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Abstract

This paper including a gravitational lens time delays study for a general family of
lensing potentials, the popular singular isothermal elliptical potential (SIEP), and
singular isothermal elliptical density distribution (SIED) but allows general angular
structure. At first section there is an introduction for the selected observations from
the gravitationally lensed systems. Then section two shows that the time delays for
singular isothermal elliptical potential (SIEP) and singular isothermal elliptical density
distributions (SIED) have a remarkably simple and elegant form, and that the result for
Hubble constant estimations actually holds for a general family of potentials by
combining the analytic results with data for the time delay and by using the models of
distances.

Key words: distance scale -galaxies: distances and redshifts - gravitational lensing —
quasars: Strong Lensing (B 0218+357 B-A, PG1115+080 A-B)

Introduction lenses with measured time delays

Refsdal (1964) first proposed that INCreases.
time delays between images in Lensing measurements of Hy are

multiply imaged gravitational lenses typlf:ally derived frgm models based
dafi he iised 1o msasuEs the Hiikhle on isothermal galaxies, because such
constant Hy. This method is attractive models are consistent with individual
because it is a single-step process and lenses, lens Statl.SthS, stellar dyvnamics,
is based on the well-established theory and X-ray galaxies.

of General Relativity. The time delays Modelers — usually  adopt ~ a
for many gravitational lenses have parameterized  form, either  an
been measured, which yield (Hy about isothermal ~elliptical potential or an
65 +15 km S Mpc”). The lensing isothermal elliptical density, and adjust
the parameters to fit the data [1]. The
purpose of this work is to gain insights
into the time delays in a more general
family of lens models that includes
these commonly used isothermal
models and their variants.

measurement is an important way of
confirming and extending local
determinations of Hy, at present, the
error  budget in  the lensing
measurement  is  dominated by
systematic uncertainties in the lens
modeling. Ultimately the accuracy may

be limited by the uncertainties induced The Selected Observations

by the large-scale structure along the In this section, we present some
line of sight at the few percent level, selected  observations  from  six
although if random these effects should gravitationally lensed systems. The
shrink as N''? as the number N of selection depends on the grade for the

likelihood that the observed object is a
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lens given by CASTLES [1]. Tt also
due to the availability of the observed

data for these systems. The
observational data for six time delay
lenses is given as in the Table (1) and
Figure (1) [2].

Table (1) The observational data for
six time delay lenses
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Where z, , z, are the redshifts of the
lens, source. At is the time delay in
days between the two observed images.
(r;", r;") represents the angular position
of the two images. (B;-8) are the
separation angle between the two
images A and B.
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Q 0957-561 B 1600434 PES1830-211 | PG1115-080 | BO1S+357

Figure (1) The Images for the six time delay
lenses

Time Delay for Generalized
Isothermal Models

The Hubble parameter Hy is one of
the most important parameters to
characterize the averaged dynamics of
universe, and thus its determination is
a central issue in observational
cosmology, Although there has been
tremendous progress regarding its
determination recently, it is still
worthwhile to determine it by using the
relative time delay between images in
gravitational lens systems, the method
based on the fact that the relative time
delay between images is proportional
to the scale of the universe and thus is
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inversely proportional to the Hubble
parameter as it given by[3]:

= (1) (e - - 20(x)]

D=—-= |

Where z) is the redshift of the lens,
(€, n) are the angular source position,
(x, y) is the angular image position, D,
and Dy are angular diameter distances
from the observer to the lens and
source, respectively, and Dy is the
angular diameter distance from the lens
to the source. The dimensionless
potential ¢ satisfies the two-

dimensional Poisson equation [2]:

Vi g(xy)=2k | k:%’j"") 2
:

Where X is the projected surface
mass distribution of the lens and X is
the critical surface density for lensing.
To proceed further it is useful to adopt
a specific potential or density form,
Individual lenses and lens statistics are
usually consistent with isothermal
models, Note that the work have
chosen a coordinate system that is
centered on the lens galaxy and aligned
the X-xis along the lens galaxy’s major
axis. For simplicity, also assumed that
the isothermal potential and density
distributions are singular at the origin.
This step of work including a study for
more general family of lens models.
The potential is assumed to obey the
relation [2]:

p=x4.+y9, 3
Where ¢ and ¢, first

derivatives of the potential, which are
just them components of the deflection
angle in the x and v directions. Thus
Equation (3) describes a family of
scale-free models that includes both
the (SIEP) and (SIED) models but

are the
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allows for general angular structure; in
other words, these are generalized
isothermal models. It is important now
to show that this family is extremely
useful in deriving the time delays
between images. The lens equation is
given by [2]:

S=x—¢. ., n=y-g +
Substituting Equations (3) and (4)

into the time delay expression in

equation (1), it’s easy to obtain:

Ar(x,¥)= ﬂ(l + :,)
2¢
(- 2F +(-n) - S
2.\'(.\'7,‘)7 2}'(}'7!,?)
This can be further simplified into:

