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ABSTRACT:

The study of properties of space of entire functions of several complex
variables was initiated by Kamthan [4] using the topological properties of the space.
We have introduced in this paper the sub-space of space of entire functions of several
complex variables which is studied by Kamthan.
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INTRODUCTION:

The space of entire functions
over the complex field C was
introduced by V.G. lyer [3] who
defined a metric on this space by
introducing a real-valued map on it.
Spaces of entire functions of several
complex variables occupy an important
position in view of their vast
applications in various branches of
mathematics, for instance, the classical
analysis, theory of approximation,
theory of topological bases etc.
Kamthan [4] studied the properties of
space of entire functions of several
complex variables. Many of eminent
mathematician such as Devendra [1],
Hazem [2], Kumar [5], Mushtaq [6],
Sirivastava [7], and others have
contributed richly to space of entire
functions of several complex variables.
Let C denote the complex plane, and
| be the set of non-negative integers.
We write for ne

C”:{(zl,zz,.. z ); z; €C, 1§i£n}

14n

.I” ={(p1,p2,...,pn); piel, 1si£n}

C" and 1" are respectively Banach
and metric spaces under the functions

H(zl,zz,...,zn)

=|z,| +|22|+...+|zn|

[Py Py )= P+ 0, o,
We are concerned here with the space

of all entire functions from C" to C
under the usual pointwise addition and
scalar multiplication. For the sake of
simplicity we consider the case when
n =2, though my results can be easily
extended to any positive integer n.

Let therefore, X be the space of

all entire functions f :C? —C,
where
o0 o0
m n
f(z1,25) = Z Z Amniy Z2
n=0m=0
anpneC for mn=0,

and assume that X is equipped with
the topology T  of uniform
convergence on compact in C". For
more details see Kamthan [4].

1. In this paper X denotes the
space of all entire functions as in
Kamthan [4]; S denotes the space of

all double complex sequences, |* is
the set of all positive integers, and

| ={0}ul™. Let
X(A)={f e X 1o f eX},
where /12{|m,n’ m,nzO,m+n¢0}

is a fixed element of S such that no
coordinate element of A is zero, and

o0 o0
m _n
lofzz Zlm,nam’n z, 75,
n=0 m=0
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where

f(21,22)=>" > amn 220 .
n=0 m=0
Clearly, X (A1) # ¢ since every
polynomial in z with complex
coefficients is in X (A).
It is easy to see that X (A4) is a linear

sub-space of X.

We now state two theorems, the proofs
of which are left to the reader.
Theorem 1.1. X (1) =X if, and only

if,

limsup

) 1/(m+n)
mn_>00|0,0’|m,n ) m,nZO,m+n¢0 <o

Theorem 1.2. If
}t:{‘lm,n‘, m,nzo} ,

,uzﬂkm,n‘, m,nzo} are any two

fixed elements of S, and
1/(m+n)
k k
—00 | | Zmn . mn>0, m+n=0
IO,O Im,n

is bounded, then X (A) = X (u).

Remark. The condition stated in
Theorem 1.2 is not necessary. For,
let A, 1 be such that

1
m!n!
ko’o :1, km’n :1

Both {[loo| [lna [ | and

{‘ kO’O ‘ ,‘ km,n ‘1/(m+n) }

bounded sequences, so that, using
Theorem 1.1, we note that both X (A4)

and X (w)equal X .
Thus X(A) < X(w) is trivially true.
But

Io,o =1, Im,n =

are

K |1/ (meny_ (min) ¥/ MM o5 a5

Im,n
m,n — oo, So that
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K K 1/(m+n)
20071 Zmn . mn=0, m+n=0
I0,0 Im,n

is bounded.

Theorem 1.3. If either ‘Im,n ‘1/(”‘”‘)

or | Kpp |2/ ™" tends to infinity,

then a necessary and sufficient
condition for the relation
X (4) < X () to hold is that
1/(m+n)

k k

200 ). Zma ., mn>0, m+n#0

I0,0 Im,n
is bounded.

Proof. The sufficiency follows from
Theorem 1.2 even without the extra
hypothesis. To prove necessity with the
extra hypothesis, suppose that

K K 1/(m+n)
2007 | Zmn mn>0, m+nz0
I0,0 Im,n

is bounded.

