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RESEARCH ARTICLE

On (J — §) Semi Homogeneous Systems of
Differential Equations

Aya H. Hasan® *, Bassam Jabbar AL-Asadi

Department of Mathematics, College of Science, Mustansiriyah University, Baghdad, Iraq

ABSTRACT

The concept of homogeneity in differential equations can be generalized to systems of differential equations as shown
in this work. The classification of three-dimensional differential equation systems is presented based on the definition of
the Jacobean matrix and its determinant, where two systems of the homogeneous system are defined, called the J-semi-
homogeneous system and the other §-semi-homogeneous system, where the first definition is based on the Jacobian
matrix, while the second is based on the determinant of the Jacobite matrix. Examples are given for both definitions,
and the relationship between the two definitions will be studied. In addition to finding an equivalent for these two
definitions, some results for these two definitions have also been proven.

Keywords: §-semi-homogeneous system, Jacobean matrix, J-semi-homogeneous system, Semi-homogenous, System of
differential equations

Introduction

Numerous branches of mathematics and science, such as robotics, -? differential equations, and optimization,
depend heavily on the Jacobian matrix. When assessing stability,* gradients, and transformations in various
mathematical models and algorithms, give crucial information on the local behavior of functions. *

The Jacobian matrix is a matrix made up of a multivariable function’s first-order partial derivatives® and
helps us convert one coordinate system into another. The Jacobian matrix is employed when there are several
variables or functions. For determining the derivatives of implicit or composite functions. The derivative at J

for a row vector of a function f;: R® — R, (i =1, 2, 3) is defined as: W Consequently, the following

function’s Jacobian matrix®-® is represented as follows:

a0 B4
9x1 dXp

: : €y
afrl 3.fl'l

In this paper, we discussed using the Jacobian matrix to classify homogeneous systems of differential
equations. Many researchers focus their research on different equations® while others are concerned with study-
ing difference equations. Al-Asadi and Huda defined A system of first- and higher-order semi-homogeneous
difference equations, 2021. A self-semi-homogeneous system of difference equations was introduced and
generalized by Al-Asadi and Abed, '° and was defined as follows P-self-semi-homogenous. Also, new definitions
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will be introduced for J-(§) semi-homogenous systems, which are defined as follows: If there is a nonzero real
matrix V such that the following equations hold:

F(VX)=J(Q)VF X), F(VX)=det J(Q)VF (X) 2

then a homogeneous system of differential equations is said to be J-(§) semi-homogenous.

The concept of a J-adjoint (§-adjoint)-semi-homogenous system of differential equations, is defined as follows:
a homogenous system is called J-adjoint (§-adjoint)-semi-homogeneous if there are two non-zero matrices V
and C such that the following equations hold:

F(VX)=J(Q)CF (X), F(VX) =det J(Q)CF (X) 3

and some definitions are given with examples, while certain theorems are also proved.
This work studied types of J-semi-homogenous.
Consider the system.

F(X)=QX @

jjeo) &
).x = ( )( )z(g(y)>= &) and@= (B 88)
h(z) dz q31 G32 433

Definition 1: It is referred to as a J-semi-homogeneous if there is a non-zero matrix V such that system (4)
satisfies the following equation.

where F = (

N x
N x

)-ron=(

=09
=09

F(VX)=JQ"V F X).

Definition 2: If there is a non-zero matrix V such that system (4) satisfies the following equation, then it is
referred to as a §-semi-homogeneous.

F(VX) =det (J (Q)'V F (X).
Where J is a Jacobian matrix and det is determined.

Remark: The next example shows that the Definitions 1 and 2 are independent for a matrix V, that is the
J-semi-homogeneous may be not §-semi-homogenous with the same matrix V, and vice versa, the following
examples explain that:

Example 1: Consider the system of differential equations

fX)=x+y+z
gy)=x-y
h@=x+y—=z

then its §-semi-homogenous but not J-semi-homogeneous, to show that:

56 —27 -15
209 299 299

Ve |9 28 12
- 205 205 205
21 -3 28

205 205 205
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satisfies the following equation:

F(VX)=det J(Q)VF (X)

5 —27 =15 _ 56 —27 —15
299 299 299 X 299 299 299 X+ y + 2z
9 28 12 _4| 9 28 12 ~
Flsgs 305 305 ||Y | =425 305 3208 X=y

21 -3 28 || 2 21 -3 28 |[xty—2
205 205 205 - 205 205 205

56 272 284 — 56 272 284

200X T 355Y + 399% 200X T 350Y + 359%

196 28 12 _ | 196, 28, 12

205X ~ 205 ~ 2052 | = | 205X ~ 205Y ~ 2052

184 208 28 184 208 28

205X 1 505Y ~ 2052 | 505X + 205 — 2052

Therefore 5-semi-homogenous

@~ (1 14)

F(V(c)X) =JQVFX)
56 —27 —15 _ 56 —27 —15
200 299 299 | [x 11 1 200 299 299 | [XtY+2

o 28 12 _ _ 9 28 12 _

Flss 208 305 ||Y |=|1 -1 O 205 205 205 xX=y
21 -3 28 ||z 1 1 -1l == 28 ||xty—2z
205 205 205 - 205 205 205 Ty

56 272, | 284 ~ 6255 5479 2313
206X T 335Y + 299% 12250% T 12250Y t 12250%
19 28 12 _11781 16033 15452
205X ~ 505Y — 3052 | 7 | G205 X T s1205Y T 12052
184, , 208 28 3767 3701 15751

Z

Z

205X T 305Y — 705 L 61205X — 51205 T 61295

And it is not a J-semi-homogeneous.
Now we try to find an equivalent definition through the following theorem

Theorem 1: The homogeneous system of differential Eq. (4) is J-semi homogeneous if and only if the matrix V

equal to [%i Eg ‘ég ], Where

Vg = (g21q11v12 + q11931V13 + G12911V21 + G21G12V22 + q12931V23 + q13911V31 + G13921Vs2 + G13G31V33)
q11 (1 —qu1)

Vip = q11912V11 + q11932V13 + q%zvzl + q12922V22 + q12432V23 + q13912V31 + q13922V32 + q13932V33 — Q12
qi11 — q11922

Vig = q11913V11 + q11q923V12 + q12q13V21 + q12G23V22 + q12933V23 + q%3V31 + q13923V32 + q13933V33 — q13
q11 — 411933

Vo1 = q21911V11 + q%lvlz + g21931V13 + q22G21V22 + q22431V23 + q23911V31 + 923921V32 + G23931V33 — g21
q22 (1 — qu1)

