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ABSTRACT

The modulus of smoothness is essential for modern analysis and its applications. Is a versatile tool in approximation
theory that helps in understanding the properties of approximation methods, characterizing function spaces, and
analyzing the convergence and accuracy of numerical algorithms. It helps in determining the optimal number of
terms or the optimal choice of basic functions to achieve the desired level of accuracy in approximation of a function
and rate of convergence. The smoothness modulus has many applications, including its applications in numerical
analysis, particularly in the analysis of numerical methods for solving differential equations, optimization problems,
and integral equations. Many papers introduced the ordinary modulus of smoothness with one variable. However, few
researchers have tried to approximate functions with multiple variables and mixed modulus. This paper tries to fill in
that gap introducing a new k-mixed modulus of smoothness for measurable functions f € L, ([0, 2719, 0 < p < 1 with
d-variables. It does this by using a new k-mixed difference and proving some of its approximation properties, like
linearity and monotonicity, for the k-mixed modulus of smoothness of functions belonging to the space L, using the
vector of numbers k;, i = 1, ..., d. Also, study the approximation of bounded functions with k-mixed difference and its
direct relationship with mixed smoothness.

Keywords: Mixed derivatives, Mixed finite differences, Mixed modulus of smoothness, Monotonicity property, Space of
measurable functions

Introduction

Many studies have appeared that dealt with the approximation theory in general, such as,? and the
modulus of smoothness, in particular, is a powerful tool in approximation theory used to investigate the
rate of convergence of approximation methods. The first to develop a concept of dominant mixed modulus
of smoothness was Nikol’skii,> who defined the Sobolev spaces Wg(Q) defined on an open set 2 C R", and
it consists of functions that can be p-integrated on © up to order « in their partial derivatives. Here, « is a
non-negative integer, and 1 < p < oo. The space is equipped with a norm that measures the size of the function
and its derivatives. The norm of a function g € Wg(Q) is given as follows:

1/p
Igllwseer = | Y ID°IIF (o) @

||

where « is multi-index, D* denotes the partial derivative of order |«|, and L,(2) is the p-th Lebesgue space.
A dominating mix of smoothness comes from the mixed derivative. Subsequently, studies continued on the
dominant mixed smoothness; for example see.*” The researchers were also interested in studying the mixed
modulus of smoothness it is between mixed metric spaces like. ®°
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In the context of modulus smoothness, precisely that the function g has #-th symmetric difference, according
to what follows:

Vad

rg) =Y (4}’ ) (—1)" gCx + jh). @

=0
where, the function g € L, has the +-th usual modulus of smoothness which is defined by

wr(g, 8), = Sllllp AL (g, p. 6 =0 3)
0<h=$

From Egs. (2) and (3), it can be developed modulus not in the usual manner, but by defining the modulus of
a k-mixed smoothness of a function f € L, as follows:

@£, 8), = sup 4 Ak f(x1. X2, ... Xi.... Xa)llp. 8 > O, or

Ihyl<s =1 4
oy(f,8)p = sup 4| Ak f(x1, X2, oo Xy -, X llp

h|<é =% T

Then, from Eqg. (4), can be defined k-mixed difference as mentioned below:

AR 00 = supl, {AlfG0)
‘ (5)
= sup;,_, {ARFCO, L AREGO, L AREGO).
Or
Akf(x) = infl | { ANfx
A L anex] 6)

= infi,_, [ARFCO. ... ARFCO. . AREx]

where k = (kl,kz,...,ki,...,kd), h= (hl,hz,...,hi,...,hd), X = (Xl,Xz,...,Xi,...,Xd).
L, = Ly ([0, 2719, 0 < p < 1, be the measurable function’s space, and 2x-periodic in all d-variables so that:

T k4 P
||f(X)||p= (f f f |f(X1,X2,...,Xi,...,Xd)|de1dX2...dXi...dXd> . 7)

—7T —TT
Also, AII;‘_ is the standard difference in variable x; of order k; with step h;; for instance,

A%‘if(x) = A%‘i f(x1, ..., Xy, X)) =f(x1,....x5+hy, .., xq) — (X1, ..., X, ..., Xg),
ARE(x) = AFf(x)

ki y €))
Z(—l)j (;) f(x1,..., %+ (ki —jdhi, ..., xq), ki e N.