Then this sequences has a sub-
sequences, say

" 1/ (my+n) " 1/ (my+ny) " 1/ (mg+ng)
Sy M.y Mg,N3

lmlvnl lmz’”z |m3,n3

, Which tends to infinity.

Define

f(zlvzz): Z z Am,n Zlng by
n=0 m=0

1

Am n, = ,(p,qe|+),amyn=0

p:q
|mp,nq + kmp,nq
otherwise.
Then, with the extra hypothesis,
) Y(my+ng)
f e X . Since ‘amp,nq P cannot
exceed, either
1 1
| ]/(mp+nq) ]/(mp+nq)
‘ My, Ng ‘ My, Ng
, and one of these tends to zero as
My, Ng — .
Now
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v(mmq): 1 < 1
my.ng %my.ng |: km H :ll/(mp+nq) = km i Y(my +ng)
14— —
Imp,nn Imv”
so that
i ‘ | Y(mp+ng)
im a =
mp,nq—>oo mp’nq mp’nq
Thus f e X(1). But
1/(mp+nq) 1 1
kmp,nq am, ,n, 1/(my +ng) 2 | 1/(my+ng)
Imp,nq " My.Ng i
kmp,nq kmp'”u
so that
. (mp+nq)
lim ‘km 0@m >1,
p:q p:q
My, Ng—
since the sequence
| 1/ (my+ny) | 1/(my+ny) | 1/ (mg+ng)
muy Imyn Mg
kmlvnl kmzﬁz kmsvns
converge to zero. Hence f ¢ X ().

This show that the condition stated in
the theorem is necessary.

2. X(A) is endowed with two
topologies. One is the metric topology
T inherited from X (vide [ Kamthan]
), its metric d being

d(£,9) = sup|[200 ool ama ~r

()

where

1/("””), mn=>0, m+n¢0}

any two elements of X (4). The other
is the metric topology T, whose
metric d ; is given by

"0,0‘ ‘ao,o *bo,o‘ .l

1/(m+n)

1/(m+n)
dﬂ(f,g):sup 1

‘am,n—bm,n‘ mn>0, m+n=0

.......... )

It is known that X is a complete
metric space under its usual topology
(vide [4] ). We now prove that
(X(1),T;) is complete wunder a
condition to be stated in the following
theorem.
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Theorem 2.1. (X(4),T;) is a
complete metric space if, and only if

lim inf {\'0,0\ ,\lm,n\”‘m*”’}w

Proof (i) Sufficient. Let (fplq)oO

p.g=1
be a Cauchy sequence in (X(1),T;),
where

ZZapq 7 z5

n=0 m=0
each fp,q

foa(z22)=
(Since
Ao fyqeX forall pel™).We then
have d, (f, g

and q, j —>oo. Hence givenan ¢>0,
such that

e X(1),

fi,j) >0 as p,i—>oo

we can find a pggel”
d; (fpq fij)<e forall pizpg ,

d,j=dp-
Now
dy (fpq fij)
| | 1/(m+n) 1/(m+n)
=Sup ‘ 0,0‘ ‘apm% _aiOij"‘ mn apm:qn _aimvjn
so that
‘lo,o‘ ‘apoiqo _aioJo‘<g’
| 1/(m+n) 1/(m+n)
‘m,n‘ ‘ Pmn ~ R, Jn <&

forall p,i>pgy, q,j=0qg.
Let L be the infimum of the double

sequence in the statement of the
theorem. Then
L ‘apov% _aio,jo‘<8’
1
L‘apm,qn_aim,Jn o for all

P,i=py,0q,]=0. ...03).
Thus each of the double sequences
(apm,qn ): __, s a Cauchy sequence of

complex number, so that each of these

sequences tends to a limit as
p,q—>o. Let a, o —>am, for
each m,ne . Using this fact in (3) ,
we have
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&
‘apo’qo - aoyo‘ <E1

‘]/(m+n) &

+
‘apqun ~ &myn (mnel™),

forall p>py, 9>qq....(4)
Now for each

paet®fay of ™"

m, N — oo, since each fp,q e X.

fixed
as

Taking p=py, q=4qg in the second
inequality in (4), we have
I(m+n) _£

‘a pOm'qu - amvn ‘

(mnel™)
Upon simplification, we get

1/(m+n) Y(m+n) g
‘am n‘ < ‘ pOquOn _amvn +E
(mnel™)
This proves that
lim [ agm|" ™™ =0 . This leads us
m,n—0
to the fact that
o0 o0 m
n
f(21,25)=>. > apn 71 25 €X.
n=0 m=0

We now show that f e(X(4),T,).
For this Ao f must be shown to be in

X And for this
im |1 @mn| ™ ™™ must be shown
m,n—0

to be zero.

