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Abstract  
             This paper is concerned with the oscillation of all solutions of the n-th order 

delay differential equation 2,0)))((()()()(  ntxftPtx n   . The necessary  and 

sufficient conditions for oscillatory solutions are obtained  and other conditions for 

nonoscillatory solution to converge  to  zero are established. 

 

1. Introduction 

   Consider the nonlinear differential 

equation of order n with advanced 

argument of the type:-   

)1.1(,2

,0)))((()()(

0

)(

ttn

txftPtx n



 
 

Where the continuous function  

RtP ),[: 0
is  allowed to 

oscillate, while the continuous 

functions RtRRf  ),[:,: 0  

satisfies the  

following conditions : 

H1 : )(t  is continuous nondecreasing   

       .)(lim,)( 


ttt
t

  

H2 : f  is nondecreasing such that   

        .00)(  uforufu  

By a solution of eq. (1.1) we mean a 

function )),,([ 0

1 RtCx   which 

 satisfies eq. (1.1) for all 0tt   where 

0)},[:)(sup{  xtttx . A solution 

is said to be non-oscillatory if it is 

eventually of constant sign otherwise is 

said oscillatory , eq. (1.1) is said 

oscillatory if all of its solutions are 

oscillatory. Many literatures studied 

the oscillation of eq.(1.1) of first and 

second order , and  a few investigated   

the higher order. One may see the 

monographs due to Berezansky [1] 

Stavrovlakis [2] Ladde [3],Rath and 

Padhy [4], Kulenovic [5], 

Kiguradze,[6].  

 

2.  Mean Results 

In this section we give some theorems 

describe the oscillatory behavior of the 

solutions of equation (1.1). 
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Definition:- [see Kiguradze,[6] ] 

Let )),,0([)( RCtu n   be of constant 

sign and let )()( tu n  be also of constant 

sign and not equivalent to zero in any 

interval 

0),,[  TT and 0)()( )( tutu n  then 

there exists 00 t  such that 

1,,2,1),()(  nitu i   are of 

constant sign on ),[ 0 t  and there 

exists an integer  1,,5,3,1  nk   

when n is even, or exists an integer 

 1,4,2,0  nk  when n is odd 

such that  

 

0

)(1

0

,11,0)()()1(

),[00)()(

ttniktutu

tonkifortutu

iin

i







                                                        

(2.1) 

Such u(t) is said to be of degree k  

The following Lemma improve 

Lemma 6, Mohamad H. [7] 

Lemma 1.Suppose that  

,0)(sgn})))((()()({ )(  tutuftPtu n                    

                                                      (2.2) 

Where  ,,,1 fP  satisfies H1-H2 

, 0)( tP  and  

 


T

dttPt )(2
             (2.3) 

Then the following statements are true: 

1- Let ,1  if n even then every   

      possible non-oscillatory solution 

of      

     (2.2) are of degree n-1. if n odd 

then   

     every possible non- oscillatory   

      solution of  (2.2) are either of    

      degree 0 or  degree n-1.  

2-  Let ,1  if n even then every   

      possible non oscillatory solution of     

      (2.2) are either of degree 0 or    

      degree n. if n odd then every   

       possible non oscillatory solution 

of     

      (2.2) are of degree n. 

Proof : See [7]. 

Other literatures study the case 

when  

the coefficient is constant see [8]-[10], 

while Olach [11] study eq.(1.1) and 

gives some sufficient conditions for 

oscillation. Now we give the first result 

in this paper. 

Theorem (1) :Suppose that 0)( tP , 

and 

,)(1 


 dttPt n                   (2.4) 

Then every bounded solution of (1.1) is 

oscillatory if n even, and every 

bounded solution are either oscillatory 

or 0)(lim 


tx
t

  if n is odd. 

