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Abstract

In the present study, our work is focused on a prey predator model with a stage structure for the prey.
The objective of the study is to find the behavior of the model using parameter values in the presence
of Pentagonal fuzzy numbers. The interaction between the species is done by using functional responses,
such as the Holling type I reaction for immature prey and the Crowley Martin functional response for
mature prey. Prey population categorized as immature and mature prey. The idea of the problem is to
construct a fuzzy theoretical method which helps us to create a model to solve this uncertainty problem
by using fuzzy parameters and initial values. The mathematical formulation is developed by using a
prey predator model in a fuzzy environment. The existence of equilibrium points is carried out. By using
the concept of alpha cut the parameters which are used in the prey — predator model is treated as
pentagonal fuzzy numbers. The parameters which they have used in the mathematical formulation can
be taken as a crisp value by applying the defuzzification method. Here a Robust ranking technique
method is utilized. The stability of each equilibrium point is studied by computing the Jacobian matrix
and finding the eigenvalues evaluated at each equilibrium point. By utilizing the prey stage structure
stability analysis is also discovered. For the dynamical system, numerical simulations are provided using
a MATLAB program and also, they show the behavior of the system and determine if it is stable or
unstable.

Keywords: Equilibrium Points, Functional Response, Fuzzy Numbers, Immature Prey, Mature Prey, Prey

Predator.

Introduction

In mathematical ecology, a Prey-Predator model is
essential tool, especially for understanding how
populations interact in the real world. A real-world
problem is transformed into a mathematical form
through the process of mathematical modeling.
Modeling* entails creating circumstances from real
life or transforming difficulties from mathematical
explanations into situations that are credible or

realistic. A prey-predator interaction model among
immature prey, mature prey, and predator has been
developed. A functional response has been utilized
for both mature and immature prey. Holling®
proposed a functional response model, which is still
used by ecologists. This model is sometimes called
the “disc equation” because Holling replicated the
area that predators would inspect using paper discs.
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The model is also mathematically equivalent to the
enzyme kinetics model created by Lenor Michalis
and Maude Amenten in 1913. In his analysis®,
Holling divides these impacts into two categories:
the functional response and the numerical response.
One of the common ways to establish dynamic
relationships between predators and their prey is by
using a mathematical ecology model. In 1965, L.A.
Zadeh’, proposed the fuzzy set theory. The fuzzy
theory® can be applied in a variety of fields where the
information is ambiguous or imperfect. To eliminate
the ambiguity of the current problems, many forms
of fuzzy sets are defined. The idea of fuzzy numbers
is a broadening of the idea of real numbers. Dubois
and Prade® define fuzzy numbers as a fuzzy subset of
the real line. So far, many researchers have used
triangular fuzzy numbers, trapezoidal fuzzy
numbers, Pentagonal fuzzy numbers®!?, and
hexagonal, octagonal, and pyramid fuzzy numbers.
Also, authors®® investigated the prey-predator model
under the fluctuation rescue effect. In the present
paper, they utilize Pentagonal fuzzy numbers for the
parameters that will be proposed in the Mathematical
formulation in the presence of functional responses.
Also, apply the concept of the alpha cut to the
parameters that are used in the mathematical model.
A defuzzification process can be done by using an
alpha-cut notation. For the defuzzification process,
they approach a robust ranking technique method*
17 which helps us to find the stability of the stage
structure prey-predator model. Many researchers!8-2?
have done their research based on Prey — Predator
model. But only a few authors®?2 can apply the
concept of fuzzy. So far, they have discussed the
concepts of fuzzy uncertainties, fuzzy parameters?,
fuzzy ratios, and fuzzy initial conditions. But here
our work is focused on a new concept of how a
pentagonal fuzzy number is applied in the prey-
predator model by using alpha cut notation and
robust ranking techniques. The benefits of the results
are obtained by using the Routh Hurwitz Stability
Criteria Condition and the defuzzification method.
Without a fuzzifier, parameters are not able to
achieve stability. Since they applied a mathematical
program for the numerical analysis, the parameters
are supposed to be fuzzified. The fuzzy parameter
cannot be used as it is because it is an uncertain
number.