j=0

Using Egs. (5) and (6) to obtain
y—1 y—1 y—1

A";hf(x) = Z Z Z supd {Ai‘l f(xq, ...,xd)}
Jg=0  ji=0  ji,=0

y—1 y—1 y—1
Al =Y D D suply AR F0O, L A GO, AR FO)

Jg=0  ji=0  ji,=0

)]

Materials and methods

Note: All the following results A'ﬁf (x) and oy (f, § )p are similar to A_hf (x) and @i (f, 8),, in terms of proof.
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Lemma 1: % Suppose that (x|) be any sequence; then
2x
1

X
1

p
< 20 Y |xlP forl<p < oo
1

P
<> IxP forO<p<1.
1

Lemma 2: ' For 0 < p < 1, f and g functions € L,([0,27]9), then

[(E+8) 00, = @7 Jfe], + @)» 7 g0,

Lemma 3: Letfand ge L,([0,2 719.0 < p < 1. Then

(@ A (f+8) 00 = AFf (x) + Af g (x);
(b) AMA_g“f(x)) = AFT E(X);
© | A'ﬁ,:f(x)pr C(p. k) JE GO,

(d) limy,_, o+

AK f(x)Hp = limp, o+

Al f(x)Hp =0.

Proof of:

@

Af (f+8) () =supd, {AE (f+¢g) (x)}

= sup? {AE (f+8) (). Ai‘é (f+8)(x)...., A]}‘l (f+8)(x)...., Al}: f+¢g) (x)]
ki

Z(—l)j (k} > (f+g) (X1+(k1—j)hl,Xz,...,Xi,...,Xd),

j=0

k2 . k

Z(—l)J ( 2 ) (f+g) (Xl,X2+(k2—j)h2,...,Xi,...,Xd),...,
_ qupd . ] 70 y

= SUPi1 ) i ke

> (1Y ( j) (f+8) (x1, %2 .. xi+ (ki =j) hi, ... xa) ..,
j=0

kg .
> -1y (kj ) (F4+8) (1. %0 o Xir - Xa + (ke — ) )
j=

From the properties of finite difference, the following can be concluded

ok .
Z(—l)J ( ; ) f(X1+(k1 —])hl,Xz,...,Xi,...,Xd)-I—
i—0
Jkl as .
> (1Y ( j )g(X1+(k1 —j)hi X2, .. Xi, .., Xa),
=0
sz - (ko .
> (1) ( i )f(xl,Xz+(kz—J)hz,...,xi,...,xd)+
i—0
sz o (ko .
> (1) ( i )g(xl,Xer(kz—J)hz,...,Xi,...,xd),...,

_ =

Ak (f+g) (x) = supl, { ¢ ke
> (=1)Y ( Jl )f(X1,X2,---,Xi+(ki—j)hi,-~-,Xd) +
i—0
Jki ; ki .
Z(_]-}] ( j )g(X15X29"'aXi+(ki_J)hiv"‘vxd)y"'5
i=0
kg . [ kyq .
> (-1 < i )f(XLXz,---,Xi,-.-,Xd+(kd—J)hd)+
=0
kq o kyq .
> (1Y ( i )g(Xl,Xz,---,Xi,---,Xd+(kd—J)hd)
i=0
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Then from properties of supremum,

Ak (f+8) (x) =

kg .

> =1y ( Jl ) g (x14+ (kg —j)hi, X2, ... X, .., X4)

i=0

ky . ko

Z(—l)J ( J )g(Xl,X2+(k2—])h2 .,Xi,...,Xd),...,
+ suP?=1 J;O k

> -1y ( : ) g (%2, x4 (i — )i %)

j=

b (k .

> (-1Y ( i ) g (X1, %2, ..., Xi, ..., xq + (kg — j) hq)

i=0

= A“‘f(x)+A g(x).

(b) A_h (AT (%) = A_ (supflz1 {A;‘i f(x)})

f(X1 + (kl —j)hl,Xz, oo Xiy .