Vo = q21912V11 + q21q922V12 + G21432V13 + q12q22V21 +CI222(IB2V23 + q23q12V31 + q23G22V32 + q23G32V33
q22 — qzz

Vog = g21913V11 + q21923V12 + q21433V13 + G22q13V21 + §22423V22 + G23¢13V31 + q%3V3z + q23933V33 — q23
q22 — q22433

Vag = gs1q11V11 + g31921Vi2 + q%ms + g32911V21 + G32921V22 + q32431V23 + 433921V32 + (33G31V33 — (31
qs3 (1 — q11)

Vay = g31q12V11 + g31922V12 + g31932V13 + q32q12V21 + g32q22Ve2 + quvza + g33q12V31 + 33932V33 — q32
q33 (1 — g22)

Vag = g31413V11 + 431923V12 + 31433V13 + (32q13V21 + §32G23V22 + (32433V23 + (33G13V31 + ¢33G23V32

q33 (1 —gs33)
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Since F is a homogeneous system, there exists a non-zero matrix (for example, let’s say V) that allows Eq. (2) to be
held.

F(VX) =J(QVFX)

Vil V2 Vi3\ [X vii Viz Vviz) [f(x)
Fllva vae vas ||y |=JQ | Vvar va2 vas || 80)
V31 V32 V33) \2 Va1 V32 Vsz) \h(z)
Fix +vi2y + vi32) qi1 Q2 i3\ [vi1f(x) + vi28(y) + vish(z)
§(varx 4+ vaoy +vasz) | = g1 G2 qos | [ Va1 f(X) 4 v228(y) + vash(z)
h(vs1x + v32y + v332) 31 qs2 Qs3] \V31f(x)+v328(y) + vash(z)
The left hand is

quiviix + (quiviz + qi12)y + (quivis + qi3) 2
(g22v21 + q21) X + q22V20Y + (q22Vos + G23) 2
(g31 + q33vs1) X + (q32 + q33V32) ¥y + (q33V332

Suppose that the result of the right hand can be denoted by <§;> , then we have

Hy = Q%ﬂ’llx + q11v11q12Y + q11V119132 + q11V12921X + q11V12G22Y + q11923V122 + q11V13G931X + q11V13932Y
+ q11v139332 + q12V21411X + q?zvﬂy + q12V219132 + q12V22921X + q12V22q22 Y + q12V22G232 + q12V23(Q31X
+ g12V23932Y + q12V23933% + q13V31911X + q13V31q12Y + quvslz + q13V32921X + q13V32q22Y + q13V32G232
+q13V33931X + q13V33q22Y + q13V339332
H> = g51vV11911X + q12v11921Y + q21V11q132 + q%lvlzx + g21vV12G22Y + q21923V122 + G21V13G31X + q21V13GQ32Y
+ 421V139332 + q22V21q911X + q22V21q12Y + q22V21q132 + q22V22421X + quvzz}’ + q22V224232 + 22V23q31X
+ q22V23q32Y + q22V23G332Z + q23V31q11X + q23V31q12Y + q23V319132 + q23V32G21X + q23V32q22Y + q§3V3zz
+ q23V33G31X + q23V33G22Y + q23V33(33%
H3 = @31v11911X + q12V11431Y + ¢31V119132 + g21V12921X + (31V12G22Y + ¢31q23V122 + q%lvlgx + g31V13q32Y
+ 431V139332 + q32V21q911X + q32V21q12Y + 432V21q132 + (32V22G21X + (32V22G22Y + q32V22G232 + (32V23G31X
+ q%Zsty + q32V23(q332 + q33V31911X + q33V31q12Y + q33V314132 + q33V32G21X + q33V32G22Y + 33V32Q23%
+ g33V33q31X + q33V33Q32Y + CI§3V33Z
q11V11 =CI%1V11 + g21911V12+q11931V13 + 12911V21 + q21G12V22 + q12931V23 + 13G11V31 + 13G21V32 + 13G31V33
qi11vVi2 + Q12 = q11q12V11 + q11922V12 + q11932V13 + q%zvm + q12922V22 + q12932V23 + q13G12V31 1+ q13G22V32
+ q13932V33
q13 + q11v13 = q11913V11 + q11923V12 + q11433V13 + 12q13V21 + q12G23V22 + q12933V23 + q%3V31 + q13923V32
+ q13q33V33
21 + g22Va1 = G21q11V11 + G5 V12 + 42193113 + 42241121 + 422G21V22 + 422G31V23 + 423G11V31 + G23G21V32
+ G23Q31V33
q22V22 =(21q12V11 + q21422V12+G21432V13 + q12G22V21 + quvzz + q22432V23 + q23q12V31 + q23922V32 + 423G32V33

g22V23 + q23 = G21913V11 + G21923V12 + 421G33V13 + q22q13V21 + q22q23Ve2 + §22433Ve3 + q23q13Vs1 + q§3V3z
+ q23q33V33

d31 + q33V31 = g31911V11 + g31921V12 + q%lvls + g32911V21 + g32921V22 + G32931V23 + g33911V31 + G33G21V32
+ q33q31V33

q33V32 + g32 = g31912V11 + g31922V12 + g31G32V13 + q32q12V21 + q32G22V22 + q%zv%» + 433q12V31 + q33G22V32
+ g33q32V33

q33V33 = ¢31q13V11 + q31423V12 + ¢31933V13 + 32q913V21 + (32G23V22 + ¢32433V23 + (33G13V31 + 33G23V32
+ q33vss
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It is simple to show that matrix V equals:

Vi1 Vi2 Vi3
Va1 V22 Va3
V31 V32 V33

Conversely
Suppose that there is a matrix V equal to

Vi1 Vi2 Vi3
V21 V22 V23
V31 V32 V33

Such that

Yig = (g21911v12 + q11931V13 + q12911V21 + G21412V22 + 12931V23 + q13G11V31 + G13921V32 + 13G31V33)
q11 (1 —qn)

Vip = q11912v11 + q11932v13 + Q%2V21 + q12922V22 + q12q32V23 + q13912V31 + q13922V32 + q13932V33 — q12
q11 — q11922

Vs = q11913V11 + q11923V12 + q12q913V21 + q12923V22 + q12G33V23 + q%3v31 + q13923V32 + q13933V33 — 13
q11 — q11933

o g21911V11 + @5, V12 + 421931V13 + 22G21V22 + G22G31V23 + G23911V31 + G23q21V32 + G23G31V33 — q21
q22 (1 — q11)

Vg = g21912V11 + q21922V12 + q21432V13 + q12G22V21 +q222qssz3 + q23q12V31 + q23G22V32 + q23G32V33
q22 — gy

