclzdlb‘ — bici3diz — biacidis + biacisdy + biscidiz — b13€12d1)>,

1
Ey = < — n—(a1613d14 — ayc14d13 — ay3c1dig + a13€14d; + azac1diz — azscizdy), O,
3
1
n_(alclldl4 —aic14di1 — anicidig + arici4dr + aracidin — agciidr),
3

1
- n_(alclld13 —aici3din — anicidis + arcisd + arscidin — aiscnndy )),
3
1
Epo=1| - n_(a1b12d14 — a1biadiz — a12bidis + aizbiadi + aiabidiz — aisbi2dr),
4

1
a(alblldm — aybiadin — a11bidis + ai1biady + aisbidin — aisbi1dy), 0,

1
- a(alblldlz — ajbi2d11 — a11bidiz + a11b12dy + arabidin — alzb11d1)>,

where

a;; @2 a3 bia biz bis
m=||bur bz bz ||, ma=||ci2 c13 cus ||,
€11 Ci2 Ci13 diz diz dia
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ain; @3 Qg apl; a2 Qg
ns=1lcn1 ci3 cia ||, na=|{|bi1 biz bia ||, such that ninansns # 0
dii diz dis din diz dis

After computations using the Maple computer software, the print-out of the four non-zero coordinates of the
singular point E;1, which takes up nearly two pages, has been excluded. Farhan et al.,* they analyzed the local
stability of all possible singular points and showed that eight of them are unstable, while the rest of them are
locally asymptotically stable under certain conditions.

Without losing generality, only the singular point E, is considered in this study. The following proposition
is to establish conditions under which system (2)’s singular point has a pair of purely conjugate complex
eigenvalues.

Proposition 1: There are only five families #;, i =1, ..., 5 of conditions on the parameters of system (2) in
which the Jacobian matrix at the singular point E; has a pair of purely conjugate complex eigenvalues Fiw and
non-zero eigenvalues «, 8 € R. That is

aizc1(B —b1) a1 (0? + ¢2) c2an
Hi={a=0bis=—"—F—— cn=—F—,cs=a3,di =f+c¢1,dn = 2 -, d1i3=0¢.
w w w
2 2
1) aisc; — b c11 +cad
Hy=1a1=——,a11=0,b1 = M,Cls =0,d; = M,dw =0}~
C1 a;3Cy 11
a1 — w211 + c2an 1303, (@* + ¢3) — cr10?(2a11 — c11)
Hz= a1 = , Q13 = 5 ,
C1€11 apicicil
Baiiciz — Beiiciz + annbizer
b, = ,di1=p,d11 =0,d13=0¢.
cis(ann —c11)
2 {a ain(ann — c11)(B — di1)?* + 0?d3, a c13((B — d1)?ad; + 0?d3y)
=@ = , 13 =
dircnn (B —di) a11(B —di)%cnn
a11biz (B — d1) + Beisdn (a11 —c11)(B —d1)
b, = , €1 = ,d13=0¢.
c13di dn
(@13 — c13) (b1 — B) (c13 — @13) @ + d2c13 a1 (25 (0* + af) + w?ai3 (a13 — 2¢13))
Hs = {b13 = 61 = €11 = 5 ,
a1 aisa ajaiscCis
Barays — w?ai3 + w?c13 + ajeis a1 (a13 — c13)(@*a13 — w?c13 — ajcys)
d; = ,din = 5 ,diz=0¢.
aisay ajaiscCis
Proposition 2: There are only eight families F;, j=1,..., 8 of conditions on the parameters of system (2)

in which the Jacobian matrix at the singular point E; has a pair of purely conjugate complex Fiw, and «, 8 € R
eigenvalues with @ = 0 or 8 = 0. That is

c13(w? + a?) (w?b13 — a1bicr13)enn
Fi=jas=—5—"bu= 5 se1=0,c11 =an .
w w*“C13
w? (w?b13 + a13bic1)enn
Fop=1a1=——,a11=0,bi1 = 5 ,c13=0
1 113
2 ( Zd d )
0 wdy; + €114101)a13
F3=1a11=0,c1=——,c13=0,di13 = 5 .
a C11ay
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2, 2 2
c13(0” + aj d (w®dy1 + cridiar)ers
Fo=jan=cn,ai3=—7F—-,c=0,dizs= 3 .
w w*“C11
2.2 2 2.2 2 .2
w?ay; — w?c1n + can c13 (w?a}; — 20°aiien + 0%}y + aficf)
Fs =1a; = , a3 = > )
€111 a;icici
b apibiscy — anbicis +biciicis }
1= :
CiC13
2 2 2 2.2 2 2.2 2 2
w“ay] — w*c11 + €7a11 ciz(w?af; — 2w aiic11 + wcy; +aj;cy
Fe={a = ,a13 = 5 ,
Cc1C11 apicici
ciz(anndi + c1dir — c11dr)
d13 = .
aici
by (@13 — c13) w?bi; — aizbiciz 4 bicts (0?b35 + bic2;) an
Fr=ja1=———F"7F5, 01 = — ,C11 = >
bis bisbiaiz aisbyciz
aribizd;
di; = —b—,dls =0;r.
1€13
2 2 2 2.2 2.2
w?a13 — w?c13 — ades a11 (0°a3; — 20213013 + w’cls + ajc,)
Fg = 1b13 =a13 — c13,¢1 = — 011 = 5 ,
as3a; a;aiscis
aridi (a3 — ¢13)
dll = ) d13 = 0 .
aci3

