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Abstract

In this paper, we proved that if R is a prime ring, {/ be a nonzero Lie ideal of R |, d
be a nonzero (o,t)-derivation of R. Then if UacZ(R) (or alUU/cZ(R)) for a<R, then
either or {/ is commutative Also, we assumed that Uis a ring to prove that:
() If UacZiR) (or allcZ(R)) for acR, then either a=0 or [/ is commutative.
(i) If ad(U)=0 (or d(U)a=0) for a<R, then either a=0 or {/ is commutative.
(iii) If  is a homomorphism on U such that ad(U) <Z(R)for d({)acZ(R), then
a=0 or U/ Iis commutative.

Key words: R: prime ring, 6,J: R—R: automorphism mapping, U: licideal

l.Introduction
Let d: R —R be an additive mapping
If dxv)=d(x)o(y)+ t©(x)d(y) for all
x,yeR , then d is called a (o,7)-
derivation of R, where o,1:R—>R be
two  mappings on R [4].
On the other hand we said that  1s an
homomorphism or anti-homomorphism
respectively if  d(xv)=d(x)d(y) or
dixw)=d(V)d(x) for all x , veR
Recall that a ring R is a prime if
aRb=0, abeR , implies that either
a=0 or h=0 [4] . Also, we recall that [/
is a Lie ideal of a ring R if
whenevere wel/ and reR | [ur]e U
[3].Neset Aydin and Oznur Golbasi
proved R is a prime ring and d is (a,7)-
derivation of R, where o, 1.k =R
automorphisms on R [2]. Then (1) If U
is a nonzero left ideal of R which is a
semiprime as a ring If Ua=0 (or
aU=0) for a<R, thena=0. (i) IfUis
a nonzero left ideal of R which is a
semiprime as a ring such that d({/)=0,
then d(R)=0.
In this paper we considered R is a
prime ring ,{/ be a Lie ideal of R and
is a (o,7)-derivation of R, where o,7:R
—R be two automorphisms on R .

Also, we used the identities in this
paper as follows: For all x \y .z =R
@O [vzl= x [zl + el oy
(ixyzl= [yl z +  z [xz]
()[xv,zle: = x [v, o(@)]+ [x.z] 6«
=x[v,z] oz H[x, T(2)v

2.Results
Theorem(2. 1)

Let R be a prime ring , [/ be nonzero
Lie ideal of R . If Ua=0 (al/=0) for
aeR, then a=0.

Proof:

If Ua=0, then for all ve U, reR,
we have O0=[urla=ura -rua - ura.
Hence [/Ra=0. Since R is a Prime
ring , then a=0.
If aU=0, then for all ucl/, reRk ,we
have O=alu,rl=aur-aru=-aru  .Then
arn=0, for all weU, reR. So, aRU=0.
Since R is a prime ring, then a=0
Now, we can prove the first
Theorem.

Theorem(2.2)

Let R be a prime ring , {J nonzero
Lie ideal of R and which ring . If
UacZ(R) (aUcZ(R)) for then either
a=0 or U is commutative.
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Proof:
Assume al/—Z(R), then for all we have
auveZ(R) . So, for all reR
0=[auv, = aulv,r]+[aur]v
= qu[v,r] for all uvell reR .Also,
have al/R{U/,R]=0 . By a primeness of
R , we have either al/=0 or UZZ(R). If
al/=0 , then ¢=0 [by Lemma(2. 1)]. If
UzZ(R) , then U is commutative.
The same thing if we have UacZ(R) so
for all wve U ., reR we have
0= [uva ,r]= u[va,r]+[ur]va = [u,r]va
Also, we have
[,R]RUa~0. By a primeness of K , we
have either UcZ(R) or Ua=0. Also, we
have either =0 or U/ is commutative,

Example(2.3)

Let R _{(x ?:] Xy,zt €Z ,where Z
z

is the number of integers ~be 2x 2
matrices with respect to -the usual
operation of addition and
multiplication, then R is a prime ring
see[1].Let 6,7:R—R be automorphisms

of* Y)=[* ¥
z -z t )
r[’f »:’]{j'_ _:lj Let d: R—R,

defined by d["_" ;]:{0 ‘O-"'jis

(o,7)-derivation of R .
Let U —{% 2] a EZ} be an

additive subgroup of R. So, U/ be a Lie
ideal of R and which as is a ring By
the hypothesis of Theorem(2.2), we
have a<R such that cF{al 0] :
0 a
ajeZ(R) and so by the hypothesis
aUcZ(R)(or UacZ(R)) is satisfied and
we get [/ is commutative.

Lemma(2.4)

Let 1 be a prime ring , {/ be a nonzero
Lie ideal of R , d be (o,7t)derivation of
R. If d(ln=0, then
d(R)=0 or U is commutative.

Proof:

Assume that d(I/)=0 , then for all

uel/ reR, we have

O=d(utr-ru)=d(ur)-d(ru)

=d(u) o(r)y+ dwdr)- drofu)-

(r)d(u)

=7 (i)(r)- d(r) c (1)

=-[ c(r),11]s , 0 we have [ d(r),1]5.~0.

Take rv ,vel/ instead of r, then

0=[ d(rv) t]o.. =[d(r)c(v)+ o(r)d(v).u]

=[d(ryo(v),u]s -
d(r)[o(v),o(u)]+[dr) e o(v)

= d(r)[o(v),o(u)]
Take xr instead of r, xeR, then
0=dl(xr) [a(v),o(u)]
=d(x)o(r)[o(v),c(u)]+ qx)d(r)
[o(v).0()]

= d(x)a(r) [c(v), o(m)] for all uvel/
x,reR. . Hence ,d(R)R[c (U),c(I)]=0.
Since R is a prime ring , then we have
either d(R) or U is commutative.