The following is the structure of the paper: Basic
preliminaries are carried out in section 2. The
mathematical formulation for the prey-predator
model using fuzzy logic is described in section 3. In
section 4, equilibrium points are carried out. In
section 5, the defuzzification method is provided. In
section 6, stability analysis is presented and in
section 7 results and discussion are shown. Finally, it
ends with a conclusion.

Preliminaries

Some of the basic concepts used in this paper such as
fuzzy numbers, the a — level of fuzzy numbers, and
Pentagonal fuzzy numbers will be introduced in this
section.

Fuzzy set’” — A collection of elements with a
membership function in the range [0,1] that enables
its members to have various levels of membership.
The degree to which an element belongs to a specific
set is indicated by a numerical number between 0 and
1, also known as the membership value.

Normal and Convex Fuzzy Set® - The complete
ordering of a fuzzy set based on a universe of
discourse has a height (maximum membership value
of 1), and any elements between two arbitrary
boundary elements have membership grades larger
than or equal to the smaller membership grades of the
two arbitrary boundary elements.

Fuzzy Number’ - “A fuzzy set defining a fuzzy
interval in the real number R”. It may also meet the
following characteristics. Fuzzy sets that are
normalized and convex. It has a piecewise
continuous membership function and is also defined
as a real number.

Pentagonal Fuzzy Number?® Let be B =
(b1, by, b3, by, bs) is called a pentagonal fuzzy
number if its membership function is as,
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(0, if x<bqyx2=Dbsg
X —by .
m, lf b1§XSb2
1, lf .x=b3
X — by )
ué(x):< D lf bZSXSb3
3 2
by —x .
m, lf b3SXSb4
bs —x ,
Lbs—b4' lf b5£XSb4

For the PFNB = (by, by, b3, by, bs), bsis the mid
value, (by, b,) and (by, bs) are the left and right-side
values respectively.

Operation on PFN° - If B=
(b1, by, b3, by, bs) and € = (cq,Cy,C3,C4,C5) be
two PFNs then it

(DB @ C = (by +cy,by +Cy, b + C3,by + C4, bs

+cg)

(ll)g e C~ = (bl - Cl'bZ - Cz,b3 - C3, b4 - C4,b5
— Cs5)

(iii)Scalar Multiplication: Let B =
(by, by, b3, by, bs) be a PFN and k be any scalar then

kB = (kby, kb,, kbs, kby, kbs) if k >0 and kB =
(kbs, kby, kbs, kby, kby)if k < 0

Alpha cut for Pentagonal Fuzzy Numbers4—
“Let B, € F(X) and a € [0,1] then the set B, =
{x € X/up, (x) = a} is called the a - cut set”. For a
PFN, let us take

Ba = (b1;b2;b3, b4-; bs) then Ea =
{Ul(a); U,(a) for a € [0,0.5)

Vi(a),Vy(a) for a € (0.5,1] where

Ui(a) = 2a(b, — by) + a; ; Uy(a) = —2a(bs —
by) + bs;Vi(a) = 2a(bs — by) — b3 +
sz ;Vz(a) = 20,’(1?4, - b3) + 2b3 — b4_

5 = { [2a(b, — by) + by ,—2a(bs — by) + bs] for a € [0,0.5)
* " [2a(bs — by) — bs + 2b, , 2a(b, — b3) + 2b; — b,] for a € (0.5,1]

Model Construction for Prey — Predator
Model

The biological system can be framed by the presence
of Functional response and stage structure in the
dynamics of the fuzzy prey-predator model. Here,
the predator feeds on each unique prey by utilizing
several functional responses. The k is the carrying
capacity where the immature evolves. The functional
response describes a typical predator interaction with
prey. Here the immature prey grows alone without
mature prey due to the logistic growth rate and
carrying capacity. Also, the immature prey can be
mating with predators alone. Here the biomass
conversion from immature prey goes to mature prey
due to its growth rate of maturity.