We have already seen that fp,q - f
as p,q—oo, so that d, (f

forall p>py,q=qg .
So d,(f fl<e.

1/ (m+n)

0.q" f)<e
Hence

1/(m+n)
<¢&

Po.dp *

| lmn | Pom:don ~ ©MN

ie.
<&

1/ (m+n) 1/(m+n)
a0 ]

|@mn| _‘apomv%n

(mnel™).
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Simplification yields
1/(m+n 1/(m+n
||mn| /( +)|amn| /( ) _
1 (m n) 1/(m+n)
||mn| / : Pom Yon +e.
This proves that
lim |1, amn|1/(m+”) =0, so that the
m,n—0

condition is sufficient for (X(4),T;)

to be complete.
i) Necessary. Let

lim inf {\lo,o\,\lm,n\”‘m*”’ (mne |+}= 0

S0
{loolfmal” ™™ (mne 1 | contain

S a sub-sequence, say,
| 1/ (my+ny) | 1/ (my+ny)
‘ mlvnl‘ ! mzvnz‘ !

‘1/("‘3”‘3)

M3,N3

which is steadily decreasing and tends
to zero.
Consider now the

polynomials (fh,r)f'r

sequence of

_, »Where

m
_ 1,M
f1,1— 7tz

m m
_ 15,M 2 72
foo=179 Z,t +171 2z,
m m m
_ 1M 2 ;M 35,0
fas=70 12 +71227 +71 32,

fh]r:zlm1 22”1 +zlm2 zgz +zlm3 z;3+... +zlmh 7"
Of course, each f . € X(4)

This sequence is a Cauchy sequence in
(X(A),T;) , for, let hh',r,r'el™,
such that h">h and r'>r. Then
dy(fy o fhr) =

5B [ty L1 [ 1

1/ (Mo My

-0,

L/ (M. 2.0r52) ‘1_ 0‘,‘|mh"nrv ‘1/ My M) ‘1_0‘:|

Mho1:Nr41 Mhy2.Mr 12

1/ (mh+1vnr+1)

- ‘ Mh11:r 41

‘1/ (my.ny) ‘1711
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Now
lim d,(fy ., fhp)=
h,r—o

. 1/ (Mpg+Nyp41)
lim =
Mh11, Ny 11—

so that (fh,r)ﬁr:l is a Cauchy

0,

‘ Mh41,Nr41

sequence in (X(1),T;). But
lim f,,, if it exists, must be
hrowo '

> zlmh z;f , which is clearly
h=1 r=1
not in X . Thus the Cauchy sequence

(fh,rj;r:l fails to converge to a point

of (X(4),T;), so that , in this case
(X(4),T,) is in complete. Hence the
condition is necessary.

3. We have already seen that X (A)

can be endowed with two different
topologies, viz., T and T,. We now

state and prove a theorem relating to
the comparabilityof T and T .
Theorem 3.1. T is finer than T, if,
and only if,

lim sup{IO,O I n

‘1/(m+n

),(m,ne|+)}<oo

Proof i) Sufficiency. Let U <o be
the supremum in the statement of the
theorem. To prove that the above
condition is sufficient, it is enough to

prove that, if (fp‘q )p’ IS a sequence

g=1
in (X(A1),T) converging to f in
(X(4),T), then this sequence

convergesto f in (X(4),T,).