D T T )
\r(,\".\'):z(l+:,}[ E+n —x -y ] 6

Since only the relative time delay
is observable, therefore it is necessary
to compute the time delay between two
images / and /, which is given by:

A’{.i :g(“':f) [I_]E_J,;z ] 7

Where is simply the distance of image
i from the center of the galaxy. This
surprisingly simple expression is valid
for all lens potentials satistying
Equation (3), including both the (SIEP)
and (SIED) models as well as more
general angular structures. Since
rPand r are rotationally invariant,

Equation (7) is valid even after an
arbitrary rotation. In other words,
provided it i1s possible to know the
center of the lens galaxy, the predicted
time delay can be computed by using
Equation (7) irrespective of the lens
orientation and without any need to
search for the best fit model
parameters. Since the predicted time

delay scales as~H_', it can be

[1] 2
compared with a measured time delay
to determine Hy.

396

Limits between Hy and q

The aim of this step of the present
work is to define the limitations of the
values that the Hubble constant may be
taken for different adopted
cosmological models by using the
selected observations from CASTLES

(1]

Equation (7) can be written in new
form, as:

DD,__ %A,

D, (+z){r -1}
The right hand side of Equation (8)

could be easily calculated for each

system, but the calculations in the left
side is more complicated because it is

D

(Hog0) —

8

depending on the adopted
cosmological model that used to

measure the angular diameter distances
between the components of the
gravitationally lensed system.

For the simplest model of distance
(which depends on Ho, qo only), and by
assuming that all the matter contains in
the observed system or around it are
ordinary and smoothly distributed with
out any dark matter, and by using the
formulas in equations (9), (10) and
(11)[4, 5], we get:

1 f Lol
= -— | zqHg D H+2=g) -1 9
H(+zy g; ’ t ]]
T8 i
])1[,11 :L J(l “[J;‘ (]I(JZ)((‘YI 7(]2)} 10
’ P[n\l zfl..u(l+z1)(l+'-'-z)“
G, =(1+2¢, z,,)" 1
By substituting the last formulae in the
left hand side of Equation (8), we get:
nn
f.)]_‘,qul = T%:
2eiq2 g, )G -DHaz He,)G-D)
(42)H, ¢
And by comparing between the last
equations with Equation (8) then:

=¥

A

12

14902, +la, G, - 1 4,5 Ha, =G —ll({rf —i:,:}

Ny b
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Hy can now calculated for each
one of the the six observed systems
with different adopted cosmological
models that represented by the values
of the decelerating parameter qo. The
next six figures, represent plots for Ho
against ¢o for each system, it’s
expected to have three curves for each
system because of the minus and plus
error bars in the wvalues of the
observationally measured values for
some factors (Atij . ri, rj) in Table (1).
The middle curve represents the
average value for H, with out any
errors, the upper and lower curves
represents the maximum and minimum
values for Hy with the effects of the
error bars.
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8
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Figure (4) Limits between HO and q0 from
the strong lensing in the gravitationally
lensed svstem B 1600+434 B-A
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Figure (2) Limits between HO and 0 from
the strong lensing in the ravitationally
lensed system PG1115+080 A-B
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Figure (3) Limits between HO and q0 from
the strong lensing in the gravitationally

lensed system PG 1115+080 C-B

Figure (5) Limits between HO and g0 from
the strong lensing in the gravitationally
lensed system B 0218+357 B-A
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Figure (6) Limits between HO and 0 from
the strong lensing in the gravitationally
lensed system PKS 1830-211 B-A
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Figure (7) Limits between Hy and q, from
the strong lensing in the gravitationally
lensed system Q0957+561 B-A

Results
Table (2) HO values for different
cosmological models
Max | 7455 | 71.12 | 66.38 | 5046
PGII15:080 A8 | Mid | 57.74 | 55.00 | 5142 | 39.08
Min | 4421 | 4218 | 39.37 | 29.93
Max | 7463 | 71.20 | 66.45 | 5051
BEIIfS080CA | Mid | 6862 | 6547 | 61.11 | 4645
Min | 6334 | 60.43 | 56.40 | 4287
Max | 8344 | 78.72 | 7243 | 5289
adiosses [Wia | 6545 | 6174 [ 5680 [ 4150
Min | 5151 | 48.60 | 44.71 | 3265
Max | 8742 | 8214 | 7514 | 5401
BO218+357 BA | Mid | 4581 | 43.38 | 3969 | 2853
Min | 647 608 | 556 | 4.00
Max | 150.68 | 13241 [112.58 ] 68.33
PKS{R30211 B-A | Mid | 8353 | 73.39 | 6240 | 3787
Min | 3803 | 3342 | 2841|1725
Max | 132.91 | 1267 |118.09] 8933
000574561 B-A | Mid | 131.73 [ 12558 |117.04| 8854
Min | 13057 | 12447 [116.01| 87.76

