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Abstract

Previously, many works dealt with the study of the 15¢ — order differential subordination and shortly after
that other studies dealt with the 2™® —order differential subordination in the unit disc. Recently the 3% —
order differential subordination was presented by Antonino and Miller (2011). This paper looks at a
considerably broader class of 3™ —order differential inequalities and subordination. The authors define
the criteria on an admissible class of operators, implying that 3"¢ —order differentiale subordination
exists. Meromorphic in D is a function that is holomorphic in domain D except for poles. If D = C, it
simply states the function is meromorphic. Meromorphic functions in C are those that may be represented
as a quotient of two entire functions. Struve functions have applications in surface —wave and water
-wave issues, unstable aerodynamics, optical direction and resistive MHD instability theory. Struve
functions have lately appeared in a number of particle systems. The idea of differential subordination in C
is a generalization of differential inequality in R, and it was initiated in 1981 by the works of Miller,
Mocanu and Reade. In this artical, appropriate classes of admissible functions are examined and the
properties of 37¢ —order differential subordination are established by using the operator SE:; of
meromorphic multivalent functions connected with generalized Struve function. In this study, there is a
need to present many concepts including subordination, superordination, the dominant, the best dominant,
convolution (or Hadamard product), meromorphic multivalent function, the Struve function addition to
the concept of shifted factorial (or Pochhammer symbol) and admissible functions.

Keywords: Admissible Functions, Analytic Function, Convolution (or Hadamard product),
Meromorphic Functions, Struve Function, 374 _ QOrder Differential Subordination.

Introduction

Let H(UD) represent the class of analytic functions ©
in UD ={z:z€ Cand |z| < 1} and let H[a,4i] be  H[a,i] ={f € HUD):f(z) =a + Z agzz + -
the subclass of analytic functions defined by: (=i

Assume that H[1,4] = H,.
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For two analytic function f and gFin UD, the
function f is said to be subordinate to the
function g in UD, or the function g is said to be
superordinate to the function f in UD, and write

f@<§@

if there exists a Schwarz function w(z) analytic in
UD with|w(2)| < 1 andw(0) =0 (z€
UD) such that f(z) = g’(u(z)) (z€e UD)

It is well known that

f@2)<g @ (zeUD) = f(0) =g (0)
and f(UD) € § (UD)

(z e UD),

Furthermore, if the function g is univalent in UD,
the following equivalence hold.

f@2)<g @ (zeUD) & f(0)=g(0)
and f(UD) € g (UD).*?

Let 'Y(t,u,v,w;z):C*xUD - Cand h(z) be
univalent in unit disk UD. If M'(z) is analytic in UD
satisfies:

Y(M(2),zM'(2), 22 M (2), 2 M"" (2); z) <
h(2). 1

Then, M (z) is the solution to the differential
subordination Eq 1 described above. If M (z) is
subordinate to @(z) for all M'(z) satisfying Eq 1,
the univalent function @(z) is said to be a dominant
solution of Eg.1. A univalent dominant g satisfying
g < @ for all dominants of Eq 1 is referred to as
the best dominant .4°

Let Y(p,i) be the class of all meromorphic
functions of the form:

f@)=zP+3¥%,a:;25P (pi EN=
{1,2,3,..}),
2

which are analytic and p —valent in the punctured
disk (UD)* =UD\{0}={z:z€eCand0< |z]| <
1}.

Let f,1 € Y.(p,4) where f is given by Eq 2 and [ is
defined by

l(z) =2z7P + X7, bng_p (z e (UD)Y),
3

the convolution ( or Hadamard product) of two
functions f and [ is defined by

(f *D(2) =277 + X achezs™ = (1 )(2)

In this study, it was considered one of these
functions, the series solution of an inhomogeneous
second-order Bessel differential equation, which
was presented and explored by Struve.*  Struve
functions and their generalization are used in a
variety of areas of applied mathematics and physics.