Yoz = q21913V11 + q21923V12 + q21933V13 + q22913V21 + (22G23V22 + q23913V31 + q%3V32 + q23Q33V33 — (23
q22 — q22433

Va1 = g31911V11 + g31921V12 + Q%1V13 + @32911V21 + G32921V22 + q32431V23 + q33G921V32 + ¢33G31V33 — (31
qss (1 —qu1)

Vg = g31912V11 + g31922V12 + 431932V13 + q32q412V21 + q32G22V22 + Q§2V23 + q33q12V31 + G33932V33 — q32
qs3 (1 — g22)

Vag = g31913V11 + 431923V12 + g31433V13 + (I32Q13V2(11+ q32q)23v22 + q32433V23 + q33q13V31 + 433G23V32

q33 (1 —qs3

To show that the system (4) is J-semi-homogeneous, that is
F(VX) =J(Q)VF(X)

By putting the value of the matrix V in (2), we have

Vi1 V12 Vi3 X qui1 q12 13 Vi1 V12 Vi3 fx)
F Va1 Va2 Va3 y =1921 q22 Q23 Va1 Va2 Va3 4 (}’)

V31 V32 V3z/) \2 31 932 q33) \va1 Vvs2 vs3) \h(2)
Therefore,

(g21911v12 + q11931V13 + q12G11V21 + 21q12V22 + q12931V23 + q13911V31 + ¢13921V32 + 13G31V33)
11

qu1 (1 —qu1)
5 (@1911vi2 + q11g31v13 + q12q11V21 + g21912V22 + q12931V23 + q13G11V31 + G13921V32 + G13931V33)
= dn
qi11 (1 —qu1)

+ g21q11V12 + q11931V13 + q12q11V21 + g21G12V22 + q12931V23 + q13911V31 + q13921V32 + q13G31V33
(@21911v12 + q11931V13 + Q12q11V21 + q21912V22 + q12431V23 + q13G11V31 + q13921V32 + §13931V33)
= (g@21911V12 + q11931V13 + q12911V21 + g21q12V22 + G12G31V23 + q13¢11V31 + q13G21V32 + q13G31V33)
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and

q11912v11 + q11932V13 + Q%2V21 + q12922V22 + q12q32V23 + q13912V31 + q13922V32 + q13G32V33 — 12 +q
1 12

q11 — q11922
= (q11912V11
+qng q11912V11 + q11932V13 + q%zm + q12922V22 + q12G32V23 1+ q13912V31 + q13G22V32 + q13G32V33 — 12
1422
q11 (1 — q22)

+ q11432vV13 + q%2V21 + q12922V22 + q12932V23 + q13912V31 + q13G22V32 + q13G32V33
q11912vV11 + q11932V13 + q%zm + q12922V22 + q12432V23 + q13912V31 + q13G22V32 + q13G32V33 — 12422
= (q11912V11 + q11932V13 + q%zv21 + q12922V22 + q12932V23 + q13912V31 + q13G22V32 + 13G32V33 — 12422

and

q11913V11 + q11923V12 + q12q13V21 + q12q23V22 + q12433V23 + q%gv?,l + q13923V32 + q13933V33 — Q13 i
1 13
q11 — 4911933

= (1191311 + q11923V12
q11913V11 + q11923V12 + q12913V21 + q12923Ve2 + q12G33V23 + q§3V31 + q13923V32 + q13G33V33 — q13

+ q11Gs3
ma q11 — 411933
q11913V11 + q11q23V12 + q12q13V21 + q12G23V22 + q12933V23 + q%3V31 + q13923V32 + q13933V33 — 13433
= (11913V11 + q11923V12 + q12913V21 + G12923V22 + 12G33V23 + q%3V31 + q13923V32 + q13933V33 — 413933

And

o1 + Qs g21911V11 + q%lvm + q21931V13 + q22921V22 + q22931V23 + 23911V31 + G23G21V32 + 23G31V33 — (21
g2 (1 —qu1)
= (21911V11 + q%1v12 + q21931V13
+ g22qm1 g21911v11 + qglvlz + g21431V13 + q22921V22 + czzlzqglvzs) + q23q11V31 + q23G21V32 + q23931V33 — q21
q22 (1 —qu1

+ q22921V22 + q22931V23 + G23G11V31 + q23G921V32 + q23G31V33
g21911v11 + q%mz + g21931V13 + G22921V22 + q22431V23 + q23q911V31 + g23G21Vs2 + q23G31Vs3 — q11G21
= {¢21q11V11 + q%lvlz + g21931V13 + G22921V22 + q22931V23 + q23G911V31 + q23G21V32 + q23G31V33 — q11921

and

G21q12V11 + q21922V12 + q21432V13 + q12G22V21+G22G32V23 + G23G12V31 + G23Q22V32 + 23G32V33
’ q22(1 — qa22) = ¢21q12V11

+ @21922V12 + q21432V13 + q12G22V21
5 4921912V11 + G21922V12 + 421932V13 + q12922V21+G22932V23 1 q23G12V31 + §23G22V32 1+ 23G32V33

2 q22(1 — q22)
+ q22932V23 + q23912V31 + q23G22V32 + 23G32V33
g21912V11 + q21q922V12 + 42193213 + q12G22V21+q22G32V23 + q23G12V31 + 23G22V32 + 2303233
= (@21q12V11 + g21922V12 + q21932V13 + q12922V21+(G22432V23 + q23q12V31 + q23G22V32 + q23G32V33

and

q21913V11 + g21q923V12 + 421933V13 + q22q13V21 + q22G23V22 + q23G13V31 + qégvsz + g23933V33 — q23
2
q22 — q22433
+ q23 = q21913V11 + q21423V12 + 421433V13 + G22913V21 + G22G23V22
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g214913V11 + g21923V12 + q21433V13 + q22q13V21 + §22G23V22 + q23G13V31 + Q§3V32 + q23933V33 — q23
q22 — 422433