The proof of Propositions 1 and 2 are given in the next Section. Because of this, the singular point E, under
each family H;, i=1,...,5andF;, j=1,..., 8 of conditions in Propositions 1 and 2, respectively, is the Hopf
point.

Furthermore, without loss of generality, in order to find periodic solutions bifurcating from the Hopf point
of system (2), the family 7{; of conditions in Proposition 1 is examined and the first-order averaging method
is applied. The most important result of this investigation, which is the following theorem, explains this.

Theorem 1: Consider system (2) with the family H; of conditions in Proposition 1. Let di3 = €1, with a sufficiently
small parameter € > 0. If

w1 f #0,

where f is a polynomial of parameters in system (2). Then, system (2) has the Hopf bifurcation at the singular
point which localizes at the singular point E;, and when € = 0, a periodic solution is produced at this singular
point.

Theorem 1 is proved in the next section.

Now, this study investigates a zero-Hopf bifurcation of system (2), focusing on the family F; of conditions in
Proposition 2. The Jacobian matrix of system (2) at the singular point E; with the family F; of conditions in
Proposition 2 has the following eigenvalues

2 2
w*ajidiz — w*ci3din — arancizdr
)»1,2::&6(),)»3:,3:0,)\4:Ol:— .
a;ai€is
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In order to have two zero and two purely conjugate complex eigenvalues, assume that

dy — (a11d13 — c13dn1) wz. 3)

apaicCis

Determining the following theorem as a result.

Theorem 2: Consider system (2) with the family F; of conditions in Proposition 2 and Eq. (3). Let ¢; = € u1, with
€ > 0, a sufficiently small parameter. If

w1 fo #0,

where f5 is a polynomial of parameters in system (2). Then, at the singular point, system (2) exhibits the zero-Hopf
bifurcation, which localizes at Eo, and when € = 0, at most three closed orbits bifurcate at this singular point.

Theorem 2 is proved in the next section using the averaging method of the first order.

To investigate the closed orbits that bifurcate from the zero-Hopf and Hopf singular points of system (2) by
employing the first-order averaging technique of the first-order (see The Main Tool), a small parameter will be
introduced to create a new independent variable in a periodic system.

The rest of this research is structured as follows: In the next section, Theorems 1 and 2 are proven, and a
first-order averaging method is described in The Main Tool for computing periodic solutions bifurcating from
zero-Hopf and Hopf singular points.

Proof of the main results

In this section, firstly, Propositions 1 and 2 will be proved. Theorems 1 and 2 will then be demonstrated after
that.

1. Proof of Proposition 1
Proof: The characteristic polynomial at E; of system (2) is

¢ (W) =A% + 8143 + S24% 4 S3A + S,

where S; fori=1, ..., 4 are given in the (Supplemental Material section). Suppose that the system (2) has two
purely conjugate complex eigenvalues at E;. Then, ¢(1) must have the following form

P = —a)(h—B) (A2 + ) =1 — (@ + BA° + (B + 0?) A% — 0 (@ + B A + afa?,

with w > 0, and for any nonpositive real numbers «, 8 € R. The proof is directly made by comparing the
coefficients in both ¢(1). After calculations with the Maple computer program, the families #;, i=1,...,5 of
conditions given in Proposition 1 are followed.