Proof:  Let )(tx  is bounded 

nonoscillatory solution of eq. (1.1) on 

 ,0t  .Without loss of generality let 
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)(tx >0 on  ,0t , we have                   

0)))((()()()(  txftPtx n   

Consider the equality  


























s

t

njn
jn

n

i

i
ji

jii

duuxtu
jn

sx
ji

ts
tx

)()(
)!1(

)1(

)(
)!(

)(
)1()(

)(1

1

1

)()(

Where .0tts  By using eq. (1.1) 

the last equality leads to   


























s

t

jn
jn

n

ji

i
ji

jij

duuxfuPtu
jn

sx
ji

ts
tx

)))((()()(
)!1(

)1(

)(
)!(

)(
)1()(

1
1

1
)()(



 

                                                      (2.5) 

let n be even, since )(tx  is positive 

bounded and 0)()( tx n  then )(tx  

must be of degree 1 , let  j=1 then the 

last equality reduce to : 

0)))((()()(
!)2(

1
)( 2 


 



 duuxfuPtu
n

tx
t

n 

Integrate the last inequality from 1t  to 

t  where  01 ttt   we obtain  

     

duuxfuPtu
n

tx

t

t

n







1

)))((()()(
!)1(

1
)( 1

1 

                                                      (2.6) 

Since )(tx  is non-decreasing and 

bounded, then 

ctxctx
t




)(,0)(lim  so we can 

find 2t  large enough such that. 

ctx
c

 ))((
2

  and 

121,)
2

()))((( tttc
c

ftxf 

, where 1c  is positive constant, as 

t  we get from inequality (2.6) 

duuPtu
n

c
c

t

n








2

)()(
)!1(

1
2

1 , 

which is a contradiction with (2.4). 

Now let n be odd, since  0)()( tx n
 

then )(tx  must be of degree 0 which 

implies that )(tx  is non-increasing, 

from  eq.(2.5) with  j = 0, we get : 

01

1

11 ,)))((()()(
!)1(

1
)(

1

ttt

duuxfuPtu
n

tx

t

t

n






 
 

Since ,0)(  tx  and )(tx  is bounded, 

then  ctxctx
t




)(,0)(lim . 

if 0c  then 0c , we can find 

12 tt   large enough such that  

,))(( ctx  and  

1)()))((( ccftxf   for 

2tt  then            

duuPtu
n

c
tx

t

t

n







2

)()(
!)1(

)( 1
1

1
1

  as t   we get a contradiction , so 

either  0c  or )(tx  is oscillatory. 

Theorem (2) :  Suppose that 0)( tP , 

and                 

,|)(|1 


 dttPt n
           

)4,2(     

If n even then every bounded solution 

of (1.1) are either oscillatory or 
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0)(lim 


tx
t

 , and  if n odd then every 

bounded solution of (1.1) are 

oscillatory. 

Proof:  Let )(tx  is non oscillatory 

bounded solution of eq. (1.1) , 0tt    

Without loss of generality let )(tx >0 

on  ,0t , then 

 0)))((()()()(  txftPtx n   

Let n be even , since  )(tx  is bounded 

and 0)()( tx n , then )(tx  must be of 

degree 0, which implies that )(tx  is 

non-increasing and bounded hence  

(2.5) reduce to   

0)))(((|)(|)(
!)1(

1
)( 1 


 

 duuxfuPtu
n

tx

s

t

n 

duuxfuPtu
n

tx

s

t

n







1

)))(((|)(|)(
!)1(

1
)( 1

11 

          

       
1,0 tt                       (2.7)    

 Let ctxctx
t




)(,0)(lim , if 

0c  then 0c , we can find 12 tt   

large  

enough such that  ,))(( ctx  and  

0)()))((( 1  ccftxf   for  

2tt   then (2.7) implies to              

duuPtu
n

c
tx

t

t

n







2

|)(|)(
!)1(

)( 1

1
1

1

as t   we get a contradiction , so 

either c=0 or )(tx  is oscillatory. 

Let n be odd, since  0)()( tx n
 then 

)(tx  must be of degree 1 which 

implies that )(tx is non decreasing and 

bounded, from  eq.(2.5) with  j = 1, we 

get : 

duuxfuPtu
n

tx
t

n







 )))(((|)(|)(
!)2(

1
)( 2 

 

Integrate the last inequality from 1t  to 

t  where  01 ttt   we obtain     

duuxfuPtu
n

tx

s

t

n







1

)))(((|)(|)(
!)1(

1
)( 1

11 

         

       
0,0 tt                          (2.8) 

ctxctx
t




)(,0)(lim  so we can 

find 2t  large enough such that.  

ctx
c

 ))((
2

  and 

121,)
2

()))((( tttc
c

ftxf 

, where 1c  is positive constant,  and as 

t  we get from inequality (2.8) a 

contradiction. 