Dian Savitri and Abadi'® proposed a two-species
prey-predator model with Holling type Il functional
response in crisp form. But here our work is focused
on a model for a prey-predator with Crowley martin
functional response in fuzzy form. Table 1 shows the

parameter representation which is available in Eq 1.
Also, by applying a concept of pentagonal fuzzy
numbers for the parameters that are present in the
fuzzy prey-predator model. The formulation for the
immature prey, mature prey, and predator is given

by,

ax ~ x ~ ~
E—rx(l—;)—ﬁx—axz

v _5,__ &z =

a = P Tmnay ~ MY

©_ v g, 1

dt  (1+a0)(1+vy)
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Table 1. Parameters Notation

Parameters Notation
x Immature prey density
y Mature prey density
z Predator density
Eyz The functional response of an
(1+@x)(1+vy) adultprey to a predator
dxz The functional response of a

juvenile prey to a predator
Rate of maturity

The rate of intrinsic growth of
immature prey

Death rates among mature
prey

Predator death rate
Handling time

Effect of capture level

The growth rate of predator
Carrying capacity

=™

=
Ky

Qo
@

=N

Existence of Equilibrium Points

By using the definition of the equilibrium point, the

system of equations Eq 1 is satisfied when,
dx _dy dz _
dt dt dt
Below is a list of the equilibrium points:
(i) E°(0,0,0) exists
(ii) A point E* (k (1 - é) , 0,0) exists
Consider,
fx(l—f)—[?x—dxz= 0
kx
x[f(1—E)—ﬁ—&z] =0

Sincez=0;x#0

1’(1—%)—3=0
1-%:%
x*=k(1—§)

(iii)  The equilibrium of immature prey

extinction

f,(1+ 7y + 6x + Gxvy)

0’ ~ o~ )
EZ Yé€
_ﬂl(l + Uy + 6x + 6xVy)
&
Consider,
YEyz iz =0
A+e01+vy) 77
Z vey — i ] =0
A+60(1+vy) 1

. Y€y
(14 6x)(1+ Vy)

z#+0 = U,

Y&y = [fi[1 + Vy + 6x + 6xVy]

. [1+7Vy+6x+ dxvy]
y =

V&
Again Consider,
~ &yz v =0
P ¥ematoy MY=
Sincex =0
—&z 5 ] —0
Ya+e0a+uy) M7

—&z
* 0; — —
Y 1+6x)A+7y)

= fiy

*

_ —(1+6x +Vy + 6xvy)
B &
The mature prey comes from immature prey. The

immature prey cannot survive alone for all time it
will come to maturity at some certain stage.

(iv) The equilibrium of predator extinction

3 B\ Bx"
£ (k(1-5).550)

(V) E*(0,y*,0) = E*(0,0,0) Since in the
absence of immature prey, maturity
doesn’t happen which implies that there
will be no mature prey

(vi) Interior equilibrium point
E>(x*,y* z*). This point will obtained
by solving very difficult. From the
biological point of view, this
equilibrium plays a major role, and one
of the interesting analyses in
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mathematical biology is that in this case
all of the three populations will coexist
in the ecosystem.

Defuzzification Method?®

Finding the singleton value (crisp value), which is
the average value of the pentagonal fuzzy numbers,
is the process of defuzzification. Due to its simplicity
and accuracy, Robust’s Ranking approach is utilized
in this case to fuzzily pentagonal fuzzy numbers.