The Jacobian matrix of system (2) under the family conditions #; at the singular point E; has the eigenvalues

M2 = Fiw, Az =B and A4 = wmab-o’bu _ o with ap16; # 0. This means that E, is the Hopf point.

ac

2. Proof of Proposition 2
Proof: The proof is omitted as it is similar to the proof of Proposition 1, only by imposing the characteristic
polynomial of the Jacobian matrix at E of system (2) as

¢ ) =1 (A —a) (A2 + w?) = 2* + 814% + 5222 + Sz + S
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After transforming equilibrium E; to the origin, system (2) becomes

P (x—l—xo)( a1 + a1 (x +xo0) + )

arzy + a1z (2 + 20) + a1aw

- b1 + b1 (x + xo) +
Y=y bioy + bis (2+20) + buaw )’

. 1+ c11 (x+x0) +
z_(z+zo)( 12y + 13 (2 + 20) + c1aw >

= w( @t din (x+x0) + dizy+
N di3 (2 + 20) + d14w ’

(4

a;€13—a13C1
ajic13—aisci’

— @cnn—anG

where X0 = — T ajici3—aiscnn

3. Proof of Theorem 1
Proof: Let the perturbation di3 = € u; be satisfied. Then, after transforming the interior singular point E» to
the origin and re-scaling the variables, (x, y, z, w) = (ex, €y, €z, ew), system (2) is written as follows

% = - ((canax — o*)(anx + a2y + a3z + a1aw)),

y= —auflwz ((cra11(earzci (B — b1)z + w?(e(b11x + b12y + b1aw) + B)) — bi1o?)),
= i ((ecanz + w?)(Fanx + o*(@1X + cr2y + @3z + c1aw))),

W= o ((craz(ecianx + w?(uize® + e(diaw + dizy) + B)) + ew*nu1)).

)

Now, the linear part of system (5) at the origin may be represented in its real Jordan normal form, that is,
when ¢ = 0, the linear part at the origin of the system (5) will be transformed

—

cog ©
coco

oQ oo
== X=}

This is accomplished by using the linear change of the coordinates (x, y, z, w) = P.(X, Y, Z, W), and P with its
inverse P~! are

anwz Vs (113!1)2 V1
1 v3 a c13(B2+w?)
_ 2 __C1vq Y2
p_ a 1w Vs 0 3B
= P 9
_auo”
0 I 0
C1
0 0 0 a11a330°
3
C1V4 Vo 13
0 0 a2 o c1* (B2 +w?)
]
|0 0 e 0
= 1 1 —c(va—vs)  —anw’(civi+ v2)
w?a3 w?ar3 an a3t 014(ﬁ2+w2)
5
a11a130
0o 0 0 2
where

v = o (Bars — Bera + aracr),
2 2
vy = ° (a14¢18 — a140° + C140°%)

2. 2,2 2 2 4 2 2.2
V3 =C1 (au c1“B” — 2a11biicifo” + bi1"w 4+ w a1 )
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3 2 2 2
4 = a1’ (a11a12618 — A11@120° + A11C120% + a12b110?)

4 2 2 2
Vs = d11w (6111(11261,3 — a11€12€1 8 — a12b11@® + by1c120” + ar1a12c1 ) .

Then, in order to analyze the closed orbits of this system when ¢ is too small, the new variables (X,Y, Z, W) is
then created by transforming system (5). To do this, the class of the cylindrical coordinates described below is
employed:

X,Y,Z, W) = (rcos(0),rsin(0), Z, W).
Introducing also 6 as the new independent variable. Thus, system (5) becomes

<dr dz daw

T
@%%) =e(f11,f21,f31)T+0(€2) ©

Using the notations from Theorem 3 (see The Main Tool for the state of Theorem 3), there ist =6, T =
2m,x = (r,Z, W), and

fuu@,r.Z, W)
fi(0.x)= 0O, ZW)=| fa(6,1,Z, W)
fa(6,1,Z,W)

The averaged function is given by

Fi(r,Z, W)
FExX)=F@Z W)= |ErZW)]|,
B (r,Z, W)
1 [ r
Fll(r» 27 W) = f11(91r9 Z9 W)de = —(VZZ+USW)9
27 0 2(311)1(1)3
1 [ Z
Fn(r.Z W)= — [ fu(0.r.Z,W)do = ———(c1v1v3Z + v40°W), 7
27 0 21)1(316()5
1 [ apsc Z+a SW — 2 oy w
Fa(rZ W)=+ For(0.7.Z. W) = _(@3c1v1v6Z + a13v00 U1viw®)
2 0 2(113611)1605
where v; fori =0, ..., 6 are given in the (Supplemental Material section). Therefore, the system F;(r, Z, W) =

Ei1(r,Z, W) =F;1(r,Z, W) = 0 has three solutions s; = (0,0,r), s3 = (0,0, Wy) and s3 = (0, Zy, Wy). After
calculations with the Maple computer program, the print-out of singular points s;,s; and s3 occupies
more than one page. Only the solution s3 = (0, Zy, Wy) can be here considered. The others are not good
solutions.