After a series of mathematical operations, the
Struve function of order has the following form ©:

0,pc(2) = 27/ar (r +

D 5 A o UL DR
2 ¢= 01"((+3/2)1"(r+(+(b+2)/2)_

et o
1820 Gpetar (z € UD)

and

(=c/4)¢
Oae(2) = 20,0 = 24 g L 10,

where r,bceCa=r+
(b+2)/2 #0,-1,-2,.. and (a)¢ is the shifted

factorial (or Pochhammer symbol) ¢ expressed terms
of the gamma function, by

ra+79q)
r(a
1 ;(¢=0),
=<{a(a+1D@a+2)...a+7—-1)
;(C eN={123,..})

(a)z =

Numerous authors have used the theory of
15t and 2™¢ order differential subordination and
superorination to address a variety of issues in
geometric function theory. It is difficult to take the
dual issues for higher-order instances into
consideration. The idea of 3"¢ — order differential
subordination was first introduced in the works of
Ponnusamy and Juneje 7, but more recently, work
by Antonino and Miller 7 has wekindled interest in
this field among researchers. Tang et al & .presented
the concept of third-order differential subordination
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in 2014 as a generalization of the second-order
case.

Many studies on the results of the 3"@ — order
differential subordination and superordination in
various contexts have been conducted in recent
years.

By setting
3 (—c/4)$
Sacp(2) =27 +Z(3/2)c(a)(

By using the convolution (or Hadamard product), in
this work, it is defined a new operator

555 )~ ) 0

Which is defined as follows

$2f(2) = 84,09 (2)  f(2)

= Z_p

4 (—c/4)°
e (3/2)¢(a);
€ UD), 4

agzz‘p (z

From Eq 4 it can be easily concluded that

2(85F@) = (a+¢ —p)SEaf(a) -
@+ 085 f(2) 5

To derive the results of this paper the following
lemmas and definitions are needed.

Definition 1:®°Let (Qbe the collection of
analyticand univalent functions @ on UD\E (@),

E(Q) = {;‘ € OUD:lim ©(2) = oo}
Z-or

and min|@'(r)| =9 >0 for 1€ 9UD\E(Q).

Further, let ((a) denote the subclass of

Q consisting of functions @ for which @(0) =a

and (1) = Q.

Definition 2°1f QS C@e @ and 4> 2. Let
¥, [Q,@] be the family of admissible functions
that include functions "Y:C*x UD — C that satisfy
the requirement of acceptability as:

where

Y(t,u,v,w,;z) ¢Q,

when
t=Q@),u=nr@(@y),
Re{g+ 1} > nRe {1 +¥(;Q,((g)}
and Re{ } >n Re{ Zéo:é;gr)}’

where z € UD,r € OQUD\E(Q) and n > 4.

Lemmal: ° Let M €H[a,i] with 4=>2.
Furthermore, let @ € Q(a) and achieve the
following requirements:

r@”’ (@ zM'(2)
Re{ m’(r)}z 0 and )

where z € UD,y € OUD\E(@) and n > 4. I1f Qisa
setin C,"Y € ¥,;[Q, @] and

”Y(JV[(Z), ZM'(2),2*° M (2),z3M"" (2); Z) €',
then M'(z) < @(2).

Several writers have derived many important
conclusions  involving  numerous  operators
connected by differential superordination and
differential subordination for example 231,

Definition 3: If Q< C and @€ @, N H,. Let
0.[Q, @] be the family of admissible functions,
which comprises the functions ¥: C*x UD - C that
meet the admissibility requirement:

Y(a',b' c',d;z) &,

when

1
a' =), b’ —(Q(r)——%r@'(r)

a+(¢
{c’(a +{(+1D)+a(a+—-b'QRa+2{+ 1)}
Re
al _bl
> nRe {mg g))}
and
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Re {30 (a+¢+1D(a+ —a(5a?+ 5%+ 10al —3a —3() —
a —b’

o)
>n?Rell+ ,
{ @(r)

where z € UD,r € QUD\E(Q) and n = i = 2.