Theorem (3) 

Suppose that ,0)( tP  and (2.3) 

holds then if n is even every solutions 

of (1.1) are oscillatory and if n is odd 

every solutions of (1.1) are either 

oscillatory or 0)(lim 


tx
t

. 

Proof: Let  x(t)  be non oscillatory  

solution of (1.1) and say  

0,0)( tttx                                                           

,0)))((()()()(  txftPtx n  then 

)()( tx i are monotone  1,,1,0  ni   

If  n even, then by Lemma 1 every non 

oscillatory solution of (1.1) are of 

degree 1n  ,  integrate eq.(1.1) from  

s  to  t  ts    we get 
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tsdxfPsxtx

t

s

nn  
 ,)))((()()()( )1()1( 

,)))((()()()1(  dxfPsx
t

s

n




                               

                                                      (2.9) 

consider the integral equality 

)()()(

)()()()(

0

)3()3(

0

)2(

0

)2(

0

)1(2

0

)1(2)(2

0

txtxtxt

txttxttxtdx

nnn

t

t

nnnn







   

)()()(

)()()()()))(((

0

)3()3(

0

)2(

0

)2()1(2

0

)1(2

0

2

0

0

txtxtxt

txttxttxtdPtxf

nnn

t

t

nnn







 

as t  and apply (2.3) it follows 

that  

                   

 


})()()({lim )3()1(2)2( txtxttxt nnn

t

 

there is 01 tt   such that 

1

)3()1(2)2( ,0)()()( tttxtxttxt nnn  

 

which implies that  

1
)1()2( ),()( tttxttx nn    

)(4)(4)(3)(3

)()(})()()({

1

)3()4(

1

)3(

1

)3(

)2(2

1

)2(2

1

)3()1(2)2(

1

txtxtxttxt

txttxtdssxsxssxs

nnnn

nn

t

t

nnn









 

as  t  we get  

 


])(4)()(3[lim )4()1(2)3( txtxttxt nnn

t

 

there is 12 tt   such that  

2

)3()1(2)2( ,0)(4)()(3 tttxtxttxt nnn  

which implies that 

2
)1()2( ),()(3 tttxttx nn   , follow 

in this procures we get   there is 

32   nn tt  such that 

2

22 ,0)()1()()()32(

2



 


n

t

t

tt

dssxntxttxtn

n

which implies that  

2),()()32(  ntttxttxn , 

then    )(

)12(

)( )1(

1

1

1

tx

i

t
tx n

n

i

n








 

 , 

from the last inequality and (2.9) we 

obtain   

,)))((()(

)12(

)(

)12(

)(

1

1

1

)1(

1

1

1

 dxfP

i

s

sx

i

s
sx

t

s

n

i

n

n

n

i

n




























,)(

)12(

)))(((

)(

)12(

)))(((

1

1

1

1

1

1







dP

i

sxf

dP

i

sxfs

t

s

n

n

i

t

s

n

i

n



























             

,)(

)12(

)))(((
)(

2

1

1

1

2
2 


dP

i

txf
tx

t

t

n

n

i

n
n

n


 














as t  and according to (2.3)  we 

get a contradiction 

Let n be odd, by Lemma 1  every non- 

oscillatory solution of (1.1) are either 

of degree 0 or of degree n-1. 

Suppose )(tx  is of degree 0, then 

)(tx  is positive decreasing and so it is 

bounded and by Theorem 1 either 

)(tx  oscillatory or 0)(lim 


tx
t

. 

Suppose )(tx is of degree n-1, in this 

case the proof is similar when n even.  
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Theorem (4)   

Assume that ,0)( tP  and 

0
)(

 M
u

uf
    

)3.2(,|)(|2 


T

dttPt                                                                 

,1|)(|)(
!)1(

suplim

)(

1

1











t

t

n

t

dssPst
n

M



                         

                                                  (2.10) 

If n is even then every solution of (1.1) 

are either oscillatory or 0)(lim 


tx
t

, 

If n is odd then every solution of (1.1) 

are oscillatory. 