In addition, the determinant of the Jacobian %ﬁff”

solution s3 and det(%)l(o,zo,wo) = w1 f, such that u; f # 0. As a result, Theorem 3 (see The Main Tool for the
state of Theorem 3) states that system (6) has a periodic solution when ¢ > 0.
An illustration, by following example, is shown to demonstrate that system (2) has a limit cycle that bifurcates

from the Hopf bifurcation. The following system is under consideration:

at the solution s3 takes non-zero value. Existing the

X=x(—2x—-y—2z+w),
y=y(=2x—y—6z—4),
z=z(—4x—-y—2z—w+1),
w=w(—2x+Yy+ ez — 2w),

®
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x10°2

N 05

-0.505

051

-0.515

-0.52

-0.525
0.48 0.485 0.49 0.495 0.5 0.505 0.51 0.515 0.52

X

(a)

Fig. 1. In (2D and 3D): MATLAB simulation showing the (x, z)—space and (x, y, z)—space plot of the Lotka-Volterra model (11) depicting
limit cycle for X (0) = (25¢ + 0.5, 15¢, — 5¢ — 0.5, 1.6¢), trange = 0:0.01 : 9 and € = 0.0005.

with € > 0. The singular point (%, 0, _71 0) of system (8) is the Hopf point with eigenvalues —1, —2 and =i.

The averaged functions of Eq. (7) of Theorem 1 are
3r Z w
F1(r,Z, W) = E(Z + W), B = —3—2(1122+ 27W +16), F3; = —E(IZSZ—i— 15W).

System F;; = F5; = F3; = 0 has the following three solutions

1 5 128
Sl:(0,0,r)y So = (O,—;,O) and83= <O >

377 111
51 and s, are not good solutions. In addition, the following is the value of the Jacobian matrix at s3

1130
1369°

d (A1, B, Fs1)
et | ————
o(r,Z, W)

$3

Which is different from zero. By Theorem 1 using the averaging method, system (8) has a periodic solution. By
MATLAB simulation, each periodic solution in the projection space is plotted see Fig. 1.

4. Proof of Theorem 2

Proof: Let system (2) satisfy the perturbation ¢; = € u; and Eq. (3). Then, after re-scaling the variables
(x,y,2,w) = (ex, €y, €z, ew), and translating the interior singular point E, to the origin, system (2) is expressed
as follows:

= ﬁf(ﬁ (((a1 —€un1) w?® + ea% (ay1x — le)) (a)2 ((111X + a2y + €132 + C114W) + clga%z)) ,
y= a1cll3w2 (ey (a1 (02b13 — a1bic13) (@11x — p1) + w?crs ((br2y + b13z + braw) a1 + p1by)))
2 = Cm% ((C14W + a;ix + cigy + C13,Z) (6613&%2’ + (G,l,Ll — Cll)a)z))

= W(GW(C13(alla%(dllx + digy + di3z + diaw) — di1pa (0? + a3)) + a1 dizpr0?)).

9

Now that € = 0, the real Jordan normal form of the linear component at the origin of system (9) may be
expressed, the linear part at the origin of system (9) will be transformed into its real Jordan normal form, as
follows

cog ©
coo

cooco
cooco
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This is accomplished by using the linear change of the coordinates (x, y, z, w) = P.(X, Y, Z, W), where P with
its inverse P~1 are

_ &3 @cs Jul Ps 0 2p2—pa4 1 __ p2-pa
an ano a1a;? ana? c13a;? c13a;2
0 0 1 1 anw  —o(2p1—2p2+pa—p3) o  w(P1—p2+ps—p3)
P— pl_— C13d1 ai3ci3 a ai3ci3
___bp2 __ _Da ’
1 0 13012 ar%c13 1 2 0 _1
0 0 1 2 0 -1 0 1
where
2 2 2
P1= 0" (@12 + a14 — C14 — C12) — @1” (€12 + €14) , D2 = o” (12 + d14 — €12 — C14) ,
2 2
P3 = (a12 + 2a14 — 2¢14 — €12) — @17 (€12 + 2€14), P4 = 0 (@12 + 2a14 — €12 — 2€14) -

Then, in order to analyze the closed orbits of this system when ¢ is too small, the new variables (X, Y, Z, W)
is then created by transforming system (9). To do this, the class of the cylindrical coordinates described below
is employed:

X,Y,Z, W)= (rcos(9),rsin(0),Z,W).