Results and Discussion

Theorem 1: Let Q<€ C and ¥ € 0,[Q,@]. If f €
2(,i) and @€ Q, achieve the following
requirements:

Re {r(fzo((;))} >0and | (ZPSEZZf(Z))’| <
n|@ ()],
6

then

{lp (zpsf @£ (2), P88 0] P8 ar2p(), zpéﬁ;g+3fé’3$g§fiféz) = M(2) —

UD} ) 7
which leads to

ZP8LRf(2) < Q).

da+{+2)(a+{+1)— 3b’(a+()(a+(—2)}

To differentiate equation Eq 8 with respect to z and
using Eq 5 and its recurrence,

PS5 (@) = M(@) ~ 7 2M @)
9
Once again to differentiate equation Eq 9 through

applying the recurrence relation Eq 5 and with
regard to z,

zM'(2) +

+{+1
_r
(a+¢+1)(a+])
10

22 M (2)

Additional calculations show that

2P8Ly 7 (@) = M(2) ~ gy 2 (D) +
Proof: In unit disk UD, define 3 200"
(@+¢+2)(ati+D > (2) -
da 1
zPS z)=M(z z € UD). 3
. epf(2) (@) ( ) e LM (@) 11
Let
,_ b, 1 P, 2 1
a =t b'=t a+(u’ ¢ =t a+q+1 (a+Z+1)(a+Q) v, 12
’ 3 3 1
d T Y @@ Y T @rern@riinan W

Now, the transformation is defined
Y(t,u,v,w;z):C*x UD - C by

Y(t,u,v,w;z) =¥(a', b, c',d;z) =

1 1
¥ (t’ t= a_-i-(u' t= a+d+1 u (a+{+1)(a+Q) v,t=
3 3
(a+(+2)u (a+(+2)(a+(+1)v -

1
(@+{+2)@+{+1)(a+d) W)
13

And by making use of the equations Eq 8 — Eq 11
Y(M(2),zM'(2), 22 M (2), 23 M"" (2); z)

:l,u(z

2P8E0F(2), 2P8L f(2), 9’
PSEAF(2), 2P8E0 T f (2); 2
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Also, note that

c'(a+¢+1)+a’'(a+Q)-b'(2a+2¢+1)
al_bl

v

Z1=
u

w
u

_3c'(a+{+1(a+{)—a'(5a® +5¢% + 10a{ — 3a — 3()

and

—d'@a+{+2)a+{+1)-3b'(a+D(a+7—-2)

Theorem 1 is proved by relying on Lemma 1
because the requirements of admissibility for
function ¥ € 8,[Q, @] of Definition 3 is equivalent
to the requirements of admissibility for function
Y € ¥;['Q, @] in Definition 2.

When the function @(z) has an unknown behavior
on 9UD , the following results will be an extension
of Theorem 1.

Corollary 1: If '\Q € C and @ is univalent inUD
with @ € ;. Let ¥ €9,[Q, Q5] for some d €

(0,1), where @4(z) = @(0z). If f € X(p,4i) and
@, , satisfies the following condition:

1@ peia
Re{ (Qa'(r)} > 0 and |Z(Z S pf(z)) | <
n|Qy' (1), 15

then

ZPS{ af(z) ZZ"SZ atl (2)

p " lizeup
{ <ps£,z+2f<> ps“” <z>:z> }
cQ,

which implies
P8 f(2) < Q(2).
Proof: According to Theorem 1
2P8Lef(2) < @y (2),
and since ©Q4(z) < @(z), then zvég;gf(z) < Q(2).

If 'Q = C is a family-connected domain, there is a
conformal mapping h: UD — C such that A(UD) =
C.The class 8,[A(UD),@] is then denoted as

a —b’

0,[h, @]. The following two corollaries are direct
implications of Theorem 1 as well as Corollary 1.

Corollary 2: If A is a univalent function in UD and
let ¥ € 9,[h, @], assume that @ € Q, satisfies Eq 6.
Then,

{w( 2P8Lef(2), 2P8Ee  f (2),

: UD
psg’g+2f(z) psg' a+3f(z); Z) Z € }
< h(z), 16

which implies
2P8E0f(2) < Q(2).