Consider now the identity mapping
vif > f from (X(4),T) to
(X(4),T,) . Since it is evidently linear
, it is enough that we take f =4,

where @ is the zero-element of X.
Let
3 o0 o0 m n
fpvq - Z;) Z:O apvan Zl 22 !
n= —|
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Since (fpyq)oo converges to 6 in

prq:l
(X(4),T), given an ¢>0, there is a
Po.do € 1" suchthat d,(f,.0)<e¢

forall p>pg, =0
(ie)

SUpUapo,qo ‘ ' ‘apm,qn

forall p>pgy, 9g=qg.

p.q’

1/(m+n)

,(m,nel+)}<g

Now
dl(fplq,e) =
supDIOYOHapO’qO‘,‘Im,n‘l/(mm) ‘aplen ‘1/(m+n) ,(mnel *)}
1/(m+n)
<uU sup“apolqo‘, ‘apm,qn ,(m,ne|+)}
<Ueg forall p>py, q=qp.
This shows

that

(flm)lo’q:1 converges to @ iIn

(X(A4),T;), so that the condition is

sufficient.
i) Necessity. Let the sequence in the
statement of the theorem be unbounded

.Then this sequence has a sub-
sequence, say,

‘I ‘1/(”‘1”11) | ‘1/(m2+n2) ‘1/(”‘3”‘3)
ULTILY " Mg,y '|"M3,N3

which is strictly increasing and tends to
infinity. So the sequence

I 1/ me) [ =1/ (my+np) -1/ (mg+ng)
‘nhvnl‘ 1 mz,nz‘ ' m31n3‘ yeos
converges to zero.
Now  consider  the  sequence
>° -
(fp,q )p, _, Oof polynomials
m
f11= ; Zl 1 an
‘ 1/ (my+my) 2
‘Imlvfh‘
1 m, n
= 7 2 7 > :
f2,2 1/(m2+n2) 1 9
‘Imz,nz‘
fhg= 1 ,Mp o ng
p.q ‘ l/ (mp+nq) 1 2
Mp: N
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Each of these polynomials is an
element of X(A4).
3 1
Now'd; (Tp,q.0) = L (mpeng)
‘mp,nq
Hence
lim d,(f,4.6)=
Do o P
. 1
lim =0
mp,nq—>oo ‘I 1/(mp+nq)
mp,nq
so that (fp’q)p,q:1 converges to @ in
(X(4),T;). On the other hand,
d;(fpq.0)=1, S0 that
lim d,;(f,q.0)=1. Thus
p.g—
(fp,q)p,qzl fails to converge to @ in

(X(4),T;). This shows that v is
discontinuous at @ in (X(4),T;), so
that the condition is necessary.

4, Lastly we determine the form of a
continuous linear functional on the
complete metric space (X (4),T,).
Theorem 4.1. Every continuous linear
functional ¢ on the complete metric

space (X(4),T;) is of the form

¢(f): i i am,n Cm,n’

n=0 m=0
where

i) f(z,2,)= ZZamnzl zy s

n=0 m=0
any one element of X (4);

i) (€mn . nco

is a chosen sequence of

complex number such that
c c 1/(m+n)
200} |“mn mn>0,m+n=0,(mnel™)
I0,0 Im,n

is bounded.

Before we proceed with the proof of
this theorem, we shall state and prove a
lemma.

Lemma 4.2. A necessary and
sufficient condition that the series
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o0 o0
> > apnCmn should converge for
m=0n=0

every sequence f =(f,,)"

complete metric space (X(4),T;) is
that

in the

1/(m+n)

c
il mn>0,m+n=0,(mnel?)

00| |Cmn
Im,n

I0,0

...(5
should be bounded.
Proof i) Sufficiency. Let (5) be
bounded . Then we can find an M >0
such that
1/(m+n)
<M.

C0,0 Cm,n

I0,0 Im,n
Let f e X(A).

<M,

‘1/ (m+n) we

Since lim
m,n—0

=0,

‘Im,n m,n

can findan m_,n, € 1" such that

(m+n)
[ am,n‘<(ij e for

2M
m>m,,n>n,.
Hence

all

1
< 2(m+n)

Cmn

‘am,n Cm,n‘ :‘am,nHIm,n ‘ |
m,n

forall m>m_,, n>n

o

[e 0] o0
Hence > > amnCmn

m=0 n=0
for the f chosen.
i) Necessity. Now let (5) be
unbounded. We shall show that there is
a sequence in X (A) the corresponding

converges

o0 o0

series Y > &y Cmn Of which does
n=0 m=0

not converge.