By introducing also 6 as a new independent variable, as demonstrated in Theorem 1, the averaged function
is given

F(r,Z, W)
FE)=FR@Z W)= B, Z W) |,
F31(r, Z, W)
r
F1(r,ZW) = —— (1 Z + usW — ui1ag1c13a2w?),
11 211 C1a @ 1 2 ®1a11€1307 (10)
1
Fr(r,Z W) = 5———(Z(usZ — pauz) + WueZ + 2u7;W — 2pu1us)),
a;Cizw a
1
Fa(r,Z,W) = 5——=—Z(nius — usZ) — W(toZ + unW — paug)),
ajyCizw~ai
where y; fori =1, ..., 8 are given in the (Supplemental Material section).
Therefore, the system Fi1(r, Z, W) = F (r, Z, W) = F31(r, Z, W) = 0 has the following four solutions
2
Sl = (07 07 0)7 52 = <05 Mlpz, _Ml_/)z> ) 33 = (07 _Ml_p37 Ml_/)S> ) 84 = <07 M1p7’ _Ml_/)s) )
01 01 P4 P4 Pe Pe
where p; for i=1,...,7 are given in the (Supplemental Material section). After calculations, s; is not a

good solution. Only the solutions s», s3 and s4 are considered. In addition, the determinant of the Jacobian

matrix %ﬁff” at the solutions s,, s3 and s, takes non-zero value. Existing the solutions s;, s3 and s4 and

det(%)kz,s&h = w1 f2, such that u; fo # 0. Thus, from Theorem 3 (see also The Main Tool for Theorem 3),
gives that system (2) under the generic conditions has three periodic solutions bifurcations from zero-Hopf
singular point for € > 0.

An illustration, by following example, is shown to demonstrate that system (2) has three limit cycles that
bifurcates from the zero-Hopf bifurcation. The following system is under consideration

X=x(—2x—-y—2z+w-—1),

y=y(-2y —2z+w—2), an
z=2(—2x — 2y — 2 —w+ 2¢),

w=w(-2x -y —2z—2w),
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-08 2

-09

X\\ - g | OB
. s

03 04 05 06 07 0.8 14 oo
X

(a) (b)

Fig. 2. In (2D and 3D): MATLAB simulation showing the (x, z)—space and (x, y, z)—space plot of the Lotka-Volterra model (11) depicting
limit cycle for X(0) = (0.35(¢ + 1), ¢, —e —1, 0),trange =0:0.01: 6.4 and ¢ = 0.000005.

with € > 0. The singular point (%, 0, —1, 0) of system (11) is the zero-Hopf point. Following the steps of first-
order averaging theory, the following averaged functions are obtained:

F1(r,Z, W)= —r(8Z +6W +1),
Fi(r,Z,W)=2Z(29Z +11) + 3W(29Z + 11W + 6), (12)
F31(r,Z,W) = —8Z(8Z + 3) — 2W(19W + 49Z + 10).

Then, system (12) has the following four solutions

4 2
S1 = (0» 07 0)7 S2 = (01 _17 1)5 S3 = (0» 37 _4)1 S4 = (07 _75 7) .

51 is not a good solution. The other solutions s5, s3 and s4 give us

0F, oF,

det[ =2 )| =40, det| —

ax ax
3(F1.B1,F31)

In addition, the determinant of the Jacobian matrix T AL each solution s», s3 and s4 takes non-zero.
Using the averaging method, system (11) has three periodic solutions. By MATLAB simulation, each periodic
solution in the projection space is plotted see Figs. 2 to 4. Furthermore, all periodic solutions together in one
figure are plotted (see Fig. 5).

oR 520
0+#£0, anddet(ax)‘ 29 #0

S2 $3

The main tool

First-order averaging method

This section presents the results of the averaging theory (For a general introduction to this method, one can
see, 17719), which is necessary to prove our results (Theorems 1 and 2). Consider the differential equation below

x =¢F (t,x) + &2F (t, x, ), x(0) = X (13)

and

Yy =¢g(y), y(0) = xo, (14)
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%108

z -12 0.4

(b)

Fig. 3. In (2D and 3D): MATLAB simulation showing the (x, z)—space and (x, z, w)—space plot of the Lotka-Volterra model (11) depicting
limit cycle for X(0) = (0.6(10e +1),0, —6e —1, — 2¢),trange =0:0.01: 6.4 and ¢ = 0.000005.
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05

0.6

X

(a)

07
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09

%10®

04
5 150,

(b)

Fig. 4. In (2D and 3D): MATLAB simulation showing the (x, z)—space and (x, y, z)—space plot of the Lotka-Volterra model (11) depicting
limit cycle for X(0) = (0.75(1.42¢ + 1), 1.43¢, —1.71¢ — 1, —0.57¢), trange = 0: 0.01 : 6.4 and € = 0.000005.