Lemma (2.5)

Let R be a prime ring, Ube a nonzero
Lie ideal of R. If al/h=0, for a, beR
then a=0 or h=0.

Proof :
Assume that a{/h=0.So, for all ueU,
reR we have 0=alu,rlb

=aurb-arub. Take bx , xR instead of
r, then we have aubxb-abxub—0.Also,.
-abx1th=0.Then we have abxub=0 for
all wel/, xeR Hence , abRUb=0.By
primeness of R, we have either ab=0 or
U/b= 0.1t {/h=0, then by Lemma (2.1),
we have b=0 . If ab=0 we have bHz0
then a=0.

Theorem (2.6)

Let R be a prime ring ,{/ be a nonzero
Lie ideal of R which as is a ring,  be a
nonzero (c,t)-derivation of & such that
it ad(U))=0 (or d(U))a=0) for a R then
either a=0 or {J is commutative .

Proof:

If ad(U))=0, then for all w,vell we
have O=ad(iv)= ad(u)c(v)+at(u)d(v)
= at(u)d(v).Since 1 is an automorphism
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of R, then t(a)udd(v))=0 for all uve
[/ Hence Wa)Utd(v))=0

By Lemma (2.5) we have either a=0 or
d(v)=0.If d(v)=0, then d(l/))=0.So , by
Lemma(2.4), we get [/ is commutative.
If d(U)a=0, then for all u,ve U we
have 0=d(uv)a= d@no(v)a+t(u)d(va
=d(u)o(v)a.Since c is an
automorphism of R, then
o(d(m))vo(a)=0 for all w,yvel/. Hence,
o(d(1))Uc(a)=0. Therefore, we get
either d(a)=0 or a= 0.
If dfu)=0, then d(U)=0So , by
Lemma(2.4), we get U is commutative.

Example(2.7)

From Example(2.3) , we have R is a
prime ring, U be a Lie ideal of R ,  be
a nonzero (g,7)-derivation of R. By the
hypothesis of Theorem (2.6) , we have
ad(1)=0 (or d({)a=0) for aeR , is
satisfied and we get U is commutative.

Lemma( 2.8)

Let R be a prime ring and let « be a
(o,1)-derivation and is a homomorp-
hism on U, when U be a nonzero Lie
ideal of R which as is a ring If
d(UNYzZ(R), then =0 or [ 1is
commutative.

Proof:

Since d(U)yc Z(R), then for all u,vell
and we have d(nv)eZ(R). Hence,
d(uv)=d(1)d(v)

di)o(v)y+t(u)d(v)e Z(R) (D)
Replace u# by wrn ,rne U , then
d(urn)d(v)=

d(u)d(rm)yo(v)+t(u) drn)d(v)

A d(rmn)d(v)=d(u)d(rmc(v) +
()yt(rmd(v)
d(u)d(rnv)=d(m)d(rn)c(v)+dfu)t(rm)d(
V)

= du) dirn)o(v)+t(u)t(rm)d(v) for all
" Ry o el. Then
d(uyt(rm)d(vY= () t(rm)ed(v). Also, we
have [d(ir)- ()] T(rm)d(v)=0 . Since

d(U)Z(R) then [d(ar)-
fu)] 7(m)Rd(v)=0. By a primeness of
R, we have either

dN=0 or 7 Nd)- t(u)m=0If
d(l))=0, then by Lemma(2.4) we get

either =0 or U is
commutative.
If 7 Mda)-te)ym = 0  then

r " (du)-t(u))U=0. Hence, by
Lemma(2.1) , we have d(u)-t(1)=0 and
so we have d(u)=t(u) for all u,ve U
From (1) , we have d(u#)c(v)=0. Also,
we have o (d))y=0 for all u,ve U
Hence , ' (d(ur))lJ =0. Then we have
d(2)=0 [ by Lemma (2. 1) ] . Hence,
d(l)=0. And so we have either
[/ is commutative or d(R)=0, by
Lemma(2.3)

Theorem(2.9)

Let R be a prime ring and let « be a
nonzero (o,1) -derivation and is a
homomorphism on [/, when U/ be a
nonzero Lie ideal of R which as is a
ring. It ad({)“Z(R) (d({)a)c Z(R),
then a=0 or {/ is commutative.

Proof:

Assume that ad(U)cZ(R) . So, for all
nvel we have
ad(uv)=ad(u)d(v)eZ(R). Then for all
rek we have

O=[ad(u)d(v),r]

- ad()[d(v),r]+ [ad(u),r]dv)
- ad(u)[dv),r].
Also, we have ad(u)R[d(v),r]=0.
Since R is a prime ring , then we have
either ad(i)=0 or d(I)TZ(R).
If ad(uy=0 for all wel/, then
ad()=0.So, by Theorem (2.6) , we get
either

a=0 or U 1is commutative.
If d({/)= Z(R) , then U is commutative.
Assume that d(U)a < Z(R) . So, for all

wy e U | we have
d(nvya=d(n)d(V)a € Z¢(R) . Then for all
reR we have
O=[d()l(v)a,r|=d(u) [(v)a,r]+
[d(r),rld(v)a

= [dGn),rld(vya .Also, we have
[d(u), r]Red(v)a =0.

Since R is a prime ring , then we have
either d()a=0 or d(U)) < Z(R). If
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d(i)a=0 for all ucl/ then d({)a=0.So, 3.

by Theorem (2.6) , we get either =0 or
[/ is commutative. If d({/)=Z(R) , then

U/ is commutative. 4.
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