Proof : Let x(t) be non-oscillatory  

solution of (1.1) and assume that   

  0,0)( tttx   hence  

,0)))((()()()(  txftPtx n   then 

)()( tx i
  are monotone  1,,1,0  ni   

Let n be even, eq.(1.1) can be written 

as 

,0)))(((|)(|)()(  txftPtx n   

so by Lemma 1 the only possible non- 

oscillatory solution of (1.1) are either 

of degree 0 or of degree n. Let  )(tx  be 

of degree 0 ,then )(tx  is positive non-

increasing so it is bounded then by 

Theorem 1 )(tx  is either oscillatory or 

0)(lim 


tx
t

. 

Let  )(tx  be of degree n, using the 

equality where  t  

,)()(
)!1(

1
)(

!

)(
)( )(1)(

1

0

dssxst
n

x
i

t
tx

t

nni
n

i

i

 
















,)))(((|)(|)(
)!1(

1
)( 1 dssxfsPst

n
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t

n











Let  1,)( ttt   , hence 

dssxfsPst
n

x

t

n









 )))(((|)(|)(
)!1(

1
))(( 1

dssxfsPst
xn

t

n












)))(((|)(|)(
))(()!1(

1
1 1

,|)(|)(
!)1(

))((

)))(((
|)(|)(

)!1(

1

1

)(

1

1




















t

n

t

t

n

dssPst
n

M

ds
sx

sxf
sPst

n








This contradicts (2.10). 

Let n be odd, by Lemma 1 )(tx  must 

be of degree n, the prove is similar to 

the case when n is even. 

3. Remarks and Examples  :  

In this section we give some remarks 

and examples to illustrate the obtained 

results given  in section 2 

Remark1. If we use the condition 

0
)(

 M
u

uf
then the 

nondecreasing       property of  )(uf  

needed not be  necessary as we can see 

in Theorem 4. 

Remark2. We can use the condition 

(2.10) with 0
)(

 M
u

uf
to 

excluded the non-decreasing property 

of )(uf  in Theorem 1-Theorem 3. 

Remark3. The conclusion of Theorem 

4 remains true if we replace (2,10) by     

the condition  
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e
dssq

n

shst

t

n

t

1
|)(|

)!1(

))()((
inflim

)( 1




 



 

  where h(t) is continuous function 

such that ttht  )()( . 

Example1. Consider the delay  

differential equation:                       

1,0)))(((
)12(

6
)(

22



 ttxf

t
tx 

                                                        

(E.1) with    

,
12

8
1)))(((,

)12(

6
)(

2

2

22 





t

t
txf

t
tp 

   satisfies H1,H2  and all the 

conditions of Theorem 1, so all the 

solutions of  

equation (E.1) are either oscillatory or 

tends to zero as t   for instance 

)
12

12
(ln)(






t

t
tx  is such solution.  

Example 2.  Consider the delay 

differential equation: 

0,0)))((()sin()( tttxftatx      

E.2                       

 with 

tetxfttPa  )))(((,sin1)(,1 

 it is easy to see that all  conditions of 

Theorem 1 or Theorem 3 are hold so 

all solutions of equation (E.2) are 

either oscillatory or  0)(lim 


tx
t

, for 

instance )
4

cossin
()(

tt
aetx t 
    is 

such oscillatory  solution of (E.2). 
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 تذبذب المعادلات التفاضلية غير الخطية ذات المعاملات التقدمية

 
 صدى فايض محمد*   حسين علي محمد*

 عواطف علي محمد*
 

 * جامعة بغداد/ كلية العلوم للبنات/ قسم الرياضيات
 

 الخلاصة:
الرتا  في هذا البحث قمنا باستخراج شروط كافية وضرورية لحلول المعاادتت التااضالية التباطةياة ذات  

n  2,0من النوع)))((()()()(  ntxftPtx n . 
كذلك اعطيت بعض الشروط الكافية للحلول غير المتذبذبة كي تكون متقاربة الى الصار. كما واعطيت  

 في البحث بعض اتمثلة لتوضيح النتاةج المستخرجة.
 

 