+ 22433

+ g23q13V31 + q%sm + g23433V33
g21913V11 + q21q23V12 + 421933V13 + q22913V21 + §22923V22 + G23G13V31 + q%3V32 + g23933V33 — 423433
= (2191311 + g21923V12 + 21933V13 + q22q13V21 + q22q23Ve2 + q23q13Vs1 + q%3V32 + g23933V33 — 423933

and
a1+ g31911V11 + g31921V12 + q§1v13 + @32q11V21 + 432921V22 + q32931V23 + ¢33921V32 + §33G31V33 — (31
31 33
q33 (1 —qu1)
= (@31911V11 + g31921V12 + CI§1V13 + @32q11V21 + q32421V22 + ¢32931V23
¥ gs3q g31911V11 + gs31921V12 + q§1v13 + g32q911V21 + q32921V22 + 432931V23 + ¢33921V32 + §33G31V33 — (31
33411

q33 (1 —qu1)
g31911V11 + g31921V12 + q%1V13 + @32911V21 + G32921V22 + G32G31V23s + 33921V32 + §33G31V33 — 31911
= (@314911V11 + 431921V12 + qgﬂ’ls + @32q11V21 + 432921V22 + 432931V23 + G33921V32 + 433931V33 — 431911

and

g31912V11 + 431922V12 + G31932V13 + g32912V21 + G32G22V22 + quvm + g33q12V31 + q33932V33 — q32

qs33 + qs2
q33 (1 — gq22)
= @31912V11 + G31922V12 + G31932V13 + 32912V21 + G32G22V22 + q§2V23 + g33q12V31
+ gs3q g31912V11 + g31922V12 + 431932V13 + 432q12V21 + ¢32G22V22 + q§2Vz3 + Q33q12V31 + 433G32V33 — (32
3322

q33 (1 — q22)
+ q33932V33
g31q12V11 + g31q922V12 + 431932V13 + q32q12V21 + g32922V22 + q§21'23 + q33q12V31 + 433932V33 — 32422
= (31412V11 + g31922V12 + 431932V13 + G32q12V21 + (32422V22 + quvzs + @33912V31 1+ G33932V33 — 32422

and

g31913V11 + 431923V12 + 431933V13 + §32q13V21 + §32923V22 + 32433V23 + (33G13V31 + ¢33G23V32
% q33 (1 —gs3)
= (3191311 + 431923V12 + ¢31433V13 + G32q13V21 + §32G23V22 + §32433V23 1 433913V31 + 33q23V32
+ 2 g31413V11 + 431923V12 + ¢31433V13 + (32q13V21 + §32G23V22 + (32433V23 + (33G13V31 + (33(023V32
q33 (1 —g33)
g31913V11 + 431923V12 + q31433V13 + (32q13V21 + ¢32923V22 + §32433V23 1+ (33G13V31 + ¢33G23V32
= (@314913V11 + G31923V12 + §31933V13 + §32q13V21 + 32G23V22 + q32433V23 + 433q13V31 + ¢33G23V32

That is, the left hand is equal to the right hand, and the system (4) is J-semi-homogenous.

Theorem 2: The homogeneous system of differential equation is §-semi homogeneous if and only if the matrix V
equal to:

quviz+viz—Jviagaa—Jvisqs2  quvistqis—Jvi1qis—JVi3qss quvi—JIviigu —JIviaqa
Jq,2 Jqa3 Jgs1
G22V22—JV22422—JV22q22 q22V23+q23—JVa1q13—JV23qs3  g21+g22Va1 —JVa1911 —JVa2go1
Jq12 Jqa3 Jgs
433V33—JV32423—JV33q33 q32+q33V31—JVa1q11—JV33qs1  g32+933V32—JV31G12—JV32G22

Jq13 Jga1 Jqs2
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Proof: Since F is §-semi-homogeneous, there exists a non-zero matrix (for illustration, suppose V) that allows
Eqg. (3) to be held with k = 1.

F(VX) =det J(Q)VF(X)

Vi1 Viz2 Vi3\ (X vii viz viz) [(f(x)

Fl|vaa v vas||y]| ]| =detJ(Q|var va2 va3 ]| 80)

V31 Va2 Vi3/) \z V31 Vs vs3) \h(2)
frix +vi2y +v132) g1 Q12 Q13\ (Vi1 f(x) +v128() +vizh(z)
g(VarX +vasy +vasz) | = [ @1 qa2 Gos | | var f(x) + v228(y) + vash(z2)
h(vs1x + v32y + v332) g31 g3z q33) \V31f(x)+v328(y) + vash(z)

det J(Q) = q11 (922933 — q23932) — 12 (421933 — 423931) + q13 (21932 — G22431)
The left hand is

q11v11X + (qu11vi2 + q12) y + (q11v13 + q13) 2
(g22v21 + q21) X + q22Va2y + (g22Ve3 + q23) 2
(g31 + q33v31) X + (g32 + q33V32) ¥y + q33V332

The right hand is

(V11911 + V12421 +Vv13G@31) X + (V11G12 + V12qQ22 + V13432) ¥ + (V11q13 + V12923 + V13¢33) 2
detJ(Q) | (va1qu1 + V22q21 + V23q31) X + (Va1qa2 + V22q22 + V23q32) Y + (V21413 + V22423 + V23q33) 2
(V31911 + V32421 +Vv33G31) X + (V31q12 + V32q22 + V33q32) ¥ + (V31413 + V32q23 + V33¢33) 2

quivi1 =J [Vi1qu1 + v12q21 + V13qs1 |
quivi2 + qi2 = J [Vi1q12 + V1222 + V13G32]
quivis + Q13 = J [Vi1q1s + V12923 + V13q33]
q22V21 +q21 =J [V21Q11 +V22q21 + vzst31]
q22vo2 = J [V21q12 + Va2q22 + V23qs2 ]
q22V23 + Q23 = J [V21q13 + V22q2s + Va3qss]
gs1 +qs3vs1 =J [V31Q11 +V32q21 + v33fJ31]
Q32 + qs33Vs2 =J [V31Q12 + V32Q22 + v33Q32]
q3svas = J [V31G13 + V32q23 + V33qss]

Matrix V is easily demonstrated to equal:

quvi2+Vi2—JViagaa—JVvizqgs2  quVis+qi13—Jvi1qi3—JV13qs3 q11v11—Jv11911 —JV12g21
Jqy5 Jqa3 Jgz
q22V22—JV22422—J V22422 q22V23+q23—JVa1q13—JVa3qs3  g21+G22V21 —JV21G11—JIVa2g2
Jq12 Jqa3 Jgz1
933V33—JV32423—JV33q33 q32+G33v31—JVv31q11—JV33G31  g32+G33V32—JV31q12—JV32g22
Jqi3 Jqn Jqs32
Conversely

Suppose that there is a matrix V equal to

quvig+viz—JViaqa2—Jvisqs2  quvist+qis—Jvii1qis—JVi3qss quvi—JIviiqu —JIviaga
Jq,2 Jq23 Jgs1
q22V22—JV22q20—JV22G22 q22V23+q23—JV21q13—JV23q33  q21+q22Vo1 —JVa1q11 —JVa2g1
Jq12 Jqa3 Jgs
q33V33—JV32423—JV33(33 q32+q33Vs1 —JVa1q11—JV33qs1  g32+933Vsa—JV31G12—JV32g22
Jq13 Jgn Jgs2