< 211,(b; — by) + by,

T

< 2f,(b; — by) + by,

ZSL (bz
2¢;,(bs

- bl) + bli

20, (b, — by) + by,

Qe
Il

<
I

2y, (b, — by) + by,

< 2vy(by — by) + by,

—ZTR(bS -
2r1,(b3 — by) — bz + 2b,, 21z (b,
—2Br(bs —
2P (b3 — by) — bz + 2b,, 2Br(by —
—2eg(bs —
- bz) - b3 + sz, 2€R(b4
—ZO'R(bS
20 (b3 - bz) b3 + 2b2, ZUR(b4
—ZVR(bS
ZVL (b3 - bz) b3 + 2b2, ZVR (b4

—2yg(bs —
2y, (b3 — by) — b3 + 2by, 2yg(by —

Robust Ranking Technique Method®®

If @ is a fuzzy number, then the ranking method is
given by R(@) = fol 0.5(bL, b2) da where

(bé b3) = {[2a(by — by) + by, —2a(bs — by) +
bs), [2a(b; — by) — bs + 2by, 2a(by — b3) +

2b; — b,]} the a — cut off the fuzzy numbers b. “For
the parameters which are used in the system of Eq 1
using alpha cut notation are represented as”,

b,) + bs Vre[0,0.5)
— b3) + 2b3 Vre(0.5,1]

b,) + bs VBe[0,0.5)
bs) + 2bs YBe(0.5 1]>

b,) + bs Vee[0,0.5)
b3) + 2b3 VSE(O 5 1

b,) + bs ¥5¢€[0,0.5) )

by) + 2bs Voe(0.5,1

b,) + bs Vve[0,0.5)
bs) + 2b3 Vve(0.5,1]

b,) + bs Vy€[0,0.5)
bs) + 2b; Vye(0.5,1]

T = ( 2up1 (by — by) + by, =2z (bs — by) + bs Viu,€[0,0.5) )
27\ 20y, (b3 — by) — bs + 2by, 21115 (by — b3) + 2b3 Vi,€(0.5,1]
2uq;(by — by) + by, —2u4g(bs

= <2H1L (b3

Analysis of System Stability

—by) — b3 + 2by, 241 r (by

— by) + bs Vu,€[0,0.5)
— b3) + 2b3 Vu,€(0.5,1]

The stability for the nonlinear system of equations Eq
1 can be obtained by linearizing the system Eq 1 with
the Jacobian matrix given by

[ (1P 5z ; 1
r(l—?>—ﬁ—a2 0 —ax
| ~ &6yz(1 + Vy) —&z(1 + 6x) N —&y |
e y,2l = B+ e L ———
1+ Vy+6x+6xVy)2 (14 VUx +6x + 6xvy) 14+ Vx + 6x + 6xVy
—VEyzd 7éz(1+ 6x) &y 5
| @ +7y +6x + 6xvy)? (1+ 7y +6x+ 6292 (L+7vy +6x+axvy) “2l

2
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At the point E£°(0,0,0) in Eq 2, = J[E°] =
F—f 0 0
B i 0
0 0 —i
The matrix shown above’s characteristic equation is

given as

- B - 0 0
J—Al= B —fi; — A 0
0 0 —ji, — A
(F=B=2) (=i = D(=F, =) =0
=7 ﬁ Ay = —fiy; A3 = —fIp

The Eigenvalues are distinct. A, and A3 are having
negative values. Therefore E° is said to be locally
stable only if # < 8 and unstable if # >

At the point E*(x*,0,0) = E* (k (1 - E) 0,) in
Eq.2,

=>]-A
[ . 5 _ Y
:|—r+ﬁ—/1 0 —ak(l—?>|
B —f— A 0 ]
0 0 —f, — A

From the above matrix, the results are, A; =
—(F=B)s Ay = —fiy; Az = —i; Since  the
eigenvalues are real distinct and negative then the
equilibrium point is a stable node if # > 8 then the
system is asymptotically stable.