Table (2) represents four arbitrary
values for the deceleration parameter
qo that represent the three cases of
freedman models (qo = 0.2 for the
closed, qo = 0.5 for the flat and qp =1
for the open model) and the fourth
value is qo = 4 for the very open
universe model, and give the
corresponding minimum, middle and
maximum Hubble constant for each
selected system for these values. We
note from the last six figures and Table
(2) that the values of the Hubble
constant are acceptable for the first five

398

systems. Only the complicated system
Q0957+561B-A is out off the range.
Therefore we plot in Figure (8) below
the final result for all these five
gravitationally lensed systems and
exclude Q0957+561B-A by mixing the
maximum, middle and minimum
values for Hubble constant for all
systems in a unique relation between
Hy against qo.

Ho

B ® 8 &5 B R 8 % 3 @ B

i i i i
25 3 38 4 45

qo

Figure (8) Limits between HO and q0 from
the strong lensing in the gravitationally
lensed systems PG1115+080 A-B,
PG1115+080 C-B, Bl1600+434 B-A,
B0218+357 B-A and  PKS1830-211 B-A

Figure (8) has been calculated by
taking in to account the minimum
values which represented by the lower
curves for all the first five systems,
And also calculate the lowest values
that the Hubble constant Hy taken it
among its maximum values which
represented by the upper curves for
these five systems. And the average
values which represented by the
middle curves for these five systems.
This method enables us to mix the
relation between Hy against qo in one
figure that have more reality with
minimum error bars, and it is true and
could be applied for all these systems.

Discussion
Lensing time delays are interesting
because they offer a measurement of
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the Hubble constant by a method
dependent of the distance ladder and
the lens model only. The analytic time
delays now offer the ability to estimate
Hy for the time delay lenses with a
method that is not only extremely
simple but also uniform, in other word
we using a uniform set of modeling
assumptions and using the same type
of data (image positions) for all lenses.
We use the data for six of the time
delay lenses {summarized in Table
(1)} to determine Hy. Figures (2), (3),
(4), (5), (6) and (7) shows the Hpy
estimates  for  the  generalized
isothermal models  discussed in
Equation (13) for the all gravitationally
lensed systems, assuming no external
shear. Equation (13) makes it
essentially trivial to compute Hy from
easily measured quantities without any
modeling.

Moreover, the estimates
only on the assumption
isothermal profile for the lensing
potential (and not on its angular
structure). Finally, the H; estimates
depend only weakly on the adopted
cosmology. With the exception of
Q0957+561, the naive Hy estimates are
consistent with each other and with
values from other methods.
Q0957+561 stand out because the lens
is complicated: the lens galaxy appears
not to have a simple isothermal profile,
two features that invalidate the class of
potentials assumed in Equation (4) still
the agreement among the remaining
five systems is surprising given that we
have done no modeling,

On the one hand, the agreement is
somewhat misleading because two of

depend
of an

the lenses have large systematic
uncertainties in the lens galaxy

position that lead to enormous Hy error
bars (B0218+357 and PKSI1830-211,
which are discussed in detail by Leh'ar
et al. 1999) [6]. But, the agreement
between (PG1115+080 and
B1600+434) is intriguing because one
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has an elliptical lens galaxy and the
other has an edge-on spiral lens galaxy.
Moreover, the rough agreement
between the Hy estimates from the two
time delays in PG1115+080 provides a
useful consistency check on the model
assumptions.

The last six figures show this
relationship clearly. The middle curves
represent the average value for Hy for
different adopted cosmological models
that represented by the value of the
decelerating parameter ¢o. The upper
curves represent the maximum values
for Hy by taking the eftects of the error
bars in care. Which calculated by
substituting the error bars for the three
parameters (Atjj, ri, 1) as (Atij-Atjjerr , Fi-
Tierr, [jtier). The lower curves represent
the minimum values for Hy by taking
the effects of the error bars in care,
which calculated by substituting the
error bars for the three parameters
(Atija I, l]‘) as (Ati=i+Atijm‘a i e, Iti_l._icl‘l')
where that’s give the minimum value
for the over & maximum value of
Equation (13).

The general behavior for the entire
upper, middle and lower curves for the
relation between (H, against qq) in all
figures is expected and logical. The
value of Hy should be decrease when
o increase. According to the big bang,
the increasing in the deceleration
parameter ¢ leads to the decreasing in
the Hubble constant due to the inverse
relation between them as given in [4]:

R(r) 2
oy~ 1OHO]

That's because the speed of the
expansion of any part over all the
entire universe become very slow if its
deceleration increase, and the distances
between it’s parts to have been very
long, then the Hubble constant taken

14

lowest values according to its
cosmological  definition to  be
(speed/distance). While, when the

deceleration of the universe increase,
the speed of the expansion of any part
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over all the entire universe become
higher, and the distances between it’s
parts to have been shorter, then the
Hubble constant taken the highest
values.
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