Since (5) is unbounded, we can find a

steadily increasing sequence
° : +

(mp ”q)p,q:1 in 17, such that

Cm n

, my+n
pqup

TPel).

my, N,

prq
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Consider (am,n)r:n:o such  that =m'|ri]r2w[(ao,o Coo+811 Cup+---Famn Cun]
Ann=0if m=m , n=ng, .
1 1 Thus, for  every feX(4),
Ampng = | Mp+ng © o
‘mp+nq > > amnCmn converges , and
Clearly [app| =0, [l namn|=0 for mom=e
all m=m_, n=ng. Let P(f)= Z%)Z(:J amn Cmn - Since
m=0 n=

f e X(4), we use Lemma (4.2) to

inf{ll , m’n‘l/(mm) m,nzO,m+n¢0,(m,neI+)}=L>O note that
1/(m+n)
. €00 |Cmn >0 0 |+
(That L>0 exists follows from Too [l mnz0,m+n=0,mnel”)
Theorem (2.1)). Then el
1/(mp.ng) is bounded
‘mp,nq >L, so that Conversely, let this sequence be
‘ 3/ (myang) = bounded. Then by Lemma (4.2)
Mp.Ng = ' S )
Thus > > agnCpn converges for every
lim Jay, , et o 01 1 L, n=0 m=0
Mgl M Mg | 1/ (mp+ng) P mp.ng—o Lp f (S X (/1) . SO
‘mp‘nq
o0 o0
Also ‘I . 1/(my+ng) 1 ¢(f) = Z‘Z) Z(:) AmnCmn > feX()
m,,ng 4m,.n =5 m=0n=
s that e P is functional on X(A4). It is clearly
1/ (mp.1g) linear on X (A1). We now show that it
. |'rf"_)0‘|m ng my.n, = is continuous on (X (4),T,). For this it
T;usq ( )oo renresents an is enough to show that , if
a . :
mn/mn-o P ( pq)w , 1s a double sequence in
element of X(4). However, )
‘ ) " (X(4),T;) converging to & , then
am n. Cmon |21, S0 that
pria TR converges to zero. Let
o o [¢( pq)] ,0=1 g
z Y. @mnCmp fails to converges. o ®
n=0 m=0 Z pm On Zl
Hence the condition is necessary . ) n=0 m=0
Proof of Theorem 4.1. Let Since e
fe)_((l)and ¢ a continuous linear %00 [Sma N2 0.m e n#0,(mnel )
functional on (X (4),T,). Let oo |Imn
o .
foo=z'tzM  G(f —c is bounded,
Thmln 17 2 #Tnn)=Cmn then there exists an M >0 such that
en
. Co, c
¢(fm,n):ml:]m ¢ (@00 foo+aus fra+...+amn fmn) J|220 | Ol<m, UL VEGLDN
' 0,0 mn

= lim |(@go ¢(fo0)+ar; (1) .oty d(fpg)] MNZ0MEN=0(MAETT).
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Let g<% be given. Let n:i
Since d;(f,q,0) >0 as p,q—>o,
we can find a p.,q, €1 such that
d,(fpq.0)<n for al p>pg,
g >(g. Now
d;(fpq.0)=
supUIOVOHapOVqO‘,‘Imyn‘l/(mm) Bl L/ men .(mnel *)}
So, for all pP>pg, Qg>0g.
‘IO-OHavaqO‘<n’

1/(m+n) 1/ (m+n)
o Pt
So
Wfp,q)‘: 2. 2 2p,.q, Cmn

n=0 m=0

o0 o0
SZ Z\ Py S|
n=0 m=0
‘ Po. quOO‘JrZZ‘apm tn

mn
n=1 m=1
Thus, for p > pgy, q>0q
Bl < LM o]+ 3 3 M o
‘IO ‘ n=1l m=1 ‘Im n‘
=c+ eMN=¢ {1+ —}
mz_lnz_l l-¢ 1-¢
<& 1+Ll'il =5¢
1-= 1-=
2 2
This proves that

#(tp0 )y o

converges to zero.
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