Sup;_; 1 i k >
Z(—l)J ( ! )f(Xl,Xz,...,Xi+(ki—j)hi,...
k

. Xd)

.,Xd),...,

= A_<sup§1:1 {A{;lf(x), AR E0. ... AT E(), .. Aflif(x)})
= supd {Aki (supf‘ ) {A;llf(x),Affzf(x),...,Aﬁif(x),...,A;‘Zf(x)D}
AR (suply {AR £00L AR £, AL GO, AR £00)),
(supl AR F ()L AR FGO L AT EGO.L .. AT F(0)]).
F(Ff(x)) = supd , .
AT ! At(sup L AR 00, AR F0O. L AL F, L AR F])
Ak (sup L {A{;lf(x),A;Zf(x),...,Agif(x),...,Agjf(x)})
Choosery, rq, ..., Tj, ..., I4S.t. Aflll f(x) = sup? {A;ll f(x), Affzf(x),..., A}rliif(x),..., Afl‘:f(x)}
AR £ (x) = supd, {A;ll £0O, A2 £(0), .. AT F(). . A;‘Zf(x)}
AT £ () =supy [A7£G0L AR £ A FGO, . AR £ 0]
AR £00 = supily [AR £00, AL £, AL O, A £00)
Then
AR (ALE00) =supl, [AR (AR £00). AR (AR £G0). . AR (AR £6) . AR (A £00)]

227
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From properties of finite difference, the following result

Ak (AL (%))

AR E(x).

@ | 3], -

Z( 1y
] =0

Z( 1y
= |supt, § 50

> (1)
=0

P
ky ky .
Z(—l}l ] f(X1+(k1 —J)hl,Xz,...,Xi,...,Xd),
i=0
ky ko .
Z(—l}l N f(Xl,Xz—I-(kz—J)hg,...,Xi,...,Xd),..
(8ol = [ 1] [ [y o
h P _7_[”._7.[“'_7.[ Z(—l)—l <})f(X]_,Xz,...,Xi+(ki—j)hi,...,Xd),..
i=0
ka kq .
S (—1) ( i )f(xl,xz X .,xd+(kd—J)hd)
=0
dX1 dXi .dXd
ky ; ky .
Z(—l)J ( i )f(Xl+(k1—_])hl,Xz,...,Xi,...,Xd),
=0
ky ; ko .
o Z(—l)J ( j )f(Xl,Xz-l-(kz—_])hz, ..,Xi,...,Xd),...,
Choosek; s.t. Aﬁf(x) = supd JZO "
Z(—l)—l ( Jl )f(Xl,Xz,...,Xi—l—(ki—j)hi,...,xd),...,
=0
ka kg .
S -1y ( i )f(xl,xz,...,xi, X4 + (ka — j) hq)
i=0
From Lemma 1
_ b4 7 Kk p P
H Ahf(x)”p < f fZ (X],Xz,...,Xl+(k1—j)hl,...,Xd)| Xm...dXI...dXd
— —mj=0
k kl P r b4 . P P
= Z f f |f(X1,X2,...,X1+(k1—_])h1,...,Xd)| Xm...dXI...dXd
j=0 R R f
< C(p,k1)<f f |f(x1,x2,...,xl—i—(k]—j)hl,...,Xd)dxl...dxl...dxd|p)p .
< Clp. k) G, -

@ty [ 100, -

= lim
h—0+

suplL { AT ()L AR,

supd | {Alljif(x)} Hp
supd | {Arl £, A2 £(x). ...

(5
("

ki+r;
Ahi+r f(x),...,

AT EG, A;ddf(x)}Hp
) (X1+(k1 —j)hl,Xz,...,Xi,...,Xd),

f(X],X2+ (k2 —j)hz, ..

)
} )f(xl,xz,...,
)

.,Xi,...,Xd),...

xi—f—(ki—j)hi,...,xd),...,

kq [k .
2(:)(—1)] ( jl f(X],Xz,...,Xi,...,Xd—I—(kd—J)hd)
j=

s ot 45 0)
suply (AF 00, AREGO. .