To show that the system (4) is §-semi-homogeneous, that is

x fo
FlV]y]| | =detJ(QV | gly)
b4 h(2)
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By putting the value of the matrix V in (3), we have

Vit Vi2 Vi3\ (X g1 Q12 q13\ [vi1 Vviz viz\ [f(x)

F Va1 Va2 Va3 | | Y =921 922 Qo3 Va1 V22 Va3 g (}' )

V31 V32 Vaz/) \z 31 q32 q33) \va1 v vsz) \h(2)
Therefore,

Vi1 —Jv —Jv
quvii =J [V11Q11 +V12g21 + g31 d1vn };qu 1zq21}
31

V114911 = V11411

+ V12922 + V13932

Q1viz + qi2 =J _(hz qu1vi2 + 12 —szlthz — Jv13G32
12

q11V12 + Q12 = q11V12 + Q12

i 11V13 + q13 — Jv11 —Jn
q13 + q11viz =J [vi1qiz + Q23q 3T d1 T @13 3433 + V13433

q11V13 + q13 = q11V13 + 413

+ qo2V91 — JV —Jv T
g1 + q22v21 =J | V21411 + V22421 + G31 21 T 922V 7q 21911 22921
L 31 J

g21 + q22V21 = G21 + q22V21
q22V22 — JV22q22 — JV23q32
Jqqo

gV =J [(hz + V22q22 + VzaQ33}

q22V22 = (22V22

i 22V23 + Q23 — JV21q13 — JV23Q33 i
g22V23 + 23 = J | V21413 + q23 q q 7q q q + V23Q33
L 23 i

q22V23 + q23 = q22V23 + Q23

q31 + q33V31 — Jva1qi1 — JVa3qa |
Jqo

q31 + q33v31 =J | v31q11 + V33q31 + g21

g31 + q33V31 = (g31 + (33V31

+ q33V3y — JV —Jv T
q32 + q33v32 = J | V31412 + V32922 + Q32 932 T 93332 7q 31912 32922
L 32 i

g32 + q33V32 = G32 + q33V32
q33v33 — Jv32q23 — JV33q33
Jqi13

q33vz =J [(hs + V3223 + VBBQ33:|

q33V33 = (33V33

That is, the left hand is equal to the right hand, and the system (1) is §-semi-homogenous.

Corollary 1:
1- A homogeneous system of a differential equations is J-semi-homogenous, if the following is held:

qi1vi1 = q%ﬂ’ll +421q911V12+q11931V13+q12911V21 + G21912V22 + q12G31V23 + q13911V31 + q13921V32 + q13G31Vs3
qi11vVi2 + qi12 = q11q12V11 + q11922V12 + q11932V13 + q%zm + q12922V22 + q12932V23 + q13912V31 + q13G22V32
+ q13G32V33
q13 + q11vV13 = q11913V11 + q11923V12 + q11433V13 + q12q13V21 + q12G23V22 + q12933V23 + q%3V31 + q13923V32
+ q13q33V33
q21 + g22V21 = 42191111 + q%1V12 + g21931V13 + G22q11V21 + q22421V22 + 422931V23 + 23911V31 + §23G21V32
+ q23G31V33
q22V22 = 21q12V11 +q21G22V12+G21q32V13 + q12G22V21 + G5,V22 + @22G32V23 + G23G12V31 + G23q22V32 + q23G32V33
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q22V23 + 423 = q21913V11 + q21923V12 + 21433V13 + (22413V21 + G22G23V22 + q22933V23 + G23G13V31 + q§3V3z
+ q23q33V33

g31 + g33V31 = g31911V11 + g31921V12 + CI§1V13 + @32q11V21 + q32921V22 + q32931V23 + 33911V31 + G33G21V32
+ g33q31V33

g33V32 + q32 = q31912V11 + g31922V12 + 431932V13 + q32912V21 + 432422V22 + q%Zst + g33q12V31 + G33G22V32
+ 33932V33

g33V33 = (31913V111tq31923V12 + G31933V13+q32913V21 + q32423V22 + ¢32433V23 + ¢33¢13V31 + ¢33G23V32 + q§3V33
2- A homogeneous system of differential equations is 5-semi-homogenous if the following is held:

quvi1 =J [Vi1qu1 + V12q21 + V13qs1 ]
quviz + Q12 = J [Vi1quz + V12922 + V13q32 ]
quvis + Qi3 = J [Vi1q1s + V12923 + V13q33]
q22V21 +q21 =J [V21Q11 +V22q21 + V23Q31]
g22vo2 = J [V21G12 + V22q22 + Va3qs2 ]
q22V23 + Qa3 = J [V21q13 + V22q2s + Va3qss]
gs1 +qssvs1 =J [V31Q11 + V32q21 + v33Q31]
Q32 + q33vs2 =J [V31Q12 +V32Q22 + V33¢132]
q3svas = J [V31G13 + V32923 + V33q33]

Proof: Direct from Theorems 1 and 2.

Example 2:

1- Consider the system F(X) = QX where Q = (

N ==

-1 68 -—24 -16
82 82 82

60 -26 10
11 . . 82 .
10 ) , there exists a matrix V equal to ( = 2 & ) , then this
system is J-semi-homogenous.
. 21 0 . . 0=
2- Consider the system F(X) = QX where Q = (8 —01 11) then there is a matrix V equal to (0 0
- 00

system is §-semi-homogenous. To Justify that by using Corollary (2.5),
Solution:

v =1 60\ 30
qi1vi1 = 82 ) = a1

Q%Vll + g21911V12 + q11931V13 + q12q11V21 + q21912Ve2 + q12G31Ve3 + q13911Vs1 + q13G21V32 + q13G31V33

= @_§+2 E _ﬁ+£+2 i +§_ﬁ_2 E —@
T 82 82 82 82 ' 82 82 82 82 82/ 41

; _ 2% 28
11V12+Q12——@+ —4—1
q11q12v11 + q11g22v12 + q11G32V13 + GIoV21 + 12G22V22 + G12932V23 + q13qa2Va1 + q13q22Vs2 + q13G32Vs3
00 26,0 3, 12,5,98 24, ,_28
82 82 82 82 82 82 41
qi13 + q11viz = 1+E = a6
82 41

q11913V11 + q11923V12 + q11933V13 + q12913V21 + q12923V22 + 12433V23 + q%3V31 + q13923V32 + q13933V33
60+0 10 34+0 8 68 0+16_46
82 82 82 82 82 82 41

o1 +qvari =1— — =—
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g21911V11 + qimz + q21931V13 + q22q11V21 + q22921V22 + 22931V23 + q23q11V31 + q23G21V32 + q23G31V33
60 26 10 34 12 8 24
———+2<§)——+—+2<—)+0+0+0=—