-0.7

-0.8

-09

0.3

0.4

0.5

0.7 0.8 0.9 1

Fig. 5. In (2D): MATLAB simulation showing the (x, z)—space.
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with x, ¥y and xo where an open subset Q of R", t € [0, 00), ¢ € (0, go]. Setting

N~

T
gy) = / F (t.y)dt. (15)
0

and suppose that F; and F, are periodic with respect to period T in the variable t. Additionally, denoting all
first derivatives of g by D,g and all second derivatives of g by D,,g, respectively. For a proof of the next result,
see. 20

Theorem 3: Suppose that y(t) € Q fort € [0, 1/¢] and that F,, D.F,, Dy, Fi and DyF, are continuous and bounded
by that is not dependent on ¢ in [0,00) x Q x (0, ggl. Then the following statements hold:

1. x(t) —y(t) = O(e), is satisfied fort € [0,1/¢] as ¢ — O.

2. If system (21) has a singular point E # 0 such that

detD,g (E) # 0,

then, a T-periodic solution x(t, &) of system (13) exists, which is close to E and such that x(0,¢) — E = O(¢) as
e — 0.

Supplemental material

1
S$1= ——(((@3 — b1 +¢c1 —d1)cis + c1(dis — ais + bis))air + aicis(dii+bi1 — c11)
aji1€13 — aA13€11

— ¢11(d13 + b13)as — ((d11 + b11)c1 — c11 (b1 + d1))ass),

Sy = @css —1a13011)2 ((((c1 — b1 — d1)ag — (b1 + di)e1 + bidi)c25 + c1((d13 + bi3)as + c1(di3 — @13 + b13)

+ (b1 + d)aiz — dizb1 — dib13)c1s — ¢2((di3 + b13)aiz — disb13))a?; + (ai(ai(di1 + b1 — c11)

+ (d11 +bi1)er + cr1(by + di) — diiby — dib11)c?5 — (c11(das + bi3)ad + ((2((da1 + b11)ars

+ (di3 + b13)c11) — dirbis — dizbi1)er — ((b1 + di)ars + disbr + dibiz)ein)ar + ais((dar + bi1)cs

— (c11(b1 + d1) + di1by + dib11)er + 2bidicii))ers + c1(c11((dis + biz)aiz — 2disbis)as

+ a13(((d11 + b11 + ¢c11)a13 — d11b13 — dizbi1)er — (b1 + di)aiz — disby — dibiz)ci1)))an

— ((d11 + b11)c11 — dirbi1)aic; + ((arscrr + (daz + biz)enr — dirbiz — disbin)ennan

+ a13(((d11 + b11)c11 — 2di1bi1)er — ((by +dy)err — diiby — dibiy)ein))aicis + a2bysc? dis

+ a13¢11((d13b11 — a13¢11 + d11bi3)er — c11(dishy + dibi3))ar — a?5(c11br — c1b11)(c1din — c11dh)),
S3 = ! ((((by + d1)c1 — bidy)a; — bycidi)cs; — c1(((daz + biz)er — dishy — dibiz)a

(m1c13 — @i3c11)3

+ ((b1 + d1)a13 — disby — dib13)c1 — bidiaiz)cis — c3(ardisbiz — (a13(dis + b13) — disbiz)ca

+ a3 (d13by + dib13))ci3 + dizciarshiz)ad; + ((((c11(2dy3 + 2b13) — dy1bis — disbii)er — c11(dishy

+ dib13))a? + ((2(d11 + b11)a13 — di1biz — dizb11)ct — ((c11 (b1 + di) + 2d11b1 + 2d1b11)ars + 2¢11(disby
+ dib13))cr + 2bidiarzcii)a; — azscr ((diiby + dibii)er — 2bidicii))c?s — ar (((dig + birder + ca1(by+dh)
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— di1by — dib11)as — (di1b1 + dibi1)e1 — bidici1)cds + (2a2disbiscin — c1((c11(dis + b13) — 2d13b11

— 2d11b13)a13 — 3disbiscin)ar — a13(((da1 + bi1)ais — di1bis — disbi1)c — ((2c11 (b1 + di) + daiby

+ dibi1)aiz — c11(dizbr + dibi3))er + 2bidiaiscin))eicis — ai3(2ardisbiscin + ai3((c11(dis + bis)

+ di1bis + disbii)ercin (disby + dibi3)))e})ad; + (a3 (((dar + bindenr — dinbi1)ar — duibicr — c11(diibs
+ dib11))c35 — a1(c11(c11(dis + b13) — di1b1s — disb11)a? + ((((da1 + bi1)e1r — 3diibin)ars — 2¢11(dazbin
+ di1b13))er — c11((2c11 (b1 + dv) — di1by — dib11)ass + c11(disbr + dib13)))a; — 2a13(—b1dic?,

+ biicidin))c3; — (a3disbizcd; + c11(((c11(dis + bi3) + 2dasbi1 + 2d11b13)ais + 3dizbiscin )

— cn1a3(dishy + dib13))a? + a;3((((day + bi1)err + 3dinbir)ais + 2¢11(dizbi + di1biz))c?