Aﬁ;f(x),...,A‘;:f(x))‘

’

P

ARFIE (), AR (x)}

.y

]

(S
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where k; € N such that

AREG) = suply {ARF (0, ARFOOL o ARG, ARG |

— 1; k

o h1h—r>1(l)+ Ahlf(x)”

= hlg%+ Z( 1)y ( ) (x1, %2, ..., x1 + (ki—j) hy, . .., xq)
- P

ARf(x) = lim

h;—0+
+ (k= Dhy, .., %) + -+ (=1) j!(l:—lij)'f(xl,xb.. X+ (ki —j)hy ... xy)

(( 1)° 0.(k 0). f(x1, %2, ... %1+ Kihy, ..., Xg)+(=1)! 1,(k 1),f(Xl,Xz,--.,Xl

I (_1)k1 ﬁf(xl,XZ,...,Xl—i—(kl k1 h,...,x )H
=klim Z( 1)J ( )f(Xl,Xz,...Xl,...,Xd) =0
1—>00 ] =0

P

Results and discussion

In the following result, can be summarized the major characteristics of modulus of a k-mixed smoothness of
f eLy([0,27]19),0<p <1

Theorem 1: Letf and g € L, ([0, 2719, 0 < p<1, and k = (ky, ks, ..., ki, ..., Kkq), ki € N. Then

(@) lim;_ o+ wi (f, §)p, = 0;

() @i (f+ g, 8), < 27 (@i (f, ) + wi(g, 8),);

(d) —w“‘(;;‘”” < —"’“‘(ti’t)p, for0<t<é8<1;

(e) w(f, yd), < ykla)kl(f, 8)p, for y > 1 and y € N, where k; = max|k;|, i=1,...,d

Proof of:
@
y(f, 8), = sup d HA_hf(xl,xz,...,xi,...,xd)H
Ih|<s =1 o P
11m w(f,8), = lim sup d HA%‘nf(xl,xz,...,xi,...,xd)H
§—>0+ \h|<81* P

From Lemma 3(d)

lim @, (f, 8), = 0.
§—0+

(b)
Bl +8.8), = sup ¢ [AF (F+g) (0|
hy| <8 1= p
= sup dl HA_E (f+g) (x1, ...,xd)H
|hi|<s = p
_ ‘fllllgldl ”supfl=1 (Alk: (f+ g)) (x1,..., Xd)Hp
_ ‘ilfgldl (_Z _Z supd {Al}‘li (f+8) (x1,....xa), Ai‘; (f+8) (x1,....%a),

(I

A (F+ 8) (1. oK) oo AR (F+ 8) (1. ...,Xd)”del...dxd)
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ok(f+8,98),
p
k
Z( 1)]<;> f+g X1+ k1—_])h1 X, X,...,Xd),
ka
Z( 1)1( J) (f+8) (x1.x2+ (kg —j) ha, ... Xy ... Xq) L - -,
=sup 4 | [ ... [ |supd 1, dx;...
hy<s =1 7 Zn ki .
( 1)1( J) (f+8) (x1. %2, ... xi + (ki —j) hi, ... Xq) . . . .,
kq .
Z( 1)1( i ) (f+8) (X1, %2, ... Xi, ..., Xqg + (kg — j) hq)
Can be obtained from Lemmas 2 and 3(a),
o (f+8.6),
k1 . k
Z(—I)J < ; )f(X1+(k1 —j)hl,XQ,...,Xi,...,Xd),
j=0
ky ; ko .
S (-1Y < j )f(Xl,X2+(k2—_])h2, .,Xi,...,Xd),...,
j=0
1 d T T T SUszl k; Kk
20" j i ) . _ i\ h
< 2b |i:\1£si:1 —[1 _{1 —{1 jg(;(—l)J <J}>f(xl,xz,...,x1+(kl—])hl,...,xd),...,
kd . k
Z(—I)J < jl ) f(Xl,Xg, .,Xi,...,Xd+(kd—j)hd)
j=0
dx;...dx;...dxq
Kk K P\ b
Z(—l)j ( ; >g(x1+(k1 —J)hl,Xz, ..,Xi,...,Xd),
j=0
sz L
Z(—l)’ ( ]2 > g(Xl,X2+(k2—J)h2, ..,Xi,...,Xd),...,
T T T su d j=0
TR O U B = s ,
— - - Z(—l)J ( j ) g(Xl,Xz, .,Xi—i-(ki—_])hi,...,Xd),...,
j=0
Jkd L
Z(—l)" ( 31 > g(Xl,Xg, .,Xi,...,Xd—I-(kd—j)hd)
j=0
dX1 .dXi dXd
Ek(f—i—g,S)p < 251 (sup d HA_hf(xl,x;_;,...,x1 .,xd)H + sup d HA_hg(xl,xz,...,xi,...,xd)H )
Iy <s =1 P jhys<si=l p
Bl +g. ), < 27 (sup ) BT R R LTy
Ihy<s =1 P |hy<si=1 P