82 82 82 82 82 41
12 6
g22V22 = 3 = a1
g21912v11 + 92192212 + 42143213 + q12G22V21 + @35V22 + G22q32Vas + G23qi2Vs1 + G23q22Vs2 + G23q32V33
60 26 34 12 6
@_8_2+0_§+8_2+0+0+0+0=4_1
q22V23 + Q23 = i = i
82 41
g21913V11 + q21923V12 + G21933V13 + q22913V21 + G22q23V22 + q22433V23 + 423G13V31 + q%3v32 + g23Q33V33
60 10 34 8 4
@+0_8_2_8_2+0_@+0+0+O:4_1
q31 +q33va1 = 2 — o8 = 48
82 41

d31911V11 + gs31421V12 + q%lvls + q32q11V21 + 43292122 + q32931V23 + §33911V31 + §33921V32 + 433G31V33

60 26 10 68 24 16 48
=2(—=)-2(= — —— =12 =)=—=
(82) (82)+4<82>+0+0+0 82+82+ <82) 41
o 24 12
q33V32 %2—82—41

g31912V11 + g31922V12 + g31932V13 + g32q12V21 + q32G22V22 + q%Zst + g33q12V31 + G33G22V32 + q33(32V33
60 26 68 24 12
= 2(—) —2(—)+0+0+0+0——+—+0——

82 82 82 ' 82 T4
) 16 8
%333—82—41

¢31913V11 + 931G23V12 + 931433V13 + @32G13V21 + G32G23V22 + G32G33V2s + G33q13V31 + G33G23V32 + G35Va3

60 10 68 16 8
=2(= —2(= 40— = —
(82)+0 (82)+0+0+o 530 83 = a1

In the same way, this can be proved in example two.

Definition 2: System (1) is called J-adjoint (§-adjoint)-semi-homogeneous if there are two non-zero matrices
V and C such that the following equation holds:

F(VX) = J(Q)XCF(X) (F(VX) = det J(Q)ICF(X)) ,
respectively

Theorem 3: A homogeneous system of differential equations is J-adjoint (§-adjoint)-semi-homogeneous if and only
Vi1 Vi2 V13 ]

if the matrix V equal to [VZI Va2 Vo3
V31 V32 V33
Y11
_ g3 + ga1qiici2 + 11931613 + q12q11€21 + @21q12C22 + q12431€23 + q13G11€31 + 1392132 + 1393133
q11

V12
_quqi2€11 + q11922€12 + q11¢32€13 + q%2621 + q12922C22 + q12432€23 + q13912€31 + q13G22€32 + 41393233 — 12
q11

V13
_q11q13€11 + q11923€12 + G11933€13 + G12413€21 + G12G23C22 + 12433C23 + q%3C31 + q13923C32 + q13933C33 — q13
q11




BAGHDAD SCIENCE JOURNAL 2025;22(2):646-663 657

Va1
_g21q11€C11 +q%1€12 +d21931€131+G22911€21C21 +q22421C22 + §22931€23 + 23911C31 + G23Q21C32 + q23G31C33 — G21
q22

V22
_g21q12€11 + g21922€12 + 421432€13 + G12922€21 + q§262z + q22432€23 + q23912€31 + G23Q22C32 + q23G32C33
q22

Va3
_g21q13€11 + g21423€C12 + ¢21433€13 + §22413C21 + §22423C22 + (22433€23 + (23G¢13€31 + qggcsz + §23933C33 — g23
q22

V31
_g31q11€11 +g31921€12 + Q%1013 + @32911€21 + G32921C22 + 432431C23 + ¢33911C31 1+ §33G21C32 + 43393133 — (31
q33

V32
_g31q12€11 +¢31922€12 + ¢31432€13 + G32q12€21 + G32422C22 + q3,C23 + 433q12C31 + 433G22C32 + §33G32C33 — 32
qs3

V33
_g31q13€11 + ¢31923€12 + 431933€13 + §32413C21 + §32423C22 + §32433C23 + (33G13C31 + §33G23C32 + q%3€33
qs33

J(c11q11+C12921+¢€13931) J(c11q12+¢C12G22+¢C13932)—q12  J(€11q13+€12923+€13933)—G13

q11 q11 q11
J(€21G11+€22921+€23931)—G21 J(€21912+€22922+C23932) J(€21913+€22923+C23933)—q23

q22 q22 q22
J(€31G11+€32G21+€33G31) =G J(€31912+C32G22+C€33G32)—(32 J(€31913+C32923+€33433)
q33 q33 q33

respectively.
Proof: The proof for J-adjoint-semi homogeneous as the following:
Since F is a homogeneous system of degree 1, there exists a non-zero matrix (for example, let’s say V) that

allows the Eq. (2) to be held with k = 1.

F(VX) =J(QVFX)

Vit Viz Vi3 (X ci1 ¢z cs) [f()

Fl|va vaa vas||y]|]|=JQ|ca1 c22 ca3]||gly)

V31 Va2 Viz/) \z c31 €32 c33) \h(z)
fOx 4+ vi2y +v132) g1 qi2 q13\ fc11f0) + c128() + ci3h(2)
g§(Varx 4+ vaoy +vasz) | = | qa1 G2 qas | | c21f(x) + c228(y) + cash(z)
h(vs1x + v32y + v332) 31 q32 qs3/) \c31f(x)+ c328(y) + c33h(2)

The left hand is

quiviix + (quiviz + qi12)y + (quiviz + qi3) 2
(g22v21 + q21) X + q22Va2Y + (q22Va3 + q23) 2
(g31 + q33v31) X + (g32 + q33V32) ¥ + (33V332

The right hand is (g;) where

3

G, = q%lcux + q11€11q12Y + q11€119132 + q11€12921X + q11€12922Y + q11923C122 + q11€13931X + 11€13932Y
+ g11€139332 + q12€21411X + q§2621y + q12€219132 + q12€22G21X + q12€22q22 Y + 12€22G232 + q12€23G31X
+ q12€23932Y + q12€239332 + q13€31911X + q13€31912Y + q%3€312 + q13€32G21X + q13€32G22Y + q13€324232
+ q13€33931X + q13C33q22Y + 13€33G332
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G2 = @91€11911X + q12€11921Y + G21€119132 + q%lclzx + g21€12922Y + G21923C122 + 421€13G31X + 421€13932Y

