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Abstract:

In this paper, the delay integral equations in population growth will be
described,discussed , studied and transtered this model to integro-ditterential
equation. At last,we will solve this problem by using variational approach.
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Introduction:-

Amain  part of  applied
mathematics specification by trying
describe change something in relation
to time .

Although  the  communities  of
human,animals and plants are growing
but in some cases decreasing relative to
time.

Therefore,the ability to forecasting the
size of commuity future wise according
to present and past charts is something
preferable,[1].

The study of population growth
includes the forecasting of any future
surge in birth rates,which is of great
importance  for  future  planning
throughout the world,[2].

Many models of population growth
have been proposed both with and
without time lags,[3].

A special class is represented by the
differential  equations with affine
modification of the argument which
can be delay differential equation or
differential  equations with  linear
modification of the argu ment Many
results concerning these equations are
given in the paper[4].

Therefore,in  this paper we will
construct the model of population
growth dependent on past values.

Description of the model of
population growth:-

We will construct the model of
population growth with time lag.
Suppose that the biological self-
regulatory reaction represent by the

Nt
factor[l - ( )]
P
in differential equation :-
dN(r) N{(1)

= K[l-——=N(1)......(»
dr P

not instantaneous ,but responds only
after sometime lag r>0.
Then,instead of (1)we have the delay
differential equation:-

dN(1) N(@t-r)

=K[l - ——=|N(#t)......... (2)
dt P

This equation had been studied
extensively by Wrigh in
1945,1955 Kakutani and Warkus in
1958,Jones in 1962, Kaplan and Yorke
in 1975 and others,[3].

We can notice that ,equation
(2)is anon-linear delay differential
equation ,and hence the integral
equation with be non-linear.
We will take another model of
population growth which have linear
integral equation and operator of this
equation will be al so linear.

Let N(t) to denotes the number
of individuals in a population at time
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t,and let us suppose that every member
of the population has a life time t.

Now, let us assume that the number of
births per unit time is a function of N(t)

at timet and g, , at

Ollly, 1lamlay gll/r] & 2n)
time t-7 .
Then,We have the simples

model of population growth:

dj:,’(” =g (N({)—g,(N(t—1))....03)

Where g, and g, are given continous

positive functions and 7 is the life
time of members of the species.[5].

The Main Result:

1.Integral equation formulation
for the model of population
growth:-

This section is divided into three
sub  section integral formulation
,variational ~ formulation and  the
numerical solution of the model of
population growth.

We will transfer equation (3)which
represent the model of population
growth with time lag to an integral
equation with time lag by the
following:-

We can make the model of
population growth with delay ,which is
represented by equation (3) more
realistic by assuming that the number
of death per unit time at time t is :

g:(N(t-7) ) =[ g, (N(t-5)) 5" (s) ds

1]

. for O<t<7...(4

Where b(s) represents the
probability of survival to age s.

As in previous models (3),we can
state the following ,more complicated
relation:

Vol.6(2)2009
dN o
W ¢, N+ g, NE-) b9
dt i
ds , for 0<t=srt........ (5)

This equation which gives a more
precise model of population growth
which is an  integro-differential
equation ,[5].

2.The variational formulation
of population growth:-

We will find the wvariational
formulation corresponding to equation
(5.

Suppose the continuous positive
function g,(u) and g,(u) in (5) are
given by:-

g )= ut, g,(u)=u

Therefore, equation (5) becomes:-
dN (1)

dt

, Where 0<r<7 ...... (6)

=(N()* + jN(: — 5)b*(s)ds

This equation represents the delay
intgero-differential equation with the
upper limit of integral to be constant .

Define an operator L
corresponding to equation (6) of the
forme:-

d i,

L= p :[b (5)Dds

where D is the shift operator
defined by:-

DN(s)=N(t-s)

The operator L is a linear and
symmetric.[6]

Then , by using the theorem :-

"if the given linear operator L is
symmetric with respect to the chosen
non-degenerat bilinear form <u,v> the
u is the solution of the equation Lu=f
if and only if u is the critical points of
the functional :-

F(u):% <Lu,u=-<fu>"
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This is the basic theorem of the
theory of the inverse problem of
calculus of variation [7].
The solution of
equation (6) are the critical points of
the functional :

F[N]=
z N e . o dN
J:ch M—J,\u—.ﬂh(sms)]’—[L\mnd &)
2 dr dr

i 0

~[ NG = )b (s)ds)idr...(T)
o

This equation represents the
variational formulation of the delay
integro-differential ~ equation  (7)
which is the wvariational formulation
of the model of population growth
with delay.[6].

3.Numerical solution of the

model of population growth:-
We will take the survival function in
(6),which represents the probability of
survival of ages ,by the following :-
b(s)=s"

Hence:-

Therefore,equation (6) becomes:-
dN (1)
dt

(N(D)* +Jz.sN(f —s)ds0<r<r

The critical points of (7) are the same
solution of delay integro-differential
equation (9).
The critical points of the functional F
could be found by using Hook and
Jeeves optimization method that
minimizes the functional using the
bilinear form :-
7

<u,v>=J w(t)v(r)adx

and degree Gaussian quadrature
integration method .[8],[9],[10].
By using the direct ritz method ,we
write the function N(t) as a linear
combination of some basis functions,
by letting:-

N(t)= a, +af+ast” +ayt’.....(10)
Hence -

N ,
420, 43 e, (1
ot -

Also,
N(t—-s)y=a,+a (I—s)+

a, (t—5) +a,(t=5)"..(12)

Substituting (10),(11),(12) backing
to the functional (7),We get :-

5¢, a, 2a,

3 2 5

o |
F[N]= I“E(’”“ +
10a, 3a, _ : s
+f77).'+(7r.'3 +3a " —at’] -
2 2z

[(a, +af +at’ +at'y]

(—a,

a,  2a, 10a, 3a,
S gt L1

((—a, +5ﬂ7—
L

Y+ (—a, +

— ¥+
D

(—a, +5a)t* —at*)]dr......(13)

The critical points of (13) could be
found using the computer.

Such that suppose that the population
size at time t=0 to be equals to

And carrying out the minimization on
F[N] using hook and jeeves
ptimization method with the initial
value for al,a2 and a3 to be equals to
zero in order to ensure that the
population size at time t=0 equals to
ao ,we have the following results:-

a, =0.0773,a, =529x 107,
a,=-27x10"

With functional minimum equals to :-
—3.570741x 10"
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