BAGHDAD SCIENCE JOURNAL 2025;22(1):224-234

dXd

< 2%_1 (Ek(f, 5)13 +5lk(g, 3)13) .
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(o)

a(t. ), = sup 1 |8 560,

o (f, 8), = sup d HA_Ef(xl,xz,...,xi, ...,xd)H

Ihy <5 1=1 P

since 0 < § < t, then

IA

oy (f, 8), < sup d HA_H:f(xl S X9, Xiy ey xd)”
P

Ihy|<t =1

= ok, t)p.

(d) Suppose that k =max ’ki‘1<i< q

Since < § < 1, then lk <.

From (c) — ,for0 <6 < t.

@(f.8) _ wu«(f t),
(gk

(e) By applying Eq. (9), to obtain

Ak () = Z Z Zsupl1{A‘;f(x),...,A‘;iif(x),...,A‘;jf(x)},

Jiy =0 Ji=0 Jig

where k; = max k|, i=1,...,d. k is one component of (ki, ..., kq),
then

y—1 y—1 y—1
Al;lhlf(x) = Z Z ZAﬁ:f(xl...xl...xd)

Jiy =0 Jim=0 Jiy=0
k y=1 Kk ) ) (10)
‘f(x)—Z Z DI EC 1)J< >f(x1, o X4 (k=) hy + (g — i Oy
_] =0 j=0
+ .. 4 (kl_jkl)hl’ ceey Xd)

By induction on k; can be proved the above definition. If k; =1 —

A)l/h]f(x) = A hlf(xl,...,xl,...,xd)=f(x1,...,X1+yh1,...,xd)—f(xl,...,xl,...,xd)
y—1
= [f (Xl, .. X +jh +hy, .. .,Xd) —f(x1,....,x+jhy, ..., Xd)]
=0
y—1
yhlf(x) = Ahlf(Xl, con X +jhy, L xq)

-
Il
o
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For arbitrary k; € N and by Lemma 3(b)—

A0 = Ak, [AL 00
y-1 V*l y—1
= 3 Y 3 Ak Al (0w () b G g+ (k) B x) ]
Jig =0 Jkm =0 Jig=
y—1 y—1 y—1 y—1
= Z Z A]};l Z Ahl (f(xl""’xl+(kl_jkl)hl+(kl_jk2)h1
Jiy =0 Jkm=0 jiy=0 jig +1=0

+- (k1 - jkl) h1 + (k1 — it . X0)) ]

= Z Z Z Ak'+1f X1,...,X1+(kl—jkl)hl-i-(kl—jkz)hl

jk1:0 =0 Jiqg=0ji +1=0
+o 4 (k1 — ji) b+ (& — jig1)hy, -, Xa)

Form Eq. (10) — for hy, |hy| < §

y—1 Y- y—1
‘Al;‘hlf(x)) < Z Z Z HAlﬁ:f(Xl,...,Xl-l-(kl—jkz)h1+(k1—jks)h1+"'+(k1—jkl)hl,...,xd)Hp
ik, =0 jie =0 jig =0
< yRaoy (f, 8),-
Conclusion

This paper studies a new mixed difference for k-vectors in d-variables. Thus, a new modulus of k-mixed
smoothness is obtained, and the fundamental modulus characteristics of k-mixed smoothness are also proved.
Also, it can be concluded that the k-mixed modulus of smoothness achieves most of the inequalities achieved by
the usual modulus of smoothness, such as monotonicity and linearity, in addition to a basic inequality, which
is the boundness of functions belonging to the space L,, 0 < p < 1, with a mixed difference of order k.
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