+ g21€139332 + q22€21411X + §22€21q912Y + 22219132 + §22C22021X + qégczz}' + 422€22G232 + (22€23G31X

+ q22€23q32Y + G22€23q33% + ¢23€31G11X + G23C31G12Y + G23€31G13% + 23€32q21X + 23€32G22Y + q53C322

+ §23€33G31X + §23€33G22Y + (23€33(332

G3 = @¢31€11911X + q12€11931Y + §31€119132 + ¢21€12921X + §31€12G22Y + ¢31G23C122 + q%lclsx + g31€13932Y

+ g31€139332% + 32€21911X + g32€21q12Y + 32€21913% + 32€22G21X + §32€22G22Y + 32€22G23% + ¢32€23G31X

+ G35C23Y + 432€23G332 + 433€31911X + 33€31G12Y + G33€31G132 + G33€32G21X + §33C3222Y + 433C32q23%

+ ¢33€33q31X + q33C33q32Y + 35332

q11v11 = @311 +¢21q11¢12+G11931€13 + 12911621 + G21G12€22 + §12G31C23 + q13G11C31 + G13921C32 + G13G31C33
q11V12 + q12 = q11912€11 + q11922€12 + q11G32€13 + q%zczl + g12922€22 + q12932€23 + 13G12€31 + ¢13G922C32
+q13932€33

q13+4911V13 = q11913C11 + q11923€12 + q11933C13 + 12913C21 + q12923C22 + G12(33C23 + q%3€31 + q13q23C32

+ q13G33C33

g21 + g22vV21 = q21911€11 + Q%1C12 + g214931€13 + g22911€21 + 422921C22 + G22931€23 + G23G11€31 + G23G21C32

+ g23G31C33

g22V22 = (21412€11 +q21922C12+G21G32C13 + q12g22C21 + quczz + g22432C23 + q23G12€31 + §23G22C32 + 423G22C33
q22V23 + 423 = q21913€11 + G21923C12 + q21933C13 + G22413C21 + §22G23C22 + (22433C23 + q23G13C31 + q%3€32

+ q23933€33

g31 + q33V31 = ¢31911€11 + g31921€12 + q%1C13 + g32911€21 + 432921C22 + g32431C23 + 433G11€31 + §33G21C32

+ g33Q31C33

q33V32 + g32 = G31912€C11 + G31922C12 + 431432€13 + g32412€21 + 32G22C22 + q§2623 + g33912€31 + q33922C32

+ ¢33G32C33

q33V33 = (31913€11 +931923C12 + 431433C13 + §32913C21 + (32423C22 + §32933C23 + (33¢13C31 + 33G23C32 + q§3033

It is simple to show that matrix V equals:

Vi1 Vi2 Vi3
V21 V22 V23
V31 V32 V33

Conversely

Suppose that there is a matrix V equal to

Vi1 Viz2 Vi3

V21 V22 Va3

V31 V32 V33

To show that system (3) is J-adjoint-semi-homogeneous, that is
F(VX) =J(Q)CFE(X)

By putting the value of the matrix V in 3, we have

Vit Vi2 Viz\ [x ci1 ciz 3\ [f(X)
Fllva vz vas||y||=J@ca c22 cs||gl)
Va1 V32 Vs3) \Z €31 €32 c33) \h(z)



BAGHDAD SCIENCE JOURNAL 2025;22(2):646-663 659

Therefore,

. ¢?1¢11 + g21q11612 + q11931€13 + q12G11€21 + G21G12C22 + G12931€23 + G13G11631 + G13G21C32 + §13G31C33
qn

= q'f‘lcn + @21q11€12 + q11931€13 + q12qG11€21 + g21912C22 + G12431€23 + q13911€31 + 13G21C32 + q13G31C33

g?,¢11 + g21q11€12 + q11G31€13 + q12G11C21 + G21q12C22 + G12931€23 + q13G11C31 + §13G21C32 + q13G31C33

= g},c11 + G21q11€12 + q11931€13 + G12G11C21 + G21q12C22 + G12G31C23 + G13911C31 + §13G21C32 + 13G31C33

and

q q11912€11 +q11922€12+q11932€13 + Q%zczl + q12922C22 + q12432€23 + q13912€31 + q13G22C32 + 13932€33 — Q12
11

q11
+ q12 = q11G12€11 + Q11QZ2012+CI11Q32C13+Q%2021 + q12922C22 + q12932€23 + q13912€31 + q13G22C32 + 13G32C33

q11912€11 + q11922€12 + q11G932€13 + q%2C21 + q12922€C22 + q12932C23 + q13q12€31 + q13G922C32 + q13G32C33
= (q11912€11 + q11922€12 + q11G32€13 + Q%2021 + q12922€22 + q12932€23 + q13912€31 + 13G22C32 + 13G32C33

and

q13 +qu1

« q11913€11 + g11923C12 + 411933€13 + q12913C21 + q12G23C22 + q12G33C23 + q%3€31 + q13923€32 + 13933€C33 — Q13
qi1

= (11913€11 + q11q423C12 + q11933€13 + q12913C21 + G12923C22 + q12G33C23 + q%3€31 + q13923C32 + q13G33C33

q11913€11 + q11923C12 + q11933€13 + q12q13C21 + g12923C22 + q12433C23 + Q%3€31 + q13923€32 + 413G33C33

= (11913C11 + q11923€12 + q11933C13+q12913C21 + q12G23C22 + 12G33C23 + Cﬁgcsl + q13923€32 + q13933C33

and

q21 + q22

« g214911€11 + Q§1€12+Q21q:51€13 +Q22q11€21C21 +q22421C22+q22431C23 + 923911€31 + q23G21C32 + §23G31C33 — 21
q22

= ¢21q11€11 + Q%1C12 + g21931€13 + g22911€21€21 + q22921C22 + g22431C23 + q23911C31 + g23G21C32 + q23G31C33

g21911€11 + Q%1C12 + q21931€13 + 22911€21C21 + g22G21C22 + G22431C23 + q23911C31 + G23G21C32 + §23G31C33

= @21q11C11 + 45,C12 + ¢21431€13 + §22G11€21C21 + 22421C22 + §22431€23 + §23G11€31 + §23G21C32 + §23G31C33

and

gd21912€11 + g21922€12 + q21932€13 + q12G22C21 + q%zczz + g22432€C23 + q23G12€31 + 423G22C32 + G23G22C33
q22 =
= (214912€11 + g21q22C12 + g21G32€13 + q12G22€C21 + q%zczz + g22932€23 + q23G12€31 + q23G922C32 + 423G32€C33
g21912€11 + g21922C12 + q21932€13 + q12G22C21 + q§2622 + @22432€23 + q23q12€31 + §23G22C32 + §23G32C33
= (21912€11 + g21922C12 + 421G32€C13 + g12922€C21 + q%zm + @22932C23 + q23912€31 + 423G22C32 + q23(732C33

and

G2 g21913€11 + 421923C12+G21933C13+q22q13C21 + G22423C22 + q22933C23 + G23713C31 + q%3032 + q23q33€33 — q23
q22