+ ((c11(b1 + d1) — 2d11b1 — 2d1b11)ar3 — 2(d1zb1 + dibiz)cir)ericr + bidiaisc?))ay — c1a25(bicin

— byic1)(crdir — cridi))ers + arsci(@2bisc? dis + aracin ((2c11(dis + bis) + diibis + dizbi ey

— c11(disby + dib13))as + @5(((b11 + di1)c1n + di1b11)c? — cii(er1 (b + dy) + dirby + dibi1)es

+ bidicz)))an + arcnr(@clsdinbin — ar(ei1((din + bi)ars + dinbas + disbi)ar — ars(er (dinby +dib11)
— 2d11b11¢1))c2;5 + (((di3 + bi3)ars + dizbiz)c?,a? + (((2d11 + 2b11)ais + diibis + dizbi)er

— ((b1 + d1)asz + disby + dib13)cin)aisciian — aiz(bicir — birer)(erdin — c11di))ers

— a5c11¢1(c11(dis + bizdar + ((da1 + birder — c11(by + di))ais))),

S4

_ (aicnn —anna) (@613 — aizcr) a1 (c11d13 — c13dn1)
(a11¢13 — a13c11)3 —an (Cld13 - Clsdl) + (Cldll - Clldl) a3

% ( (451 (b11€13 - b13€11) ))
—an (b1€13 - b1361) + ai3 (51611 - b11€1) ’

U = (c13din —aindis) (cra—a1a) o*+(((b1 (@12 — €12) — @1 (cra+c12)) €13 + Arbiscia) ann) (+cradniarcrs) arw?
- Clzclsa?blan,

Uz = 2(c13d11 — a11d13)(c14 — ag)o* + (a11((b1 (@12 — c12) — a1(2¢14 + €12))c13
+(a1b13¢12))(+2c14d11 a1 €13) 01 02 — c12¢13a5b1ann),

uz = o (a11d13 - C13d11) + 602(1% (2(111b13 - C13d11) —2ayanbicis (wz + a%) )
us = o’ (a11d13 - C13d11) + wza% (011b13 - ClSdll) —aaibicis (a)2 + Cl%) )

us = (c13d11 — a1ndiz)(C12 + €14 — @12 — a14)0* + ((((2b12 + 2b14 — d12 — d14)ay + 2b1(c12 + 14 — @12 — @14))C13
—2a1b13(c14 + c12))an + c1sdinar (€14 + c12))a1 0 + 2c13a3brar (€14 + €12),

Us = (c13d11 — a11d13) (3c12 + 414 — 3a12 — 4a14) 0 + (((a1(4b12 — 3diz — 4d14 + 6b14) + 2b1 (2c12 + 314
— 2a12 — 3a14)) c13 — 2a1b13 (2¢12 + 3¢14)) a11 + arcizdin (312 + 4c14)) mw?+2a11¢13b1 (2012 + 3c14) @3,

u7 = (c13d11 — a1ndis) (€12 + 2¢14 — a1z — 2a14) 0* + a1 ((((br2 + 2b14 — d1z2 — 2d14) a1 + by (€12 + 214
—ay2 — 2a14)) €13 — a1b13 (2c14 + €12)) A11 + c13d11a1 (214 + €12)) W? + c13a3b1a11 (2014 + €12),

4 4 2 2 2 2 2 3
us = (20*a11d13 — 2w*c13d1y + w’ajai1bis — 20°ajci3din — @ aranbicis — anaibicis),
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Ug = (C13d11 - a11d13) (14 +cr2— a2 —ma) * + @ ((((b12 +b1g —di2 — d14) ax
+b1 (€14 + €12 — @12 — @14)) 13 — A1by3 (14 + €12)) @11 + crzdiia (14 + €12)) @2
tcisa@3biar (€14 + €12) .