At the point E?(0,y*,z") =
2 Ho(1+Vy+6x+0xVy) _ U (1+Vy+6x+5xVy) .
E (0’ y& ! & ) n

Eq 2,
= J[E?]
[f - p—az 0 0
~  &y'z'G Ez* 5 —&y*
+ — j—
= Iﬂ T+oy.  (Q+wy2 M T+oy)
| —=yéy*z*6 yéz* yéEy* B
14 vy* (1 + vy*)? 1+ vy*

The matrix shown above’s characteristic equation is
given as

F—f—dz -2 0 0
~  &y'z'6 &z" - —&y”
+ -1 —
j-a=| Ptisey (1+oy )z M 1+ 9y
—VEy*z 6 yéz* yEY* i 1
14 vy* (1 + vy*)? 14 vy* Ha

From the above matrix, the eigenvalues cannot be
obtained directly. So, the characteristic equation will
arrive in a cubic form.
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3 éz* N vEy”
-3 +/12{ -B+ -
R Ce s MR ey

—H2— 072*}

Féz* B
(1+oyH2  H
FyEy* - BEz*
A+ " 2T A vy
~_ preyt
ﬁl’ll (1 +17 *) Bnu'Z
@éz*? £z I,
1 +7y)?2 (1+7y*)?
myEy” .
—(1 +17y*) Uil 251
dz*ygy* ~ Lk~ S 82, %%
+(1+17y*) az i, +yezy
7ty z*
(1 + vy*)3
o FEzZ I,

+ _ 2, % % +—
{ TEZY T A vy2
FiLvey*:

Ty
~ o~ ~D k%

TyE“y*z 2 e

Ay TR

_ EéZ*ﬁz Eﬁ1)75}’*
(I+7vy)? (1 +7y%)
- pyEiyrz*

B it (1+7y")?
gaz*%i,

+ A m2 K2 K
WEZY T oy
az i yéy" G2t i
(1 +17y*) Uil
a?j‘/'érzy*Z*Z _ 0
(1+7y93)

/—f f— 2
1—/11=‘ I3 —ji; — A
\ o

From the above matrix,

The above equation of the form A3 + a; A% + a,A +
az = 0. By using Routh — Hurwitz stability Criteria
namely a; >0,a; >0 and aya, —a; >0 are
satisfied. Therefore, the solution of the system attains
an equilibrium point E2 as time goes on. Hence the
equilibrium point becomes locally asymptotically
stable.

ALE*(x,y",0) = E* (I (1 —§)%o) in Eq 2,

= J[E?]
{—HE 0 —&k(l—@) \‘
T
_ 5 - —&y”
A B A9y +6x +axy)
o
0o 0 e s

1+ Vy* + x* + ox*Vy*)

The matrix shown above’s characteristic equation is
given as

™=

)

=

A+ Vy* + 6x* + 6x*Vy*)
Véy”

A+ Vy* + 6x* + 6x*Vy*)

— =2
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~n~ %

1424 U
=13+ 22 — i, —
(1+ 7y +6x +axvy) H2—H
+E—4
+1 [—rﬁl
FyEy*
+ - p P
(1 +Vy* + 6x* + 6x*Vy*)
— iy + By ~
3 Byéy”
(1 + Vy* + 6x* + 6x*Vy*)
+ Bty o
ey
(1 + Vy* + 6x* + 6x*Vy*)
- ﬁ1ﬁz]
i VEY™
+ = = P
1+ Vy* + 6x* + 6x*Vy*)
= Ty fl, _
B Bingey”
(1 + Vy* + 6x* + 6x*Vy*)
+ .gﬁlﬁz] =0

Results and Discussion

In this section, I have carried out some of the results
mentioned in Table 2 using numerical simulation.
Table 2 brings a sense of completion to the analytical
results and tracks the impacts on the dynamics of the
system Eqg.1. The steady-state curves for our
numerical investigation were obtained using the
MATLAB application. The numerical analysis
provided here demonstrates the dynamic of the prey-
predator model based on immature prey, mature
prey, and predator. By assuming the initial value and
parameters the model is simulated. Here they
consider some set of parametric values such as, # =
0.5, =0.157 = 0.8,k = 10,& = 0.5,& =