+ 423 = q21913C11 + g21923C12 + §21933C13 + G22913C21 + G22923C22 + §22433C23 + q23G13C31 + CI%;;Csz + g23433C33

G21913€11 + g21923C12 + 421433€13 + q22q13C21 + g22G23C22 + G22G33C23 + 423G13C31 + q§3€32 + g23GQ33C33

= (21913C11 + g21q23C12 + g21933C13 + §22413C21 + G22923C22 + (22433C23 + q23¢13C31 + q§3€32 + g23933C33
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and

q31 +qs3

% g31911€11 + g31921€12 + q%1C13 + q32q11€21 + g32921C22 + 432431€23 + g33911C31 + G33¢21C32 + §33G31C33 — (31
qs33

= (31911€11 + g31921C12 + qélcls + @32911€21 + G32921C22 + 432431C23 + 433911€31 + 33921C32 + G33G31C33

g31911€11 + g31921€12 + q§1613 + @32911€21 + G32921C22 + q32431C23 + 433911C31 + 33921C32 + G33G31C33
= (31q911€11 + g31921€C12 + q§1613 + @32911€C21 + q32921C22 + 432431C23 + g33911C31 1+ §33921C32 + G33G31C33

and

433 g31912€11 + 431922€12+G31932C13 + 32G12C21 + (32422C22 + q%zc% + (33912€31 + 33922C32 + 433G32€33 — q32
qs33

+ 432 = (31912C11 + g31922€12 + ¢31932€13 + g32q12C21 + §32G22C22 + q§2€23 + 433912€31 + 33G22C32 + 433G32C33

g31912€11 + g31922€C12 + g31932€13 + g32912€21 + g32922C22 + quczs + G33912€31 + 433G22C32 + ¢33(32C33

= (31912€C11 + g31922C12 + g31932€13 + §32912€C21 + G32G22C22 + quczs + @33912€31 + G33G22C32 + q33(Q32C33

and

¢31q13€11 + g31G23€12 + §31933C13 + G32q13€21 + G32923C22 + 432433C23 + €33G13C31 + 33G23C32 + G34C33
qs33
= (¢31913C11 + g31q923C12 + q31933C13 + G32q913C21 + §32G23C22 + G32433C23 + ¢33913C31 1+ G33(Q23C32 + q§3€33
@31913€11 + G31923C12 + ¢31933€13 + 432G13C21 + 32423C22 + 432433C23 + §33G13€31 + ¢33q23C32 + G33C33
= (@314913C11 + g31923C12 + g31933C13 + §32913C21 + G32923C22 + q32433C23 + ¢33913€31 1+ §33G23C32 + qégcss

That, the left hand is equal to the right hand, and the system (4) is J-adjoint-semi-homogenous.
Corollary 2: A homogeneous system of a differential Eq. (4) is J-adjoint-homogenous if the following is held:

qi1vi = q%lcu +q21q11€12 + q11931€13 + 12q911€21 + g21912C22 + 12431€23 + q13911€31 + 13921C32 + q13G31C33
qi11vV12 + q12 = q11912€11 + q11922€12 + q11G32C13 + q%zcm + q12922€22 + q12932€23 + q13912C31 + q13G922C32
+ q13932€33
q13 + q11v13 = q11913€11 + q11923C12 + q11G33C13 + q12913C21 + 12923C22 + q12G33C23 + q%3C31 + q13923C32
+ q13933C33
g21 + q22v21 = G21q11€11 + G31C12 + 421G31€13 + G22G11C21 + G22G21C22 + G22G31C23 + G23G11C31 + G23G21C32
+ q23931€33
q22V22 = (q21q12€11+G21922C12 + 421932€C13 + q12922C21 + q§2622 + @22432C23 + 423q12€31 + §23G22C32 + §23G22C33
q22V23 + q23 = G21913C11 + q214923C12 + q21G33C13 + q22413C21 + §22923C22 + (22433C23 + ¢23¢13C31 + q§3632
+ q23Q33C33
g31 + g33V31 = @31911€11 + g31921€C12 + q%lcls + @32911€21 + q32921C22 + q324931C23 + 433G11€31 + 433G21C32
+ g33q31C33

q33V32 + g32 = G31912€C11 + G31922C12 + 431432€13 + g32412€21 + 32G22C22 + q§2623 + 433912€31 + q33G22C32
+ (33Q32C33
q33V33 = ¢31413C11 +g31923C12 + g31933€13 + §32913C21 + G32923C22 + §32433C23 + g33G13C31 + §33G23C32 + q§3033

Proof: Direct from Theorem 3



BAGHDAD SCIENCE JOURNAL 2025;22(2):646-663 661

Example 3:
199 9
1- Consider the system F(X) = QX where Q = [i %1 21] , then there are two matrices V = [ 10 2214} and C =
1142
[% :11 ?)] that satisfy the equation:
F(VX) = J(Q)CF(X)
101 2-8-3
2- Consider the system F(X) = QX where Q = [—01 % 01] Then there are two matrices, V = [g 0 0 } and C =
- 2 4 2

[31 6 ] that satisfy the equation:
211
F(VX) = det J(Q)CF(X),

then the systems in 1 and 2 are J-adjoint (§-adjoint)—semi—homogeneous, respectively.

Results and discussion

In this study, we obtained a definition equivalent to the definition of a semi-homogeneous system of type J, as
well as a definition equivalent to that of type §, as mentioned in Theorems 1 and 2. Examples of these equivalents
were given and the relationship between a semi-homogeneous system of type J and a semi-homogeneous system
of type § was studied. Necessary and sufficient conditions were found for the system of differential equations
to be a semi-homogeneous system of type J and 3.

Conclusion

In this work, the classification of three-dimensional differential equation systems was presented based on the
definition of the Jacobean matrix and its determinant, the two homogeneous systems were defined, called the
J-semi-homogeneous system and the other §-semi-homogeneous system, where the first definition was based
on the Jacobian matrix, demonstrating the generalizability of the concept of homogeneity, on both definitions,
examples were provided, and their interrelationship was examined. in addition to discovering an equivalent
for these two definitions.
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