Corollary 3:If @ is a univalent function in UD
with @ € ,and ¥ € 9,[h, @,] for some 9 € (0,1),

where @©3(z) = @(0z). If @©@; meets the
requirements of Eq 15, then the subordination
relation Eq 16 implies that

2P8Lef(2) < Q(2).

The next corollary explains the connection between
the solution of the related 3™¢ — order differential
equation and the best dominant of a 3"¢ —order
differential subordination.

Corollary 4: If a is a univalent function in UD and
'Y is given by Eq 14 where ¥ € 8,[h, @]. If the
differential equation

Y(Q(2), 2@ (2),22Q (2),2°Q"" (2); z) = h(z)

has a solution @ with @ € (@, that meets the

requirements Eq 6, then subordination Eq 16
implies that

2’85 f(2) < Q(2),
Page | 3218
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and @ is the best dominant of Eq 16.
Proof: Since
w( P850 f(2),2P85n  f (2), )

PSCAT2 (), 2P8Le f(2); 2

= ’Y(M(Z), ZM'(2),2*°M " (2), 23 M"" (2); Z)
< h(2), 17

then M (z) is a solution of Eq 17, and Corollary 2
M(2) < Q(2),

that is @ is a dominant of Eq 17. So is,

o ZSf@.28G T @),
zpsﬁ_g”f(z) pS(a+3 (2); z

(a + ¢ —n)Be'

= 'Y(]V[(Z), ZM'(2),2*°M ' (2),z3M"" (2); Z)
< h(2)

= 'Y((Q(z), zQ'(2),2°Q@ (2),z°Q@" (2); Z),
that is @ is the best dominant of Eq 17.

When @(z) =1+ Be®,B>0, by applying
Theorem 1. According to Definition 3, the family of
admissible functions 8,[Q, @] is now denoted by
0,['Q, B] as follows:

Definition 4: If ‘Q < C and let B > 0. The family
of admissible functions d,['Q, B] , which includes
the functions ¥:C*xUD — C that satisfy the
admissibility condition:

L+(@+[(a++1)—2n]Bet®

)

w1+ Be? 1+
a+{

+3£(a+()—]\f+(a+(+1)(a+()[(a+(+2)—3/n]Be

@+{+ D@+ 1

(a+7+2)(a++1D(a+Q

whenever z € UD, Re{Le™®}> n(n —1)B and
Re{We ®}>0 for every 0<6<m and n >
1 > 2. the following result can be derived from
Theorem 1 using the concept of the family of
admissible functions.

Corollary 5: If\Q € Cand 8,[Q,B]. If

| (ZpSzaf(z)) | < nB,
then
w( P30 f(2), 2P88y T F (2), )

PSLAT2F(2), 2P 85 f(2); 2
=) (z € UD),

which leads to

2P8Laf(2) < 1+ Be.

i0
;Z) & (),

Applications Involving $¢3

If it is assumed that ‘0 = {r € C: |t — 1| < B} and
0.[Q,B] is simply indicated by o,[B] , then
Corollary 5 is reduced to the next corollary.

Corollary 6: Let ¥ € 98,[B] and suppose that

| (zps<gf(z)) | < nB,
then
H ZP$Sof(2), P85y f (2),

-1
Z”SZZ“f(Z) Z”SE a+3f(z); Z)
<B (ze€UD),

which implies
Zpgg’gf(z) <1+ Bz
Corollary 7: Suppose that
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| (ZpSzgf(z)) | < nB,
then
|zPS§;g+1f(z) - 1| <B (z€UD),
which lead to
zpszgf(z) <14 Bz.
Proof:

Ifitisput¥(a',b',c’',d’;
leads to the conclusion.

z) = b’, Corollary 6

1

If itis taken ¢ = —4and (Cl)( = G/2e n
¢

Corollary 7, then

$54,f(2) = f(2)

(a+g- p)f( )_

Za+1
and S~ f() @)

(a+ o2 (@)

The following results will be produced:

Example 1: If f € }.(p, 1) satisfies the following
conditions

Conclusion
The purpose of using the operator Sgp, is to provide
some results for the 3" —order differential

subordination for analytic function. Investigating
pertinent classes of admissible function leads to the
results. The findings presented in this paper offer
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