0.2,6 =0.8,7 =0.2,; = 0.05,f, = 0.32. Using
the values of the parameters Fig 1 shows the dynamic
behavior & < k. It shows the equilibrium point of
Eg.1 is locally stable. Fig. 2 shows the trivial
equilibrium point and it is locally stable when # < 3.
Fig 3 shows the axial equilibrium point and it is
asymptotically stable when # > . Fig 4 shows the
extinction of three populations. Because there is an

The above equation of the form A3 + a; 4% + a,A +
az = 0. By using Routh — Hurwitz Stability Criteria
namely a; >0,a; >0 and aya, —a; >0 are
satisfied. Therefore, the solution of the system attains
an equilibrium point E3 as time goes on. Hence the
equilibrium point becomes locally asymptotically
stable.

Comparison Result

In this Existing method!® they have analyzed a
Holling type — Il function response in the formulation
of the prey-predator model. The stability and
eigenvalues are found directly. In the Proposed
method they both have adopted a new idea called
Pentagonal fuzzy numbers for the parameters that are
present in the formulation of the fuzzy prey-predator
model. Also, consider a Holling type | reaction for
immature prey and the Crowley Martin functional
response for mature prey in the fuzzy prey-predator
model. The stability is obtained after applying the
defuzzification method. Some of the eigenvalues are
found by using the Routh Hurwitz stability criteria
condition.

interaction between the predator and immature prey.
Fig 5 shows the time series of the stability model Eq
1. This figure shows that all three population points
ever become stable. E© always exists, but it is never
stable both environmentally and analytically. Fig 6
shows the dynamic behavior when & > k.

Table 2. Existence of Stability
Existence of Result
Locally Stable
Locally Stable
Asymptotically Stable
Time series of stability
Stable
Shows the existence when & > k

Figures

OO WN -

Phase Portrait Analysis of the Model

Let us consider another set of parameter values and
also consider different initial values for the phase
portrait of Eq 1 are given as, #=0.57,F =
0.24,7 = 0.46,k = 10,& = 0.15,§ = 0.4,6 =
0.08,7 = 0.02,; = 0.05,;;; =032 and N; =
Page | 3241
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[1.02,1.02,1.02],N, = [5,10,15], N5 = 1 with different initial condition N,, N,. Fig 9 shows
[5,8,10], N, = [1,2,3]. Fig 7 shows the dynamic the phase portrait N,. Fig 10 shows the phase portrait
behavior with the initial condition N; and E°. Fig 8  of the system Eq 1 around E°. Fig 12 shows the phase

and Fig 11 show the equilibrium point for system Eq portrait analysis N5.

Predator

Mature prey

— Immature Prey

Population
° o ° ° o o -
p = & > S B © N S
n ; E ;

Time

Figure 1. It shows the dynamic behavior when & < k

150

Population

0.75
50 Time 100

Figure 2. The curve attains a trivial equilibrium when # < 8

1.05 T T
Predator
1 “mmature Prey -
______ Mature Prey
0.95 -1
0.9 -1
0.85 -
0.8 -
1 1
0

150

Predator
“Immature Prey
Mature Prey

Population
i

10 15 20 25 30 35 40 45

Figure 3. The curves attain an axial equilibrium when # > g
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Figure 4. It indicates the extinctions of three populations
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Figure 5. It shows time series stability
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Conclusion

In the present paper, the authors have developed a
numerical scheme to find the solution of a three-
population model with a stage structure for prey. A
Crowley Martin functional response can be utilized
for the prey-predator model. Further, they considered
a fuzzy parameter as a Pentagonal fuzzy number and
fuzzy initial population. The existence of equilibrium
points is confirmed. By using an alpha cut definition
for pentagonal fuzzy numbers, they can defuzzify the
fuzzy number by applying the robust ranking
technique method. After the defuzzification process,
the stability analysis for the dynamics behavior also
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