U0 = (c13d11 — a11dis) (Bciz + 4c1s — 3arz — 4a14) 0* + (((@1(2b12 + 3b14 — 3d12 — 4d14)
+ b1 (2c12 + 3c14 — 2a12 — 3a14)) €13 — (2c12 + 3¢14) bisar) a1 + c13diiay (Berz + 4¢14)) a1w?
+b1 (2c12 + 3c14) 133 a11,

un = 2 (c13din — a11dis) (2c14 + 12 — @12 — 2a14) 0* + a1 (((a1(b12 + 2b14 — 2d12 — 4d14)
+ b1 (2c14 + C12 — @12 — 2a14)) €13 — A1b13 (2¢14 + €12)) @11 + 2¢13d11a1 (2014 + C12)) @3
+c13a@3biar (2¢14 + €12) -

p1 = ((alblz — aipzby + b1C12) w® + Cl%blclz) c13 — @*arbizcra,
p2 = —by (0® + ) c13 + w?aybss,
p3 = —dn1 (w2 + af) 13 + w’andis,

pa = (—di1 (@14 — c1a) o’ — aj (a11d14 — c14d11)) €13 + w?a1diz (s — c14),

ps = (0? + a) (di1 (b12 + b14) @* + a1bray (diz + daa)) ¢35 — @? ((di3 (b2 + b14) @11 + di1bis (@12 + a14)) 2
+a11ay (b13 (diz2 + di4) a1 + disby (@12 + a14))) €13 + w*diza11b13 (@12 + a14)

Pe = (—dll (—alzb14 + a1sb12 — b12c14 + b14¢12) ot —a (((b12d14 - b14d12) a; + by (a14d12 — ai2di4 + c12d14
- C14d12)) ain +dna (—b12C14 + b14C12)) w? — a:fblall (612d14 - Cl4d12)) 6%3 + w? ((d13 (—alzb14
+ ai4b12 — b12c14 + b14612) a1 + dibis (aisc12 — (112614)) * +ana (b13 (612d14 - 614(112) a
+ disby (—a12¢14 + 14€12))) €13 — 0*diza11bis (—a12¢14 + @14€12)

di1 (12 + 2b14) @2 (d13 (b12 + 2b14) a11 + di1b13 (@12 + 2a14)) @2
— 2 2 11 \V12 14 2 2
pr = (" +ap) < +arbiay; (diz + 2d14) ) ‘13 ( +aia1y (b1 (diz + 2d14) a1 + disby (@12 + 2a14)) @ras

+ o*di3a11b13 (@12 + 2a14) .

Results and discussion

The Lotka-Volterra systems have been widely utilized for modelling a broad range of natural phenomena,
including the time evolution of competing species in biology, chemical processes, and many other phenomena.
In non-linear differential systems, it is highly intriguing and crucial to know whether a system has periodic
solutions. In this investigation, the first result in this paper proved that there are only five families of conditions
on the parameters of the four-dimensional Lotka-Volterra system in which the Jacobian matrix at one of its
singular points has a pair of purely conjugate complex eigenvalues and non-zero eigenvalues (this was explained
in Proposition 1). Moreover, that there are only eight families of conditions on the parameters of the four-
dimensional Lotka-Volterra system were proved in which the Jacobian matrix at one of its singular points
has a pair of purely conjugate complex and at least one of the other eigenvalues is zero (this was explained in
Proposition 2). The second result in this paper is Theorem 1 and Theorem 2, which give the periodic solutions of
the four-dimensional Lotka-Volterra system. Theorem 1 states that the four-dimensional Lotka-Volterra system
exhibits Hopf bifurcation at one of its singular points and that a periodic solution is bifurcated at that singular
point. Theorem 2 states that the zero-Hopf bifurcation occurs at one of its singular points and that at most
three periodic solutions bifurcate at this singular point. At the same time, the first-order averaging method
was applied to determine the number of periodic solutions around the zero-Hopf and Hopf equilibrium points.
It is believed by us that there are still other interesting relevancies between the two bifurcations, and further
exploration is needed.
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Conclusion

In this paper, the 4DLV differential system was considered. This type of system has sixteen equilibrium points.
The values of the parameters were described for which the zero-Hopf and a Hopf bifurcation occur at one of its
equilibrium points for this system. There are five families of sufficient conditions for parameters of this type of
system (see Proposition 1) for which one of its equilibrium points is the Hopf equilibrium point. Moreover, there
are eight families of sufficient conditions for parameters of this type of system (see Proposition 2) for which
one of its equilibrium points becomes a zero-Hopf equilibrium point. Consequently, the existence of periodic
solutions in a certain class of the Lotka-Volterra systems is proved by the classical first-order averaging method
(see the above result and discussion section). This method gives the periodic solutions of the 4DLV system. It
follows from Theorem 3 that any sufficiently small system has a periodic solution with period near 2. Clearly,
this periodic solution tends to the origin of the coordinates when ¢ — 0. Therefore, this is the small amplitude
periodic solution, which starts at the zero-Hopf or a Hopf equilibrium point.
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